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PREFACE TO THE FIRST EDITION. 



"FN the present Treatise the Conic Sections are defined 
-■- with reference to a focus and directrix, and I have en- 
deavoured to place before the student the most important 
properties of those curves, deduced, as closely as possible, 
from the definition. 

The construction which is given in the first Chapter 
for the determination of points in a conic section possesses 
several advantages; in particular, it leads at once to the 
constancy of the ratio of the square on the ordinate to 
the rectangle under its distances from the vertices; and, 
a|pain, in the case of the hyperbola, the directions of the 
asymptotes follow immediately from the construction. In 
several cases the methods employed are the same as those 
of Wallace, in the Treatise on Conic Sections, published 
in the Encyclopaedia Metropolitana. 

The deduction of the properties of these curves from 
their definition as the sections of a cone, seems d priori to 
be the natural method of dealing with the subject, but 
experience appears to have shewn that the discussion of 
conies as defined by their plane properties is the most 
suitable method of commencing an elementary treatise, and 
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accordingly I follow the fashion of the time in taking that 
order for the treatment of the subject. In Hamilton's book 
on Conic Sectimis, published in the middle of the last 
century, the properties of the cone are first considered, and 
the advantage of this method of commencing the subject, 
if the use of solid figures be not objected to, is especially 
shewn in the very general theorem of Art. (156). I have 
made much use of this treatise, and, in fact, it contains 
most of the theorems and problems which are now re- 
garded as classical propositions in the theory of Conic 
Sections. 

I have considered first, in Chapter I., a few simple 
properties of conies, and have then proceeded to the par- 
ticular properties of each curve, commencing with the para- 
bola as, ia some respects, the simplest form of a conic 
section. 

It is then shewn, in Chapter VI., that the sections of 
a cone by a plane produce the several curves in question, 
and lead at once to their definition as loci, and to several 
of their most important properties. 

A chapter is devoted to the method of orthogonal pro- 
jection, and another to the harmonic properties of curves, 
and to the relations of poles and polars, including the 
theory of reciprocal polars for the particular case in which 
the circle is employed as the auxiliary curve. 

For the more general methods of projections, of reci- 
procation, and of anharmonic properties, the student will 
consult the treatises of Chasles, Poncelet, Salmon, Townsend, 
Ferrers, Whitworth, and others, who have recently deve- 
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loped, with so much fulness, the methods of modem Geo- 
metry. 

I have to express my thanks to Mr K B. Worthington, 
of St John's College, and of the Indian Civil Service, for 
valuable assistance in the constructions of Chapter XI., and 
also to Mr E. HilJ, Fellow of St John's College, for his 
kindness in looking over the latter half of the proof-sheets. 

I venture to hope that the methods adopted in this 
treatise will give a clear view of the properties of Conic 
Sections, and that the numerous Examples appended to 
the various Chapters will be useful as an exercise to the 
student for the further extension of his conceptions of these 
curves. 

W. H. BESANT. 



Caubbisqe, 

March, 1869. 



PREFACE TO THE NINTH EDITION. 

IN the preparation of this edition I have made many 
alterations and many additions. In particular, I have 
placed the articles on Eeciprocal Folars in a separate 
chapter, with considerable expansions. I have also in- 
serted a new chapter, on Conical Projections, dealing how- 
ever only with real projections. 

The first nine chapters, with the first set of miscel- 
laneous problems, now constitute the elementary portions 
of the subject. The subsequent chapters may be regarded 
as belonging to higher regions of thought 

I venture to hope that this re-arrangement will make 
it easier for the beginner to master the elements of the 
subject, and to obtain clear views of the methods of 
geometry as applied to the conic sections. 

A new edition, the fourth, of the book of solutions of 
the examples and problems has been prepared, and is being 
issued with this new edition of the treatise, with which it 
is in exact accordance. 

W. H. BESANT. 

December X4, 1894. 
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INTRODUCTION. 



DEFINITION. 

If a straight line and a point be given in position in u 
plane, and if a point move in a plane in such a manner that 
its distance from the given point always bears the same 
ratio to its distance from the given line, the curve traced out 
by the moving point is called a Conic Section. 

The fixed point is called the Focus, and the fixed line 
the Directrix of the conic section. 

When the ratio is one of equality, the curve is called a 
Parabola. 

"When the ratio is one of less inequality, the curve is 
called an Ellipse. 

When the ratio is one of greater inequality, the curve is 
called an Hyperbola. 

These curves are called Conic Sections, because they 
can all be obtained from the intersections of a Cone by 
planes in different directions, a fact which will be proved 
hereafter. 

It may be mentioned that a circle is a particular case of 
an ellipse, that two straight lines constitute a particular 
case of an hyperbola, and that a parabola may be looked 
upon as the limiting form of an ellipse or an hyperbola, 
under certain conditions of variation in the lines and 
magnitudes upon which those curves depend for their form. 

B. c. s. 1 



2 INTRODUCTION. 

The object of the following pages is to discuss the general 
forms and characters of these curves, and to determine their 
most important properties by help of the methods and 
relations developed in the first six books, and in the eleventh 
book of Euclid, and it will be found that, for this purpose, a 
knowledge of Euclid's Geometry is all that is necessary. 

The series of demonstrations will shew the characters and 
properties which the curves possess in common, and also the 
special characteristics wherein they differ from each other; 
and the continuity with which the curves pass into each 
other will appear from the definition of a conic section as a 
Locus, or curve traced out by a moving point, as well as from 
the fact that they are deducible from the intersections of a 
cone by a succession of planes. 



CHAPTER I. 



PROPOSITION I. 



The Construction of a Conic Section. 

1. Take S as the focus, and from S draw 8X at right 
angles to the directrix, and intersecting it in the point X. 

Definition. This line 8X, produced both ways, is called 
the Axis of the Conic Section. 

In SX take a point A such that the ratio of SA to AX 
is equal to the given ratio ; then Ais & point in the curve. 

Def. The point A is called the Vertex of the curve. 
In the directrix EX take any point E, join EA, and ES, 
produce these lines, and through S draw the straight line 




SQ making with ES produced the same angle which ES 
produced makes with the axis SN. 

1—2 
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Let P be the point of iutersection of 8Q and EA pro- 
duced, and through P draw LPK parallel to NX, and inter- 
secting ES produced in L, and the directrix in K. 




Then the angle PLS is equal to the angle LSN and 
therefore to PSL ; 

Hence SP = PL. 

Also PL : AS :: EP : EA 

:: PK : AX; 
.-.PL -.PK :: AS : AX; 

and .-. SP -.PK-.-.AS: AX. 

The point P is therefore a point in the curve required, 
and by taking for E successive positions along the directrix 
we shall, by this construction, obtain a succession of points 
in the curve. 

If E be taken on the upper side of the axis at the same 
distance from X, it is easy to see that a point P will be 
obtained below the axis, which will be similarly situated 
with regard to the focus and directrix. Hence it follows 
that the axis divides the curve into two similar and equal 
portions. 
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Another point of the curve, lying in the straight line 
KP, can he found in the following manner. 

Through iS draw the 
straight line FS making the 
angle FSK equal to KSP, 
and let FS produced meet 
KP produced in P'. 

Then, since KS bisects 
the angle PSF, 

SP' : SP :: P'K : PK; 
:. SF : P'K :: SP : PK, 
and P' is a point in the curve. 

2. Def. The Eccentricity. The constant ratio of the 
distance from the focus of any point in a conic section to 
its distance from the directrix is called the eccentricity of 
the conic section. 

The Lotus Rectum. If E be so taken that EX is equal 
to SX, the angle PSN, 
which is double the angle 
LSN, and therefore double 
the angle ESX, is a right 
angle. 

For, since EX = SX, the 
angle ESX = SEX, and, the 
angle SXE being a right 
angle, the sum of the two 
angles SEX, ESX, which is 
equal to twice ESX, is also 
equal to a right angle. 

Calling R the position of P in this case, produce RS to 
R', so that R'S=RS; then R' is also a point in the curve. 

Def. The straight line RSR' drawn through the focus 
at right angles to the ojms, and intersecting the curve in R 
and R', is called the Latus Rectum, 

It is hence evident that the form of a conic section is 
determined by its eccentricity, and that its magnitude is 
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determined by the magnitude of the Latus Rectum, which 
is given by the relation 

8R : SX :: SA : AX. 

3. Def. The straight line PN (Fig. Art. 1), drawn 
from any point P of the curve at right angles to the axis, 
and intersecting the axis in N, is called the Ordinate of 
the point P. 

If the line PN be produced to P' so that NP' = NP, 
the line PNP" is a double ordinate of the curve. 

The latus rectum is therefore the double ordinate passing 
through the focus. 

Def. The distance AN of the foot of the ordinate from 
the vei-tex is called the Abscissa of the point P. 

Def. The distance SP is coiled the focal distance of 
the point P. 

It is also described as the radius vector drawn from the 
focus. 

4. We have now given a general method of constructing 
a conic section, and we have explained the nomenclature 
which is usually employed. We proceed to demonstrate a 
few of the properties which are common to all the conic 
sections. 

For the future the word conic will be employed as an 
abbreviation for conic section. 

Prop. II. If the straight line joining two points P, P' 
of a conic meet the directrix in F, the straight line FS will 
bisect the angle between PS and P'S produced. 
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No straight line can meet a conic in more 



Draw the perpendiculars PK, P'K' on the directrix. 
Then SP : SP' ■.: PK : P'K' 

:: PF : FF. 
Therefore F8 bisects the outer angle, at S, of the triangle 
PSP'. (Euclid VL, A.) 

Cor. If SQ bisect the angle PSP', it follows that FSQ 
is a right angle. 

5. Prop. III. 
than two points. 

Employing the figure of Art. 4, let P be a point of the 
curve, and draw any straight line FP. 

Join SF, draw SQ at right angles to SF, and SP' making 
the angle QSP" equal to QSP; then P' is a point of the curve. 

For, since SF bisects the outer angle at S, 

SP' : SP :: P'F : PF, 
:: P'K' : PK 
or SP' : P'K' :: SP : PK, 

and therefore, P' is a point of the curve, also, there is no 
other point of the curve in the straight line FPP'. 

For suppose if possible P" to be another point ; then, as 
in Article (4), SQ bisects the angle P^fP" ; but SQ bisects 
the angle PSP" ; therefore P" and P are coincident. 

6. Prop. IV. If QSQ' be a focal chord of a conic, and 
P any point of the conic, and if 
QP, Q'P Tneet the directrix in E 
and F, the angle ESF is a right 
angle. 

For, by Prop. II., SE bisects 
the angle P/SQ', and SF bisects 
the angle PiSQ; 

hence it follows that ESF 
is a right angle. 

This theorem will be subse- 
quently utilised in the case in 
which the focal chord Q'SQ is 
coincident with the axis of the 
conic. 
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7. Prop. V. The straight lines joining the extremities 
of two focal chords intersect in the directrix. 

li PSp, FSp' he the 
two chords, the point in 
which PP" meets the 
directrix is obtained by 
bisecting the angle 
PSP' and drawing SF 
at right angles to the 
bisecting line SQ. But 
this line also bisects the 
angle pSp' ; therefore 
pp' also passes through 
F. 

The line SF bisects 
the angle PSp', and 
similarly, if QS pro- 
duced, bisecting the 
angle ^i^', meet the 
directrix in F, the two 
lines Pp', P'p will meet 
in F. It is obvious that 
the angle FSF' is a right 
angle. 




8. Prop. VL The semi-latus rectum is the harmonic 
mean between the two segments of any focal chord of a conic. 

Let PSP" be a focal chord, 
and draw the ordinates PN, ^ 
FN'. 

Then, the triangles SPN, 
SP'N' being similar, X 

SP : SF :: SN : SN' ^' 

■.:NX-SX:SX-2f'X 
■.-.SP-SR-.SR-SF, ^ 

since SP, SR, SF are proportional to NX, SX, and NX. 



/J 


^/ 


p 




/ 


IV 


r 


1 
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Cor. SmceSP-.SP- 8R -.-.SP .SF -.SP .SF -SR.SF, 
and SF:8R-SF::SP.SF :SR.SP-SP.SF, 
it follows that 

8P.SF-SR. SF = SR .SP-SP. SF; 
SR.PF = 2SP.SF. 
Hence, if PSF, QSQ' are two focal chords, 
PF:QQ'::SP.SF:SQ.SQ'. 

9. Prop. VII. A focal chord is divided harmonically at 
the focus and the point where it meets the directrix. 

Let PSF produced meet the directrix in F, and draw 
PK, P'K' perpendicular to the directrix, fig. Art. 8. 

Then PF -.FF-.-.PK: P'K' 
SP : SF 
PF-SF:SF-FF; 

that is, PF, SF, and FF are in harmonic progression, and 
the line PF is divided harmonically at S and F. 

10. Definition of the Tangent to a curve. 

If a straight line, drawn through a point P of a curve, 
meet the curve again in P', and if the straight line be turned 
round the point P until the point F approaches indefinitely 
near to P, the uUimate position of the straight line is the 
tangent to the curve at P. 
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Thus, if the straight line APP' turn round P until the 
points P and P* coincide, the line in its ultimate position 
PT is the tangent at P. 

Def. The normal at any point of a curve is the straight 
line drawn through the point at right angles to the tangent at 
that point. 

Thus, in the figure, PG is the normal at P. 

Pkop. VIII. ITie straight line, drawn from the focus to 
the point in which the tangent jneets the directrix, is at right 
angles to the straight line draumfrom the focus to the point of 
contact. 




It is proved in Art. (4) that, if FPP' is a chord, and if 
8Q bisects the angle P8P', FSQ is a right angle. 

Let the point P' move along the curve towards P; then, as 
P" approaches to coincidence with P, the straight line FPP" 
approximates to, and ultimately becomes, the tangent TP 
at P. 

But when P' coincides with P, the line 8Q coincides with 
8P, and the angle F8P, which is ultimately T8P, becomes a 
right angle. 

Or, in other words, the portion of the tangent, intercepted 
between the point of contact and the directrix, subtends a 
right angle at the focus. 
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11. PaoP. IX. The tangent at the vertex is perpendicular 
to the axis. 

If a chord EAP be drawn through 
the vertex, and the point P be near 
the vertex, the angle PSA is small, 
and LSN, which is half the angle 
PSN^, is nearly a right angle. 

Hence it follows that when P 
approaches to coincidence with A, the 
point E moves off to an infinite 
distance and the line EAP, which is 
ultimately the tangent at A, becomes 
parallel to LSE, and is therefore per- 
pendicular to AX. 

12. Prop. X. The tangents at the ends of a focal chord 
intersect on the directrix. 





For the line SF, perpendicular to SP, meets the directrix 
in the same point as the tangent at P ; and, since SF is 
also at right angles to SP', the tangent at P' meets the 
directrix in the same point F. 

Conversely, if from any point F in the directrix tangents 
be drawn, the chord of contact, that is, the straight line 
joining the points of contact, will pass through the focus and 
will be at right angles to SF. 

Cor. Hence it follows that the tangents at the ends of 
the latus rectum pass through the foot of the directrix. 
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13. Prop. XI. If a chord FP meet the directrix in F, 
and if the line bisecting the PSP' meet the curve in q and q, 
Fq and Fq will he the tangents at q and q'. 

Taking the figure of Art. 7, the line SQ meets the curve 
in q and q', and, since SF is at right angles to SQ, it follows, 
from Art. 12, that Fq and Fq' are tangents. 

Hence if from a point F in the directrix tangents he 
drawn, and also any straight line FPP' cutting the curve in 
P and P', the chord of contact will bisect the angle PSP'. 

14. Prop. XII. If the tangent at any point P of a conic 
intersect the directrix in F, and the lotus rectum produced 
in D, 

SD:SF::SA -.AX. 

Join SK ; then, observing that FSP and FKP are right 
angles, a circle can be described 
about FSPK, and therefore the 
angles SFD, SKP are equal. 

Also the angle FSD 

= complement of DSP 
= SPK; 

.: the triangles FSD, SPK are 
similar, and 

SD : SF :: SP : PK 
■.-.SA: AX. 

Cor. (1). If the tangent at the other end F of the focal 
chord meet the directrix in U, 

sd' : sf :: sa : ax ; 
.: sd=sd: 

Cor. (2). K DE be the perpendicular from D upon SP, 
the triangles SDE, SFX are similar, and 

SE : SX :: SD : SF 

SA -.AX 

SR-.SX; 

SE is equal to SR, the semi-latus rectum. 
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15. Prop. XIII. The tangents drawn from any point to 
a conic subtend equal angles at thefoctts. 

Let the tangents FTP, FTP' at P and F meet the 
directrix in F and F and the latus rectum in D and D'. 

Join ST and produce it to meet the directrix in K ; 



then 



KF'.SD 



Hence 



KT -.ST 
KF' : 8D'. 

SB : SB' 

SF : SF' by Prop. XII. 
the angles TSF, TSF are equal. 



KF : KF' 




But the angles FSP", F'SP are equal, for each is the 
complement oiFSF'; 

.-. the angles TSP, TSF are equal. 

CoE. Hence it follows that if perpendiculars TM, TM 
be let fall upon SP and SF, they are equal in length. 

For the two triangles TSM, TSM have the angles TMS, 
TSM respectively equal to the angles TM'S, TSM', and the 
side TS common ; and therefore the other sides are equal, 
and TM = TM'. 

16. Prop. XIV. If from any point T in the tangent ai 
a point P of a conic, TM he drawn perpendicular to the focal 
distance SP, and TN perpendicidar to the directrix, 
SM -.TN-.-.SA lAX. 
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CONICS. 



For, if PK be perpendicular to the directrix and 8F be 
joined, 



SM:SP 

SM : TN 



■.TF:FP 
-.TN-.PK; 

■.SP:PK 

: 8A : AX. 




This theorem, which is due 
to Professor Adams, may be 
employed to prove Prop. XIII. 

For if, in the figure of Ai-t. (15), TM, TM' be the 
perpendiculars from T on SP and 8P, and if TN be the 
perpendicular on the directrix, SM and SM have each the 
same ratio to TN, and are therefore equal to one another. 

Hence the triangles TSM, TSM' are equal in all respects, 
and the angle PSP' is bisected by ST. 

17. Prop. XV. To draw tangents from any point to a 
conic. 

Let T be the point, and let a circle be described about S 
as centre, the radius of which bears to TN the ratio of 
SA : AX ; then, if tangents TM, TM be drawn to the circle, 
the straight lines SM, SM', produced if necessary, will 
intersect the conic in the points of contact of the tangents 
from T. 

18. Prop. XVI. If PG, the normal at P, meet the axis 
of the conic in G, 

SG : SP :: SA : AX. 




Let the tangent at P meet the directrix in F, and the 
latus rectum produced in D. 



NORMALS. 
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Then the angle SPG = the complement of SPF=PFS, 
and PSG = the complement of FSX = FSD ; 
:. the triangles SFD, SPG are similar, and 

8G : SP :: SD : SF :: SA : AX, by Prop. XII. 

19. Prop. XVII. If from G, the point in which the 
normal at P meets the aods, GL he drawn perpendicular 
to SP, the length PL is equal to the semi-latus rectum. 



Let the tangent at P 
meet the directrix in F, and 
join SF. 

Then PLG, PSF are 
similar triangles ; 

.: PL : LG .: SF : SP. ^ 

Also SLG and SFX are 
similar triangles ; 

.-. LG -.SX::, 

Hence PL : SX :: , 

but SR -.SX::, 

.:PL = , 


^ 


:/ 


P^ 


?(? 

SA 
SA 
SR. 


SF. 

SP 

: AX, Art. (18), 
: AX, Art. (2) ; 



20. Prop. XVIII. If from any point F in the directrix 
tangents he drawn, and also any straight line FPP cutting 
the curve in P and P', the chord PP' is divided harmonically 
at F and its paint of intersection with the chord of contact. 




16 



CONICS. 



For, if QSQ' be the chord of contact, it bisects the angle 
P.S'P', (Prop. XI.), and .■., if F be the point of intersection of 
SQ and PP', 

FF -.FP:: HP ■ SP 
P'V:PV 

FP'-FV:FV-FP. 
Hence FV is the harmonic mean between FP and FP'. 
The theorems of this article and of Art. 9 are particular 
cases of more general theorems, which will appear hereafter. 

21. Prop. XIX. If a tangent be drawn parallel to a 
chord of a conic, the jjortion of this tangent which is inter- 
cepted by the tangents at the ends of the chord is bisected at 
the point of contact. 




M j?^ 



Let PP' be the chord, TP, TP' the tangents, and EQE' 
the tangent parallel to PP'. 

From the focus S draw SP, SP' and SQ, and draw TM, 
TM' perpendicular respectively to SP, SP'. 

Also draw from E perpendiculars EN, EL, upon SP, 
SQ, and from E' perpendiculars E'N', E'L' upon SP' and 
SQ. 
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Then, since EM is parallel to PF 

TP : EP :: TF : EF, 
but TP : EP :: TM : EN, 

and TF : E'F :: TM' : E'N' ; 

.: TM : EN :: TM' : E'N' ; 
but TM=TM', Cor. Prop. XIII.; 

:.EN=E'N'. 
Again, by the same corollary, 

EN = EL and E'N' = E'L' ; 
.■.EL=E'L', 
and, the triangles ELQ, E'L'Q being similar, 

EQ^E'Q. 
CoE. If TQ be produced to meet PF in V, 
PV : EQ :: TV : TQ, 
and FViE'Qi-.TV-.TQ; 

.: PV=FV, 
that is, PF is bisected in V. 

Hence, if tangents be drawn at the ends of any chord 
of a conic, the point of intersection of these tangents, the 
middle point of the chord, and the point of contact of the 
tangent parallel to the chord, all lie in one straight line. 



EXAMPLES. 



1. Describe the relative positions of the focus and directrix, first, 
when the conic is a circle, and secondly, when it consists of two straight 
lines. 

2. Having given two points of a conic, the directrix, and the 
eccentricity, determine the conic. 

3. Having given a focus, the corresponding directrix, and a tangent, 
construct the conic. 

B^ r. S 2 
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4. If a circle passes through a fixed point and cuts a given straight 
line at a constant angle the locus of its centre is a conic. 

5. If PG, pg, the normals at the ends of a focal chord, intersect in 
O, the straight line through parallel to Pp bisects Gg. 

6. Find the locus of the foci of all the conies of given eccentricity 
which pass through a. fixed point P, and have the normal PO given in 
magnitude and position. 

7. Having given a point /* of a conic, the tangent at P, and the 
directrix, find the locus of the focus. 

8. If PSQ be a focal chord, and X the foot of the directrix, XP 
and XQ are equally inclined to the axis. 

9. If PK be the perpendicular from a point P of a conic on the 
directrix, and iSK meet the tangent at the vertex in E, the angles SPE, 
KPE are equal. 

10. If the tangent at P meet the directrix in F and the axis in T, 
the angles KSP, FTS are equal 

11. PSP" is a focal chord, FN, PN' are the ordinates, and PK, 
P'K' perpendiculars on the directrix ; if KN, K'N' meet in Z, the 
triangle LNN' is isosceles. 

12. The focal distance of a point on a conic is equal to the length 
of the ordinate produced to meet the tangent at the end of the latus 
rectiuu. 

13. The normal at any point bears to the aemi-latus rectum the 
ratio of the focal distance of the point to the distance of the focus from 
the tangent. 

14. The chord of a conic is given in length ; prove that, if this 
length exceed the latus rectum, the distance firom the directrix of 
the middle point of the chord is least when the chord passes through 
the focus. 

15. The portion of any tangent to a conic, intercepted between two 
fixed tangents, subtends a constant angle at the focus. 

16. Given two points of a conic, and the directrix, find the locus of 
the focus. 

17. From any fixed point in the axis a line is drawn perpendiculair 
to the tangent at P and meeting SP in R ; the locus of ii is a circle. 

18. If the tangent at the end of the latus rectum meet the tangent 
at the vertex in T, AT=AS. 

19. TP, TQ are the tangents at the points P, Q of a conic, and PQ 
meets the directrix in II ; prove that &ST is a right angle. 

20. SR being the semi-latus rectum, if RA meet the directrix in E, 
and SE meet the tangent at the vertex in T, 

AT=AS. 
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21. If from any point T, in the tangent at P, TM be drawn 
perpendicular to SP, and TN perpendicular to the transverse axis, 
meeting the curve in R, SM=8R. 

22. If the chords P§, PQ meet the directrix in F and P, the angle 
/"Sif'ishalfPiSP'. 

23. If PN be the ordinate, PQ the normal, and GL the perpen- 
dicular from G upon SP, 

GL : PN :: SA : AX. 

24. If normals he drawn at the ends of a focal chord, a line 
through their intersection parallel to the axis will bisect the chord. 

25. If a conic of given eccentricity is drawn touching the straight 
line FD joining two fixed points P and D, and if the directrix always 
passes through P, and the corresponding latus rectum always passes 
through J), &d the locus of the focus. 

26. If ST, making a constant angle with SP meet in T the tangent 
at P, prove that the locus of 7* is a conic having the same focus and 
directrix. 

27. If ^ be the foot of the perpendicular let fall upon PSP from 
the point of intersection of the normals at P and P', 

PE= SP and PP= SP. 

28. If a circle be described on the latus rectum as diameter, and if 
the common tangent to the conic and circle touch the conic in P and 
the circle in Q, the angle PSQ is bisected by the latus rectum. (Eefer 
to Cor. 2. Art. 14.) 

29. Given two points, the focus, and the eccentricity, determine 
the position of the axis. 

30. If a chord PQ subtend a constant angle at the focus, the locus 
of the intersection of the tangents at P and § is a conic with the same 
focus and directrix. 

31. The tangent at a point P of a conic intersects the tangent at 
the fixed point P' in Q, and from <S a straight line is drawn perpen- 
dicular to SQ and meeting in It the tangent at P ; prove that the locus 
of ii is a straight hne. 

32. The circle is drawn with its centre at S, and touching the conic 
at the vertex A ; if radii Sp, Sp' of the circle meet the conic in P, P, 
prove that PP, pp intersect on the tangent at A. 

33. Pp is any chord of a conic, PG,pg the normals, G, g being on 
the axis ; GK, gk are perpendiculars on Pp ; prove that PK=pk. 



2—2 



CHAPTER II. 
The Parabola. 

Def. a parabola is the curve traced out by a point 
which moves in svch a manner that its distance from a given 
point is always eqttal to its distance from a given straight 
line. 





Tracing the Curve. 
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22. Let 8 be the focus, EX the directrix, and 8X the 
perpendicular on EX. Then, bisecting ;SiX in A, the point 
A is the vertex ; and if, from any point E in the directrix, 
EAP, E8L be drawn, and from 8 the straight line 8P 
meeting EA produced in P, and making the angle P8L 
equal to LSN, we obtain, as in Art. (1), a point P in the 



curve. 



and 



THE PABABOLA. 

For PL : PK :: SA : AX, 

.•.PL = PK. 
But 8P = PL, and .-. SP = PK. 
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Again, drawing EP" parallel to the axis and meeting in 
P* the line PS produced, we obtain the other extremity of 
the focal chord P8F. 

For the angle ESP = PSL = PLS 
= SEP', 
and .-.SP'^P'E, 

and P" is a point in the parabola. 

The curve lies wholly on the same side of the directrix ; 




for, if P' be a point on the other side, and SN be perpen- 
dicular to P'K, SP is greater than P'N, and therefore is 
greater than P'K. 

Again, a straight line parallel to the axis meets the curve 
in one point only. 

For, if possible, let P" be another point of the curve in 
KP produced. 

Then SP = PK and SP" = P'K 

.■.PP" = SP"-SP, 

or PP' + SP = SP", 

which is impossible. 

23. Prop. I. The distance from, the focus of a point 
inside a parabola is less, and of a point outside is greater 
than its distance from the directrix. 
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THE PABABOLA. 




K, 



If Q be the point inside, 
let fall the perpendicular 
QPK on the directrix, meet- 
ing the curve in P. 

Then SP + PQ>SQ, 
hat SP+PQ 

= PK-tPQ = QK. 

:.SQ<QK. 

If Q' be outside, and between P and 
SQf + PQ^>8P, 
.: 8Q' > Q'K. 
If Q' lie in PK produced, 

SQ' + 8P>Pq, 
and .\SQ'>KQ'. 



24. Prop. II. The Lotus Recttim = 4 . AS. 

For if. Fig. Art. 23, LSL' be the Latus Rectum, drawing 
LK' at right angles to the directrix, we have 

LS'=LK' = SX = 2AS. 

.-.LSL' =^4,. AS. 



25. Mechanical construction of the Parabola. 

Take a rigid bar EKL, of ^ 
which the portions EK, KL are 
at right angles to each other, .£- 
and fasten a string to the end 
L, the length of which is LK. Z . 
Then if the other end of the 
string be fastened to jSi, and the 
bar be made to slide along a 
fixed straight edge, EKX, a pencil at P, keeping the string 
stretched against the bar, will trace out a portion of a 
parabola, of which S is the focus, and EX the directrix. 



THE PABABOLA. 
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26. Prop. III. If PK is the perpendicular upon the 
directrix from a point P of a parahola, and if PA meet the 
directrix in E, the angle KSE is a right angle. 

Join ES, and let KP and 
E8 produced meet at L. J^V 

Since 8A=AX, it follows 
tha.tPL=PK=8P; 

:. P is the centre of the 
circle through K, 8, and L, 
and the angle K8L is a 
right angle. 




27. Prop. IV. 
parabola. 



Therefore KSE is a right angle. 

If PN is the ordinate of a point P of a 

PN" = iAS . AN. 
Taking the figure above, 

PN : EX :: AN : AX 
.: PN' -.EX.KX:: 4>A8 . AN : 4AS'. 
But, since K8E is a right angle, 

EX .KX=8X'' = 4:A8', 
.\PN' = 4,A8 .AN. 

CoK. If AN increases, and becomes infinitely large, PN 
increases and becomes infinitely large, and therefore the two 
portions of the curve, above and below the axis, proceed to 
infinity. 

28. Prop. V. If from the ends of a focal chord per- 
pendiculars be let fall upon the directrix, the intercepted 
portion of the directrix subtends a right angle at the focus. 

For, if PA meet the directrix in E, and if the straight 
line through E perpendicular to the directrix meet P8 in P', 
it is shewn, in Art. 22, that P" is the other extremity of the 
focal chord P8 ; and, as in Art. 26, K8E is a right angle. 
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29. Prop. VI. The tangent at any point P bisects the 
angle between the focal distance SP and the perpendicular 
PK on the directrix. 

Let F be the point in which 
the tangent meets the directrix, ^ 
and join SF. 

We have shewn, (Art. 10) that 
FSP is a right angle, and, since 
SP = PK, and PF is common to 
the right-angled triangles SPF, 
KPF, it follows that these triangles 
are equal in all respects, and there- 
fore the angle 

SPF^'FPK. 

In other words, the tangent at any point is equally inclined 
to the focal distance and the axis. 

Cor. It has been shewn, in Art. (12), that the tangents at the ends 
of a focal chord intersect in the directrix, and therefore, if PS produced 
meet the curve in P', FP' is the tangent at P", and bisects the angle 
between SP" and the perpendicular from P' on the directrix. 




30. Prop. VII. The tangents at the ends of a focal 
chord intersect at right angles in the directrix. 

Let P8P' be the chord, and PF, PF 
the tangents meeting the directrix in F. 

Let fall the perpendiculars PK, P'K', 
Aud join SK, SK'. 

The angle FSK' = ^P'SX 

= ^SPK = SPF, 
:. SK" is parallel to PF, 
and, similarly, 8K is parallel to P'F. 
But (Art. 28) KSK' is a right angle ; 

.•, PFP' is a right angle. 




THE PARiBOLA. 
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31. Prop. VIII. If the tangent at any point P of a 
parabola meet the axis in T, and PN he the ordinate of P, 
then 

AT=AN. 

Draw PK perpendicular to 
the directrix. 

The angle 5P2'=rPir 
= PTS, 
.■.ST=8P 
= PK 
= NX. 




X A\ 



But ST=SA+AT. 

and NX=AN+AX; 

.: since SA = AX, 
AT = AN. 



Def. The line NT is called the sub-tangent. 

The sub-tangent is therefore twice the abscissa of the 
point of contact. 

32. Prop. IX. The foot of the perpendicular from the 
focus on the tangent at any point P of a parabola lies on the 
tangent at the vertex, and the perpendicular is a mean pro- 
portional between SP and SA. 

Taking the figure of the previous article, join SK meeting 
PT in Y. 

Then SP = PK, and PF is common to the two triangles 
SPY.KPY; 

also the angle SPY= YPK; 
.: the a,ng\e3YP = PYK, 
and SY is perpendicular to PT. 

Also SY= KY, and SA = AX, :. A Y is parallel to KX. 
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Hence, AY is at right angles to AS, and is therefore 
the tangent at the vertex. 

Again, the angle SPY=STY=SYA, and the triangles 
SPY, SYA are therefore similar ; 

:. SP : SY :: SY : SA, 
ovSY'=SP .SA. 

33. Prop. X. In the parabola the subnormal is constant 
and equal to the semi-lotus Rectum. 

Def. The distance between the foot of the ordinate of P 
and the point in which the normal at P meets the cms is 
called the subnormal. 



K 
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In the figure PG is the normal and PT the tangent. 
It has been shewn that the angle SPK is bisected by 
PT, and hence it follows that SPL is bisected by Pff, 

and that the angle SPG = GPL = PGS ; 
hence SG = SP = ST 

= SA +AT=SA + AN 

= 2AS+SN; 
.'. the subnormal WG = 2AS. 

34. Cor. If 01 be drawn perpendicular to SP, 

the angle G PI = the complement of SPT, 
=the complement of STP, 
=PGN, 
and the two right-angled triangles OPN, GPl have their angles equal 
and the side OP common ; hence the triangles are equal, and 
Pl^.NG^iAS 

= the semi-latus Bectum. 
It has been already shewn, (Art. 19), that this property is a general 
property of all oonics. 
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35. Prop. XI. To draw tangents to a parabola from an 
external point. 

For this purpose we may employ the general construction 
given in Art. (17), or, for the special case of the parabola, the 
followiDg construction. 
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Let Q be the external point, join BQ,, and upon /SQ as 
diameter describe a circle intersecting the tangent at the 
vertex in Y and F'. Join PIQ, YQ, ; these are tangents to 
the parabola. 

Draw 8P, so as to make the angle YST? equal to YSA, 
and to meet YQ in P, and let fall the perpendicular TN 
upon the axis. 

Then, SYQ is a right angle, since it is the angle in a 
semicircle, and, T being the point in which (^Y produced 
meets the axis, the two triangles SYP, SYT are equal in all 
respects ; 

.-. ^P = -Sr, and YT=YP. 

But 4 7 is parallel to PJV; 

.•.AT=AN. 
Hence SP=8T=SA+AT 

=AX+AN 
= JVX, 
and P is a point in the parabola. 

Moreover, if PK be perpendicular to the directrix, the 
angle SPY=STP=YPK, and PY is the tangent at P. 
(Art. 29.) 

Similarly, by making the angle Y'SP' equal to ASY" 
we obtain the point of contact of the other tangent QY'. 
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36. Prop. XII. If from, a paint Q tangents QP, QP 
be drawn to a parabola, the two triangles SPQ, SQP", are 
similar, and SO is a mean proportional between SP and 
SP'. 





K 


Y 


^ 




T 


X 


7 

■ A. 


S A 


T 



Produce PQ, to meet the axis in T, and draw SY, SY 
perpendicularly on the tangents. Then Y and Y' are points 
in the tangent at A. 

The angle SPQ = BTY 

= SYA 

since S, Y, Y, Q are points on a circle, and SYA, SQP" are 
in the same segment. 

Also, hy the theorem of Art. (15), the angle 
P8Q = QSF; 
therefore the triangles P8Q, QSP' are similar, and 
SP : SQ :: SQ : Sr. 

37. From the preceding theorem the following, which 
is often useful, immediately follows. 

If from any points in a given tangent of a parabola, 
tangents be drawn to the curve, the angles which these tangents 
make with the focal distances of the points from which they 
are dravm are all equal. 

For each of them by the theorem, is equal to the angle 
between the given tangent and the focal distance of the 
point of contact. 

Hence it follows that the locus of the intersection of a 
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tangent to a parabola with a straight line dravm through the 
focus meeting it at a constant angle is a straight line. 

For if QPbe the moveable tangent, the angle SQP=SFQ, 
and therefore, if 8QP is constant, SP'Q is a given angle. 
The point P' is therefore fixed, and the locus of Q is the 
tangent P'Q. 

38. Since the two triangles PSQ, QSP" are similar, we have 
PQ : P'Q :: SP : SQ 
and PQ : PQ :: SQ : SP, 

.-.PQ^ : P^ :: SP: SP"; 

that is, the squares of the tangents from any point are proportional to 
the focal distances of the points of contact. 

This will be found to be a particular case of a subsequent Theorem, 
given in Art. 51. 

39. Prop. XIII. ITie external angle between two tangents 
is half the angle subtended at the focus by the chord of 
contact. 

Let the tangents at P and P' intersect each other in Q 
and the axis AUN in T and T. 

Join SP, SP'; then the angles 8PT, STP are equal, 
and .-. STP is half the angle PSN; similarly STT is half 

FSK 




But TQT' is equal to the difference between STP and 
ST'P', and is therefore equal to half the difference between 
PSN and rSJ^, that is to half the angle P8P'. 

Hence, joining SQ, TQT' is equal to each of the angles 
PSQ. FSQ. 
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40. Prop. XIV. The tangents drawn to a parabola from 
any point make the same angles, respectively, with the axis 
and the focal distance of the point. 




Let QP, QP' be the tangents; join SP. and draw QE 
parallel to the axis, and meeting SP in E. 

Then, if PQ meet the axis in T, the angle 
EQP'=STP = SPQ 

= SQP'. (Art. 37.) 

i.e. QP and QP" respectively make the same angles with 
the axis and with QS. 

41. Conceive a parabola to be drawn passing through Q, having S 
for its focua, SN' for its axis, and its vertex on the same side of S aa the 
vertex A of the given parabola. Then the normal at Q to this new 
parabola bisects the angle SQE; therefore the angles which QP and 
QP make with the normal at Q are equaL 

Hence the theorem, 

If from any point in a parabola, tangents he drawn to a eonfocal 
and co-axial parabola, the normal at the point will bisect the angle 
between the tanffents. 

If we produce SP to any point p, and take St equal to Sp, pt will 
be the tangent at p to the confociaJ and co-axial parabola passing 
through p. 

Hence the theorem, 

If parallel tangents be drawn to a series of eonfoccd and co-axial 
parabolas, the points of contact will lie in a straight line passing through 
the focus. 

In these enunciations the words co-axial and eonfocal are intended 
to imply, not merely the coincidence of the axes, but also that the 
vertices of the two parabolas are on the same side of their common 
focus. 

The reason for this will appear when we shall have discussed the 
analogous property of the eUipae. 
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42. If two confocal parabolas have their axes in the same straight 
line, and their vertices on opposite sides of the focus, they intersect at 
right angles. 




For the angle 



and 



TPS=\PST, 

T'PS=iPST, 

.: TPT'=i{PST+PST')=a. right angle. 

It will be noticed that, in this case, the common chord PQ is 
equidistant from the directrices. 

For the distance of P from each directrix is equal to SP. 

43. Prop. XV. The circle passing through the points 
of intersection of three tangents passes also through the focus. 




Let Q, P, Q' be the three points of contact, and F, T, F' 
the intersections of the tangents. 
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In Art. (36) it has been shewn that, if FP, FQ be tan- 
gents, the angle 

SQF=SFF. 
Similarly TQ, TQ' being tangents, the angle 
SQT=STQ', 
hence the angle SFF' or SFF = SQT, 

= STF', 

and a circle can be drawn through S, F, T, and F'. 

44. Def. a straight line drawn parallel to t/ie axis 
through any point of a parabola is called a diameter. 

Prop. XVI. If from any point T tangents TQ, TQ' he 
drawn to a parabola, the point T is equidistant from the 
diameters passing through Q and Q', and the diameter drawn 
through the point T bisects the chord of contact. 

Join SQ, 8Q', and draw TM, TM' perpendicular re- 
spectively to SQ and SQ'. 

Also draw NTW per- 
pendicular to the diameters 
through Q and Q', and 
meeting those diameters in 
JV and N'. 

Then, since TS bisects 
the angle QSQ', r 

TM=TM'; 
and, since TQ bisects the angle SQl^, 

TN=TM. 
Similarly TN' = TM', 

.■.TN=TN'. 

Again, join QQ', and draw the diameter TV meeting 
QQ' in F; also let QT produced meet Q'N' in R ; 

then QV : YQ :: QT : TR 

:: TN: TN', 
since the triangles QTN, RTN' are similar ; 
.-. QV= VQ'. 



9^ 
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Hence the diameter through the middle point of a chord 
passes, when produced, through the point of intersection of the 
tangents at the ends of the chord. 

It should be noticed that any straight line drawn 
through T and terminated by QJV and Q'N' is bisected at T. 

45. Pkop. XVII. Any diameter bisects all chords parallel 
to the tangent at its extremity, and passes through the point of 
intersection of the tangents at the ends of any of these chords. 

Let QQ' be a chord parallel to the tangent at P, and 
through the point of intersection T of the tangents at Q and 
Of draw FTF' parallel to QQ' and terminated at F and J" by 
the diameters through Q and Q'. 




Let the tangent at P meet TQ, TQ' in E and E', and 
QF, QF' in G and G'. 



Then 



EG : TF 



EQ : TQ 
E'Q' : TQ 
E'G' : TF'. 



But TF= TF'. since (Art. 44) T is equidistant from QG and 
Q'G', 

:.EG = E'G'. 

Also, EP = EG, since E is equidistant from QG and PV, the 
diameter at P. 

.: EP = E'P and GP = PG', 

and .■.QV=VQ'. 

B. c. s. 3 
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Agaiu, since T, P, V are each equidistant from the 
parallel straight lines QF, Q'F', it follows that TPV is a 
straight line, or that the diameter VP passes through T. 

We have shewn that OE, EP, PE', EG' are all equal, 
and we hence infer that 

EE = :^GG' = hQQ!, 
and consequently that TP = J TV, or that TP = PV. 

Hence it appears, thai the diameter through the point of 
intersection of a pair of tangents passes through the point of 
contact of the tangeni parallel to the chord of contact, and also 
through the middle point of the chord of contact; and that the 
portion of the diameter between the point of inters&stion of the 
tangents and the middle point of the chord of contact is bisected 
at the point of contact of the parallel tangent. 

We may observe that in proving that EE" is bisected at 
P, we have demonstrated a theorem already shewn (Art. 21) 
to be true for all conies. 

46. When the point T is on the directrix, QTQ^ is a, right angle. 

If then Qq is the chord which is normal at Q, it is parallel to the 
tangent 7Vi ^nd is therefore bisected by the diameter ^{7' through ^. 




Since QUia bisected by TV, it follows that 

i.e. the length of a normal chord is four times the portion of the 
parallel tangent between the directrix and the point of contact. 
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47. Def. The line QV, parallel to the tangent at P, 
and terminated by the diameter PV, is called an ordinate 
of that diameter, and QQ' is the double ordinate. The point 
P, the end of the diameter, is called the vertex of the diameter, 
and the distance PV is called the abscissa of the point Q. 

We have seen that tangents at the ends of any chord 
intersect in the diameter which bisects the chord, and that 
the distance of this point from the vertex is equal to the 
distance of the vertex from the middle point of the chord. 

Def. The chord through the focus parallel to the tangent 
at any point is called the parameter of the diameter passing 
through the point. 

Prop. XVIII. The parameter of any diameter is four 
times the focal distance of the vertex of that diameter. 

Let' P be the vertex, and 
QfSQ' the parameter, T the 
point of intersection of the 
tangents at Q and Q', and 
FPF" the tangent at P. 

Then, since FS and FS 
bisect respectively the angles 
PSQ, PSQ, FSF' is a right 
angle, and, P being the middle 
point of FF', 8P = PF = PF'. 

Hence QQ', which is double 
FF', is four times SP. 




48. Prop. XIX. If QVQf be a dmihle ordinate of a 
diameter PV, QV is a mean proportional between PV and 
the parameter of P. 

Let FPF' be the tangent at P, and draw the parameter 
through S meeting PF in TJ. 

The angle SUT = FPU = SPF' (Art. 29), and, since the 
angles SFQ, 8PF are equal (Art 36), it follows that the 
angles 8FT, SPF' are equal ; 

3—2 
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.-. SUT=SFT, and 17 is a point in the circle passing 
through SFTF'. 




Hence, QF being twice PF, 

QV' = iPF'' = 4PU.PT; 
but PU = SP, 

for the angle SUP = FPU= SPF' = PSU; 
and PT=PV, 

.: QTT' = 4!SP . PV. 




49. This relation may be pre- 
sented in a different form, which is 
sometimes useful. 

If from any point U in the tan- 
gent at P, UQ IS drawn parallel to 
the axis, UP and VQ are respec- 
tively equal to the ordinate and 
abscissa of the point Q with I'egard 
to the diameter through P, and 
therefore 

PU'=iSP. C'Q. 

Therefore, if VR is drawn parallel 
to the axis from another point V of 
the tangent, 

PUi : PVi :: UQ : VR. 
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Hence, since UE : VR:.PU: PV, 

XJEi : VB? :: Uq : VR :: UQ . VR : VR\ 

and UE^=UQ. VR. 

Hence UE : UQ :: VR : UE :: PR : PE ; 

.: UQ : QE :: PE : ER. 

In a similar manner it can be shewn that VF^= UQ . VR, and it 
follows that VF= UE, and therefore that EF is parallel to the tangent 
at P. 

•50. Prop. XX. If QVQ' be a double ordinate of a 
diameter PV, and QD the perpendicular from Q upon PV, 
QD is a mean proportional between PV and the latv^ rectum. 




Let the tangent at P meet the tangent at the vertex in 
Y, and join SY. 

The angle QVD=SPY=SYA, and therefore the triangles 
QVI), SA Y are similar ; 

and QD' : QV :: AS' : Sr 

:: AS' -.AS. SP 

-.-.AS :SP 

:: ^A8 . PV : ^SP . PV, 

but QV' = 4,SP.PV; 

:.QIf = ^AS.PV. 

51. Prop. XXI. If from any point, within or without 
a parabola, two straight lines be drawn in given directions 
and intersecting the curve, the ratio of the rectangles of the 
segments is independent of the position of the point. 

From any point draw a straight line intersecting the 
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parabola in Q and Q', and draw the diameter OE, meeting 
the curve in E. 




If PF be the diameter bisecting QQ', and EU the 
ordinate, OQ . OQ' = OV^ - QV 

= EU'-QT = 4>SP . PU -4SP . PV 
= 4>SP.0E. 

Similarly, if ORB! be any other intersecting line and P 
the vertex of the diameter bisecting RK, 
0R.0R = 4>SF .OE. 
.: OQ.OQf :0R. OR :: SP : SP', 

that is, the ratio of the rectangles depends only on the 
positions of P and P', and, if the lines OQQf, ORR' are drawn 
parallel to given straight lines, these points P, P' are fixed. 

It will be easily seen that the proof is the same if the 
point be within the parabola. 

If the lines 0Q(^, ORR' be moved parallel to themselves 
until they become the tangents at P and P', we shall then 
obtain, if these tangents intersect in T, 

yps . yp'2 .. 8p . SP, 

a result previously obtained (Art. 38). 

Again if QSQ. RSR' be the focal chords parallel to TP 
and TP', it follows that 

.-. (cor. Art. 8) TP" : TP" :: QQ' : RR'. 
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52. Prop. XXII. If from, a point 0, outside a para- 
bola, a tangent OM, and a chord OAB he drawn, and if the 
diameter ME meet the chord in E, 

OE^=OA .OB. 




Let P be the point of contact of the tangent parallel to 
OAB, and let OM, ME meet this tangent in T and F. 

Draw TV parallel to the axis and meeting PM in V; 
then OA .OB: OM" :: TP' : TM' (Art. 51), 

::TF": TM", 
since PM is bisected in V; 
also TF:TM::OE:OM; 

.: OE"=OA .OB. 

Cor. 1. If AL, BN be the ordinates, parallel to OM, of 
A and B, ML, ME, and MN are proportional to OA, OE 
and OB, and therefore 

ME"=ML .MN. 

This theorem may be also stated in the following form : 

If a chord AB of a parabola intersect a diameter in the 
point E, the distance of the point E from the tangent at the 
end of the diameter is a mean proportional between the dis- 
tances of the points A and Bfrom the same tangent. 
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Cor. 2. Let KE be the ordinate through E parallel to 

Then, since ML : ME :: ME : MN, 

AD : KE' :: KE^ : BN" 

.: AL : KE :: KE : BN, 

so that KE is a mean proportional between AL and BN, the 
ordinates of A and B. 

53. Pkop. XXIII. If a circle intersect a parabola in 
four points, the two straight lines constituting any one of 
the three pairs of the chords of intersection are equally in- 
clined to the axis. 

Let Q, Q', R, R' be the four points of intersection ; 
then OQ . OQ = OR . OR', 

and therefore SP, SP' are equal, (Art. 51). 




But, if SP, SP" be equal, the points P, P' are on opposite 
sides of, and are equidistant from the axis, and the tangents 
at P and P' are therefore equally inclined to the axis. 

Hence the chords QQf, RR, which are parallel to these 
tangents, are equally inclined to the axis. 

In the same manner it may be shewn that QR, Q'R' 
are equally inclined to the axis, as also QR', Q'R. 
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54. Conversely, if two chords QQ^, RR', which are not parallel, 
make equal angles with the axis, a circle can be drawn through Q, §", 
R', R. 

For, if the chords intersect in 0, and OE be drawn parallel to the 
axis and meeting the curve in E, it may be shewn as above that 

OQ . 0^=4SP . OE, and OR . OR'=iSP' . OE, 

P and P being the vertices of the diameters bisecting the chords. 

But the tangents at P and P, which are parallel to the chords, are 
equally inclined to the axis, and therefore SP is equal to SP 

Hence OQ.O^=OR. OR', 

and therefore a circle can be drawn through the points Q, §", R, R'. 

If the two chords are both perpendicular to the axis, it is obvious 
that a circle can be drawn through their extremities, and this is the 
only case in which a circle can be drawn through the extremities of 
panillel chords. 
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1. Find the locus of the centre of a circle which passes through a 
given point and touches a given straight line. 

2. Draw a tangent to a parabola, making a given angle with the 
axis. 

3. If the tangent at P meet the tangent at the vertex in Y, 

AY^=AS.AN. 

4. If the normal at P meet the axis in G, the focus is equidistant 
from the tangent at P and the straight line through G parallel to the 
tangent. 

5. Given the focus, the position of the axis, and a tangent, construct 
the parabola. 

6. Find the locus of the centre of a circle which touches a given 
straight line and a given circle. 

7. Construct a parabola which has a given focus, and two given 
tangents. 

8. The distance of any point on a parabola from the focus is equal 
to the length of the ordinate at that point produced to meet the tangent 
at the end of the latus rectum. 

9. PT being the tangent at P, meeting the axis in T, and PN the 
ordinate, prove that TY . TP=TS. TN. 
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10. If SE be the perpendicular from the focus on the normal at P, 
ahew that 

11. The locus of the vertices of all parabolas, which have a 
common focus and a common tangent, is a circle. 

12. Having given the focus, the length of the latus rectum, and a 
tangent, construct the parabola. 

13. If PSF be a focal chord, and PiV, P-J" the ordinates, shew 
that 

AiY,AN'=AS^. 
Shew also that the latus rectum is a mean proportional between 
the double ordinates. 

14. The locus of the middle points of the focal chords of a parabola 
is another parabola. 

15. Shew that in general two parabolas can be drawn having a 
given straight line for directrix, and passing through two given points 
on the same side of the line. 

16. Pp is a chord perpendicular to the axis, and the perpendicular 
from p on the tangent at P meets the diameter through P in R; prove 
that ItP is equal to the latus rectum, and find the locus of R. 

17. Having given the focus, describe a parabola passing through 
two given points. 

18. The circle on any focal distance as diameter touches the 
tangent at the vertex. 

19. The circle on any focal chord as diameter touches the directrix. 

20. A point moves so that its shortest distance from a given circle 
is equal to its distance from a given diameter of the circle ; prove that 
the locus is a parabola, the focus of which coincides with the centre of 
the circle. 

21. Find the locus of a point which moves so that its shortest 
distance from a given circle is equal to its distance from a given 
straight line. 

22. The vertex of an isosceles triangle is fixed. The extremities of 
its base lie on two fixed parallel straight lines. Prove that the base is 
a tangent to a parabola. 

23. Shew that the normal at any point of a parabola is equal to 
the ordinate through the middle point of the subnormal. 

24. If perpendiculars are drawn to the tangents to a parabola 
where they meet the axis they will be normals to two equal parabolas. 

25. PSP is a focal chord of a parabola. The diameters through 
P, P meet the normals at P, P m. V,V' respectively. Prove that 
PVV'P is a parallelogram. 
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26. If AFC be a sector of a circle, of which the radius CA is fixed, 
and a circle be described, touching the radii CA, CP, and the arc AP, 
the locus of the centre of this circle is a parabola. 

27. If from the focus jS of a parabola, SY, SZ be perpendiculars 
drawn to the tangent and normal at any point, YZ is parallel to the 
diameter. 

28. Prove that the locus of the foot of the perpendicular from the 
focus on the normal is a parabola. 

29. If PG be the normal, and OL the perpendicular from O upon 
SP, prove that GL is equal to the ordinate PN. 

30. Given the focus, a point P on the curve, and the length of the 
perpendicular firom the focus on the tangent at P, find the vertex. 

31. A circle is described on the latus rectum as diameter, and 
a common tangent QP is drawn to it and the parabola : shew that SP, 
SQ make equal angles with the latus rectum. 

32. G is the foot of the normal at a point P ai the parabola, 
Q is the middle point of SG, and X is the foot of the directrix: prove 
that 

QXi-Qpi=AAS\ 

3.3. If PG the normal at P meet the axis in G, and if PF, PH, 
lines eqiially inclined to PG, meet the axis in F and H, the length SG is 
a mean proportional between SF and SH. 

34. A triangle ABC circumscribes a parabola whose focus is iS', and 
through A, B,C, lines are drawn respectively perpendicular to SA, SB, 
SO ; shew that these pass through one point. 

35. If PQ be the normal at P meeting the curve in Q, and if the 
chord PJi be drawn so that PR, PQ are equally inclined to the axis, 
PRQ is a right angle. 

36. PiV is a semi-ordinate of a parabola, and AM in taken on the 
other side of the vertex along the axis equal to AN; from any point Q 
in PjV, QR is drawn parallel to the axis meeting the curve in R ; prove 
that the lines MR, AQ will intersect in the parabola. 

37. Having given two points of a parabola, the direction of the 
axis, and the tangent at one of the points, construct the parabola. 

38. Having given the vertex of a diameter, and a corresponding 
double ordinate, construct the parabola. 

39. PM is an ordinate of a point P ; a straight line parallel to the 
axis bisects PM, and meets the cun-e in Q ; MQ meets the tangent at 
the vertex in T; prove that SAT=2PM. 

40. AB, CD are two parallel straight lines given in position, and 
AC is perpendicular to both, A and C being given points; in CD any 
point Q is taken, and in AQ, produced if necessary, a point P is taken. 



44 EXAMPLES. 

such that the distance of P from AB is equal to CQ ; prove that the 
locus of P is a parahola. 

41. If the tangent and normal at a point P of a parabola meet the 
tangent at the vertes in K and L respectively, prove that 

KI^ : SP^ :: SP-AS : AS. 

42. Having given the length of a focal chord, find its position. 

43. If the ordinate of a point P bisects the subnormal of a point 
P', prove that the ordinate of P is equal to the normal of i*- 

44. A parabola being traced on a plane, find its aiis and vertex. 

45. If P F, i" T' be two diameters, and P F', P T ordinates to these 
diameters, 

PV=P'V'. 

46. If one side of a triangle be parallel to the axis of a parabola, 
the other sides will be in the ratio of the tangents parallel to them. 

47. QVQ^ is an ordinate of a diameter PV, and any chord PR 
meets Q^ in JV, and the diameter through Qin L; prove that 

PL^ = PJ\r.PR. 

48. Describe a parabola passing through three given points, and 
having its axis parallel to a given line. 

49. If .ilP, AQ be two chords drawn from the vertex at right 
angles to each other, and PN, QM be ordinates, the latus rectum is a 
mean proportional between AN and AM. 

50. PSp is a focal chord of a parabola ; prove that AP, Ap meet 
the latus rectum in two points whose distances from the focus are 
equal to the ordinates oip and P respectively. 

51. If the straight line AP and the diameter through P meet the 
double ordinate QMQ! in R and R', prove that 

RM.RM=QMK 

52. A and P are two fixed points. Parabolas are drawn all having 
their vertices at A, and all passing through P. Prove that the points 
of intersection of the tangents at P with the tangent and normal at A 
lie on two fixed circles, one of which is double the size of the other. 

53. A variable tangent to a parabola intersects two fixed tangents 
in the points T and T' : shew that the ratio ST . ST' is constant. 

54 Through a fixed point on the axis of a parabola a chord PQ is 
drawn, and a circle of given radius is described through the feet of the 
ordinates of P and Q. Shew that the locus of its centre is a circle. 

55. If SY be the perpendicular on the tangent at P, and if YS be 
produced to A so that SR=SY, shew that PAR is a right angle. 
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56. If two circles be drawn touching a parabola at the ends of a 
focal chord, and passing through the focus, shew that they intersect 
each other orthogonally. 

57. PSQ is a focal chord of a parabola, whose vertex is A and 
focus S, V being the middle point of the chord, shew that 

PVi=Ar^+3AJSP. 

58. QQ^ is a focal chord of a parabola. Describe a circle which 
shall pass through Q, Q and touch the parabola. 

If P be the point of contact and the angle QPQ' a right angle, find 
the inclination of QP to the axis. 

59. Through two fixed points E, F, on the axis of a parabola are 
drawn two chords PQ, PR meeting the curve in P, Q, R. If QR meet 
the axis in T, shew that the ratio TR : TQ is constant. 

60. A chord PQ is normal to the parabola at P, and the angle 
PSQ is a right angle. Prove that SQ=2SP, and that the ordinate of P 
is equal to the latus rectum. Also, if T is the point of intersection of 
the tangents at P and Q, and if R is the middle point of TQ, prove 
that the angle TSR is a right angle, and that ST=2SR. 

61. A straight line intersects a circle ; prove that all the chords of 
the circle which are bisected by the straight line are tangents to a 
parabola. 

62. If two tangents TP, TQ be drawn to a parabola, the perpen- 
dicular S£ from the focus on their chord of contact passes through the 
middle point of their intercept on the tangent at the vertex. 

63. From the vertex of a parabola a perpendicular is drawn on 
the tangent at any point ; prove that the locus of its intersection with 
the diameter through the point is a straight line. 

64. If two tangents to a parabola be drawn from any point in 
its axis, and if any other tangent intersect these two in P and Q, 
prove that SP^SQ. 

65. T' is a point on the tangent at P, such that the perpendicular 
from T on SP is of constant length ; prove that the locus of 3" is a 
parabola. 

If the constant length be 2 AS, prove that the vertex of the locus 
is on the directrix. 

66. Given a chord of a parabola in magnitude and position, and 
the point in which the axis cuts the chord, the locus of the vertex 
is a circle. 

67. If the normal at a point P of a parabola meet the curve in Q, 
and the tangents at P and Q intersect in T, prove that T and P are 
equidistant from the directrix. 
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68. If TP, TQ be tangents to a parabola, such that the chord 
PQ is normal at P, 

PQ : PT :: JP.V : AN, 
PN and AN being the ordinate and abscissa. 

. 69. If two equal tangents to a parabola be cut by a thiid tangent, 
the alternate segments of the two tangents will be equal. 

70. If AP be a chord through the vertex, and if PX^perpendicular 
to AP, and PG, the normal at P, meet the axis in L, (r respectively, 
G-'Z=half the latus rectum. 

71. If PSQ be a focal chord, A the vertex, and PA, QA be 
produced to meet the directrix in i*, §' respectively, then P'SQ' will 
be a right angle. 

72. The tangents at P and Q intersect in T, and the tangent at 
R intersects TP and TQ in C and D; prove that 

PC : CT :: CR : RD :: TB : DQ. 

73. From any point D in the latus rectum of a parabola, a straight 
line DP is drawn, parallel to the axis, to meet the curve in P ; if 
X be the foot of the directrix, and A the vertex, prove that AD, 
XP intersect in the parabola. 

74. PSp is a focal chord, and upon PS and pS as diameters 
circles are described ; prove that the length of either of their common 
tangents is a mean proportional between AS and Pp. 

75. li AQ he & chord of a parabola through the vertex A, and 
QR be drawn perpendicular to AQ to meet the axis ia R; prove 
that AR will be equal to the chord through the focus parallel to AQ. 

76. If from any point P of a circle, PC be drawn to the centre 
C, and a chord PQ be drawn parallel to the diameter AB, and 
bisected in R ; shew that the locus of the intersection of CP and AR 
is a parabola. 

77. A circle, the diameter of which is three-fourths of the lattis 
rectum, is described about the vertex .i of a parabola as centre ; prove 
that the common chord bisects AS. 

78. Shew that straight lines drawn perpendicular to the tan- 
gents of a parabola through the points where they meet a given fixed 
line perpendicular to the axis are in general tangents to a confocal 
parabola. 

79. If QR be a double ordinate, and PD a straight line drawn 
parallel to the axis from ajiy point P of the cinr'e, and meeting QR 
in D, prove, from Art. 27, that 

QD . RD=4AS . PD. 

80. Prove, by help of the preceding theorem, that, if QQ be a 
chord parallel to the tangent at P, QQ' is bisected by PD, and hence 
determine the locus of the middle point of a series of parallel chords. 
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81. If a parabola touch the sides of an equilateral triangle, the 
focal distance of any vertex of the triangle passes through the point 
of contact of the opposite side. 

82. Find the locus of the foci of the parabolas which have a 
common vertex and a common tangent. 

83. From the points where the normals to a parabola meet the 
axis, lines are drawn perpendicular to the normals : shew that these 
lines will be tangents to an equal parabola. 

84. Inscribe in a given parabola a triangle having its sides 
parallel to three given straight lines. 

85. PNI" is a double ordinate, and through a point of the 
parabola RQL is drawn perpendicular to PP' and meeting PA, or 
PA produced in R ; prove that 

PN : NL :: LR : RQ. 

86. PNP is a double ordinate, and through R, a point in the 
tangent at P, RQM is drawn perpendicular to PP and meeting the 
curve in Q ; prove that 

QM : QR :: P'M : PM. 

87. If from the point of contact of a tangent to a parabola, a 
chord be drawn, and a line parallel to the axis meeting the chord, 
the tangent, and the curve, shew that this line will be divided by 
them in the same ratio as it divides the chord. 

88. PSp is a focal chord of a parabola, RD is the directrix meet- 
ing the axis in D, Q is any point in the curve ; prove that if QP, (^ 
produced meet the directrix in R, r, half the latus rectum will be 
a mean proportional between DR and Dr. 

89. A chord of a parabola is drawn parallel to a given straight 
Une, and on this chord as diameter a circle is described ; prove that 
the distance between the middle points of this chord, and of the chord 
joining the other two points of intersection of the circle and parabola, 
will be of constant length. 

90. If a circle and a parabola have a common tangent at P, and 
intersect in Q and R; and if QV, UR be drawn paraUel to the axis 
of the parabola meeting the circle in V and U respectively, then will 
FiTbe parallel to the tangent at P. 

91. If PV be the diameter through any point P, QV a, semi- 
ordinate, §* another point in the curve, and QfP cut QV ia. R, and 
QfR', the diameter through §*, meet QVin R', then 

VR . VR'=QV^. 

92. PQ, PR are any two chords ; PQ meets the diameter through 
R in the point F, and PR meets the diameter through Q in E; 
prove that EF is parallel to the tangent at P. 
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93. If parallel chorda be intersected by a diameter, the distances 
of the points of intersection from the vertex of the diameter are in 
the ratio of the rectangles contained by the segments of the chords. 

94. If tangents be drawn to a parabola from any point P in the 
latus rectum, and if §, §" be the points of contact, the semi-latas 
rectum is a geometric mean between the ordinates of Q and Q", and 
the distance of P from the axis is an arithmetic mean between the 
same ordinates. 

95. If A', K, C be the middle points of the sides of a triangle 
A.BC, and a parabola drawn through A', B', C meet the sides again 
in A", B", C", then will the Unes AA", BB", CO" be parallel to each 
other. 

96. A circle passing through the focus cuts the parabola in two 
points. Prove that the angle between the tangents to the circle at 
those points is four times the angle between the tangents to the 
parabola at the same points. 

97. The loc\is of the points of intersection of normals at the 
extremities of focal chords of a parabola is another parabola. 

98. Having given the vertex, a tangent, and its point of contact, 
construct the parabola. 

99. PSp is a focal chord of a parabola ; shew that the distance 
of the point of intersection of the normals at P and p from the 
directrix varies as the rectangle contained by PS, pS. 

100. TP, TQ are tangents to a parabola at P and Q, and is 
the centre of the circle circumscribing PTQ ; prove that TSO is a 
right angle. 

101. P is any point of a parabola whose vertex is A, and through 
the focus S the chord QSQ' is drawn parallel to AP ; PN, QM, Q^M', 
being perpendicular to the- axis, shew that SM ia a mean proportional 
between AM, AN, and that 

MM'=AP. 

102. If a circle cut a parabola in four points, two on one side 
of the axis, and two on the other, the sum of the ordinates of the 
first two is equal to the sum of the ordinates of the other two points. 

Extend this theorem to the case in which three of the points are 
on one side of the axis and one on the other. 

103. The tangents at P and Q meet in T, and TL is the per- 
pendicular from T on the axis ; prove that if PN, QM be the ordinates 
of P and ft 

PN . QM=^S . AL. 

104. The tangents at P and Q meet in T, and the lines TA, PA, 
QA, meet the directrix in t, p, and q : prove that 

tp=tq. 
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105. From a point T tangents TP, TQ are drawn to a parabola, 
and through T straight lines are drawn parallel to the normals at P 
and Q ; prove that one diagonal of the parallelogram so formed passes 
through the focus. 

106. Through a given point within a parabola draw a chord which 
shall be divided in a given ratio at that point. 

107. ABC is a portion of a parabola bounded by the axis AB and 
the semi-ordinate BG : find the point P in the semi-ordinate such that 
if PQ be drawn parallel to the aads to meet the parabola in Q, the sum 
of BP and PQ shall be the greatest possible. 

108. The diameter through a point i* of a parabola meets the 
tangent at the vertex in Z; the normal at P and the focal distance 
of Z will intersect in a point at the same distance from the tangent 
at the vertex as P. 

109. Given a tangent to a parabola and a point on the curve, 
shew that the foot of the ordinate of the point of contact of the 
tangent drawn to the diameter through the given point lies on a fixed 
straight line. 

110. Find a point such that the tangents from it to a parabola 
and the Unes from the focus to the points of contact may form a 
parallelogram. 

111. Two equal parabolas have a common focus ; and, from any 
point in the common tangent, another tangent is drawn to each ; prove 
that these tangents are equidistant from the common focus. 

112. Two parabolas have a common axis and vertex, and their 
concavities turned in opposite directions ; the latus rectum of one is 
eight times that of the other ; prove that the portion of a tangent to 
the former, intercepted between the common tangent and axis, is 
bisected by the latter. 



B. C. S. 



CHAPTER III. 

The Ellipse. 



Def. An ellipse is the curve traced out by a point which 
moves in such a manner thai its distance from, a given point is 
in a constant ratio of less inequality to its distance from a 
given straight line. 

Tracing the Curve. 

55. Let S be the focus, EX the directrix, and SX the 
perpendicular on EX from 8. 




Divide SX at the point A in the given ratio ; the point 
A is the vertex. 

From any point E in EX, draw EAP, E8L, and through 
8 draw 8P making the angle P8L equal to L8N, and 
meeting EAP in P. 

Through P draw LPK perpendicular to the directrix and 
meeting ESL in L. 
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Then the angle PSL = LSN = SLP. 

.:SF = PL. 

Also PL : PK :: SA : AX. 

I Hence 8P : PK :: 8A : AX, 

and P is therefore a point in the curve. 

Again, in the axis XAN find a point A' such that 

SA' : A'X :: SA : AX; 

this point is evidently on the same side of the directrix as 
the point A, and is another vertex of the curve. 




Join EA' meeting PS produced in P', and draw P'L'K' 
perpendicular to the directrix and meeting ES in L'. 

Then FL' ■ P'K' :: SA' : A'X 

:: SA : AX, 
and the angle SL'P' = L'SA = L'SF ; 

.: FL' = SF. 

Hence F is also a point in the curve, and PSP' is a focal 
chord. 

By giving E a series of positions on the directrix we 
shall obtain a series of focal chords, and we can also, as in 
Art. (1), find other points of the curve lying in the lines 
KP, K'F, or in these lines produced. 

We can thus find any number of points in the curve. 

4—2 



52 THE ELLIPSE. 

56. Def. The distance AA' is the major axis. 

The middle paint G of AA' is called the centre of the 



Ifthrotigh C the double ordinate BCR be drawn, BB' is 
called the minor axis. 

Any straight line drawn through the centre, and terminated 
by the curve, is called a diam,eter. 

The lines AG A', BGB' are called the principal diameters, 
or, briefly, the axes of the curve. 

The line AG A' is also sometimes called the transverse 
axis, and BGB' the conjugate axis. 



57. Prop. I. IfFbe any point of an ellipse, and A A' 
the axis major, and if PA, A'P, when produced, meet the 
directrix in E and F, the distance EF subtends a right angle 
at the focus. 




By the theorem of Art. 4, E8 bisects the angle ASP", 
and FS bisects the angle ASP ; 

:. ESF is a right angle. 

It will be seen that, since ASA' is a focal chord, this is a 
particular case of the theorem of Art. 6. 
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58. Prop. II. If PJV" he the ordinate of any point 
P of an ellipse, AG A' the aads major, and BOB' the ax-is 
minor, 

PN' : AF. NA' :: BC : AC 




Join PA, A'P, and let these lines produced meet the 
directrix in E and F. 



Then PUT : AF 

and PF : A'F 

.-.PF" : AF.FA' 



EX : AX, 
FX : A'X; 
EX.FX : AX. A'X 
SX' : AX. A'X, 



since ESF is a right angle (Prop, i.); that is, PF^ is to 
AF. FA' in a constant ratio. 

Hence, taking PF coincident with BG, in which case 
AF=FA'=AG, 
BG" : AC :: 8X* : AX. A'X, 
and .-. PF" ': AF . FA' :: BC : AC. 

This may be also written 

PF* : AC-CF" :: BC : AC. 

Cor. If PM be the perpendicular from P on the axis 
minor, 

CM = PF,PM=GF, 
and GJiP : AC-PJIP :: BC : AG". 

Hence AG' : AG*-PM' :: BG' : GJHP, 
and .-. AG' : PM' .: BG' : BG'- CM', 

or PM' : BM.MB :: AC : BG'. 
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59. If a point N' be taken on the axis major, between 
G and A', such that ON' = GN, the corresponding ordinate 
P'N' = FN, and therefore it follows that the curve is sym- 
metrical with regard to BCB', and that there is another 
focus, and another directrix, corresponding to the vertex A'. 

60. By help of the theorem of Art. 57, we can give an 
independent proof of the existence of the other focus and 
directrix, corresponding to the vertex A'. 

In AA' produced take a point X' such that A'X' = AX, 
and in AA' take a point S' such that A'S" = AS. 

Through X' draw a straight line eX'f perpendicular to 
the axis, and let EP, FP produced meet this line in e and /. 
Join e-S', and ^'. 




Then eX' : EX :: AX' : AX 

A'X : A'X' 
FX :fX'; 
■.eX' . fX' = EX.FX = SX^ = S'X" 
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Hence eS'/is a right angle. 

Through P draw KPk parallel to the axis, meeting eS' 
and fS' produced in L and I. 

Then PL : Pk :: S'A : AX' :: SA' : A'X, 

and PI : Pk :: S'A' : A'X' :: SA : AX, 

.: PL = Pl. 

Moreover, LS'l being a right angle, 

ST = Pl, 

.-. S'P : Pk :: S'A' : A'X', 

and the curve can he described by means of the focus S' 
and the directrix eX'. 

If SA be equal to AX, the point A', and therefore the points <S" and 
X', will be at an infinite distance from (S^ and A. 

Hence a parabola is the limiting form of an ellipse, the axis major 
of which is indefinitely increased in magnitude, while the distance SA 
remains finite. 

61. Prop. III. If AG A' he the axis major, C the centre, 
S one of the foci, and X the foot of the directrix, 

CS : CA :: CA : CX :: SA : AX, 

and OS : CX :: CS' : CA\ 





X 


AS G sr A' X 




For 


S'A : SA :: AX' : AX 
:: A'X : AX; 
.-. SS' : SA :: AA' : AX, 


or 




CS : CA :: SA : AX. 




Again, 


SA' : SA :: AX' : AX; 
.-. AA' : SA :: XX' : AX, 


or 




CA : CX :: SA : AX; 
.-. CS : CA :: CA : CX, 


or 




CS.GX = CA\ 




Also 


CS : CX :: CS' : CS . CX 
:: CS' : CA'. 
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62. Prop. IV. If S he a focus, and B an extremity of 
the axis minor, 

SB = AG and BG^ = AS . SA'. 
For, joining SB in the figure of Art. 58, 
SB : GX :: SA : AX 
:: GA : GX, 
by the previous Article, 

.-. SB = GA. 

Also BO' = SB'-SC'' = AG'- SG" 

= A8.8A'. 

63. Prop. V. The semi-latus rectum SB is a third 
proportional to AG and BG. 

For, Prop. II., 

SR' : AS . SA' 

:. SB" : BG' 

or SB : BG 

Cor. Since SB : SX 



BG' : AG'; 
BG' : AG', 
BG : AG. 



SA : AX 
SG : AG, 

it follows that SX . SG = SR . AG = BG' ; 

and hence also, since SG . GX = AG', that 
SX : GX :: BG' : AG'. 



64. Prop. VI. The sum of the focal distances of any 
point is equal to the acds major. 

Let PN be the ordinate of a point P (Fig. Art. 60), then 

ST : SP :: NX' : NX; 



or 



:.S'P + SP : SP 
S'P + SP : XX' 



XX' : NX, 
SP : NX 
SA : AX 
AA' : XX'; 
.S'P + SP^AA'. 
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Cor. Since SP : NX 

.-. AG : 8P 
AG-8P : 8P 
and AG-SP : GN : 



SA : AX 
AG : GX; 
GX : NX, 
GN : NX, 
SA : AX. 



Also, AC-SP = S'P-AG; 

.-.S'P-AG : GN :: SA : AX. 
Hence, S'P-SP : 2GN :: SA : AX. 



Mechanical Gonstruction of the Ellipse. 

65. Fasten the ends of a piece of thread to two pins 
fixed on a board, and trace a curve on the board with a 
pencil pressed against the thread so as to keep it stretched ; 
the curve traced out will be an ellipse, having its foci at the 
points where the pins are fixed, and having its major axis 
equal to the length of the thread. 

66. Prop. VII. The sum of the distances of a point 
from the foci of an ellipse is greater or less than the major 
axis according as the point is outside or inside the ellipse. 

If the point be without the ellipse, join SQ, S'Q, and 
take a point P on the intercepted arc of the curve. 

Then P is within the triangle SQ8' and therefore, join- 
ing SP, 8'P, 

SQ + S'Q > SP+8'P. Euclid I. 21, 

i.e. SQ + 8'Q>AA'. 

If Q' be within the ellipse, let 
SQ^, S'Q^ produced meet the curve 
and take a point P on the inter- 
cepted arc. 

Then Q' is within the triangle 
8PS', and 

■.SP + 8'P>SQ' + 8'Q', 

i.e. SQ' + S'Q'<AA'. 
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67. Def. The circle described on 
diameter is called the auxiliary circle. 



axis major as 



Prop. VIII. If the ordinate NP of an ellipse be pro- 
duced to meet the auxiliary circle in Q, 

FN : QN :: BG : AG. 

For (Art. 58) 

PJV' : AN .NA :: BC : AC, 
and, by a property of the cirde, 

Q2P = AN.NA'; 




.-. FN : QN :: BG : AG. 

Cob. Similarly, if FM, the perpendicular on BB', meet 
in Q the circle described on BB' as diameter, 

FM : Q'M :: AG : BG. 
For PJIf : BM.MB' :: AG" : BC, 

and BM . MB' = Q'M'. 
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Properties of the Tangent and Normal. 

68. Prop. IX. The normal at any point bisects the 
angle between the focal distances of that point, and the 
tangent is equally inclined to the focal distances. 

Let the normal at P meet the axis in G ; then (Art. 18) 
SG : SP :: SA : AX, 
and S'G : S'P :: SA : AX. 




Hence SQ : S'G :: 8P : SP, 

and therefore the angle SPS' is bisected by PG. 

Also FPF' being the tangent, and GPF, GPF' being 
right angles, it follows that the angles SPF, S'PF' are equal, 
or that the tangent is equally inclined to the focal distances. 

Hence if S'P be produced to L, the tangent bisects the 
angle SPL. 

Cob. If a circle be described about the triangle SPS", 
its centre ■will lie in BOB', which bisects S8' at right angles; 
and since the angles SPG, S'PG are equal, and equal angles 
stand upon equal arcs, the point g, in which PG produced 
meets the minor axis, is a point in the circle. 

Also, if the tangent meet the minor axis in t, the point t 
is on the same circle, since gPt is a right angle. 
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Hence, Any point P of an ellipse, the two fod, and the 
points of intersection of the tangent and normal at P with the 
minor awis are concydic. 

69. Prop. X. Every diameter is bisected at the centre, 
and the tangents at the ends of a diameter are parallel. 

Let ,PCp be a diameter, PN, pn the ordinates of P 
and^. 




Then ON" : Cn" :: PN' : pn" 

:: AG'-CN' : AC' -On" (Art. 58); 

.-. CN' : AC' :: On" : AC\ 

Hence CN= Cn and .-. CP = Cp. 

Draw the focal distances ; then, since Pp and SS' bisect 
each other in C, the figure SPS'p is a parallelogram, and the 
angle 

SPS' = 8pS'. 

But the tangents PT, pt are equally inclined to the focal 
distances ; 

.-. the angle SPT=S'pt, 
and, adding the equal angles CPS, CpS', 
CPT=Cpt; 
.: PT and pt are parallel. 

Cor. Since 8p and 8'p are equally inclined to the 
tangent at p, it follows that SP and Sp make equal angles 
with the tangents at P and p. 
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70. Prop. XI. The perpendiculars frmn, the fod on 
any tangent meet the tangent on the auadliary circle, and 
the semi-minor axis is a mean proportional between their 
lengths. 

Let SY, S'Y' be the perpendiculars; join S'P, and let 
SY, S'P produced meet in L. 




The angles SPY, YPL being equal, and PY being 
common, the triangles SPY, YPL are equal in all respects ; 

.•.PL = 8P.SY=YL, 
and S'L = S'P + PL = 8'P+SP = AA'. 

Join CY, then C being the middle point of S8', and Y 
oiSL, CY is parallel to S'L, 

and ..S'L = 2GY. 

Hence CY=AG, and Fis a point on the auxiliary circle. 

Similarly by producing SP, S'Y' it may be shewn that 
Y' is also on the auxiliary circle. 

Let YS produced meet the circle in Z, and join Y'Z; 
then Y'YZ being a right angle, Y'Z is a diameter and 
passes through G. 

Hence the triangles SGZ, S'GY' are equal, and 
SY.S'Y' = SY.SZ=AS.SA' = BG\ 
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Cob. (1). If P' be the other extremity of the diameter 
through P, the tangent at P* is parallel to PY, and there- 
fore Z is the foot of the perpendicular from 8 on the tangent 
atP'. 




Cor. (2). If the diameter BCD', drawn parallel to the 
tangent at P, meet SP, S'P in E and E', PEGY' is a 
parallelogram, for CY' is parallel to SP, and CE to PF' ; 

.-. PE = CY' = AC; and similarly PE' = CY= AC. 

Cob. (3). Any diameter parallel to the focal distance of 
a point meets the tangent at the point on the auxiliary 
circle. 



71. Pbop. XII. To draw tangents from a given point to 
an ellipse. 

For this purpose we may employ the general construc- 
tion of Art. (17), or the following. 

Let Q be the given point ; upon 8Q as diameter describe 
a circle cutting the auxiliary circle in Y and Y' ; YQ and 
Y'Q will be the required tangents. 

Producing SY to L so that YL=8Y, join S'L cutting 
the line YQ in P. 

The triangles 8PY, LPY are equal in all respects. 
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since SY=YL and PY ib common and perpendicular to 
SL; 

.: SP = PL, and S'L = 8'P + PL = S'P + SP ; 

but, joining GY, S'L = 2GY= 2AG ; 

.■.SP + S'P = 2AG. 

and P is therefore a point on the ellipse. 




Also the angle SPY= YPL, 

and .". QP is the tangent at P. 

A similar construction will give the point of contact of 
the other tangent QP'. 

Keferring to Art. 35 it will be seen that the construction is the 
same as that given for the parabola, the ultimate form of the circle 
being, for the parabola, the tangent at the vertex. 

72. Pkop. XIII. If two tangents be drawn to an ellipse 
from an exterrwbl point, they are equally inclined to the focal 
distances of that point. 

Let QP, QP' be the tangents, 
SY, S'Y', 8Z, 8'Z' the perpen- 
diculars from the foci on the tan- 
gents ; join YZ, Y'Z'. 

Then (Art. 70) 

SY.S'Y' = SZ.S'Z'; 
.: SY : SZ :: S'Z' : S'Y'. 
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The points S, Y, Q, Z being concyclic, the angles YSZ, 
YQZ me supplementary; and similarly, Z'S'Y', Z'QY' are 
supplementary. 

Therefore the angle YSZ = Z'S'Y' and the triangles 
YSZ, Z'S'Y' are similar. 

Therefore the angle SQP = SZY= S'Y'Z' = S'QF. 

73. Def. Ellipses which have the same foci are called confocal 
ellipses. 

If Q be a point in a confocal ellipse the normal at Q bisects the 
angle SQS and therefore bisects the angle PQP'. 

Hence, If from any point of an ellipse tangents are dravm to a 
confocal ellipse, these tangents are equally indinxd to the normal at the 
point. 

By reference to the remark of Art. 41, it will be seen 
that this theorem includes that of Art. 41 as a particular 
case. 

74. Prop. XIV. IfPT the tangent at P meet the aans 
major in T, and PN he the ordinate, 

. CN.CT=AG\ 




Driw the focal distances SP, S'P, and the perpendicular 
SY on the tangent, and join NY, CY. 

Then, as in Art. 70, GY is parallel to S'P ; therefore the 
angle 

CYP = 8'Pt = SPY 
= SNY. 
since S, Y, P, N are concyclic. 

Hence CYT= CNY, 

and the triangles CYT, CNY are equiangular. 
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Therefore CN : GY :: CT : CT 

or GN.CT=GY^ = AG\ 

Cob. (1). GN.NT = GN . GT - CN' = AC'- GN' 
= AN.NA'. 

Cor. (2). Hence it follows that tangents at the extre- 
mities of a common ordinate of an ellipse and its auxiliary 
circle meet the axis in the sam£ point. 

For, if NP produced meet the auxiliary circle in Q, and 
the tangent at Q meet the axis in T', 

GN.GT' = GQ^ = AG\ 

therefore T' coincides with T. 

And more generally it is evident that. If any number of 
ellipses be described having the sam£ major axis, and an ordi- 
nate be drawn cutting the ellipses, the tangents at the points of 
section will all mset the common axis in the sam£ point. 



75. Prop. XV. If the tangent at P meet the 
in t, and PN be the ordinate, 

Ct.PN=BG\ 


axis 


minor 


For, 
.-. Gt 


Ct 
.PN : 


: PN 
PN' 


:: GT : NT (Fig. Art. 74), 
:: GT.GN : CN.NT 
:: AG^ : AN . NA' (Cor. 1, 
:: BG' : PN^. 
Ct.PN = BG'. 


Art. 


74), 



76. Prop. XVI. If the . tangent and normal at P meet 
the axis Tnajor in T and G, 

GG.GT=SG\ 

The triangles GOg, GTt, in the figure of the next article, 
being similar, 

GG : Gg :: Gt : CT, 

.■.CG.GT=Cg.Gt. 
But, since t, S, g, S' are concyclic (Cor. Art. 68), 
Gg.Gt = SG.CS' = SG^; 
.: GG.CT = 8G\ 

B. c. s. 5 
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Cor. Since GN .CT=A C\ and PN . Ct = BC\ 
CG : CX :: SC : AC 
and Cg : P^'^ :: SC : BC 

We hence see that 

KG : cm :: BG" : AC\ 



77. Prop. XVII. If the normal at P meet the axes in G 
and g, and the diameter parallel to the tangent at P in F, 

PF.PG = BG\ and PF . Pg = AG\ 

Let PN, PM, perpendiculars on the axes, meet the 
diameter in K and L, and let the tangent at P meet the axes 
in T and t. 




Then, since G, F, K, JV are concyclic, 

PF.PG = Py .PK = PN.Ct = BC'. 

Similarly, since L, M, F, g are concyclic, 

PF.Pg = PM. PL = GJt^. GT=AC\ 

Cor. If SP, S'P meet the diameter DCL' parallel to the 
tangent at P in E and E', 

PE = AG {Cot. 2, Art. 70); 

.■.PF.Pg = PE' = PE'\ 

and hence it follows that the angles PEg, PE'g are right 
angles. 
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78. Prop. XVIII. IfPCp he a diameter, QVQ a chord 
^parallel to the tangent at P arid meeting Pp in V, and if the 
tangent at Q meet pP produced in T, 

GV. GT= CP". 




Let TQ meet the tangents at P and pva. R and r, and 8 
being a focus, join 8P, SQ, Sp. 

Let fall perpendiculars RN^, RM, rn, rm upon these focal 
distances ; 

then, since the angle SPR = Spr (Cor. Art. 69), 
RP : rp :: RN : rn 

:: RM : rm (Cor. Art. 1.5), 
:: RQ : rQ; 
:: PV : Vp. 
Hence TP : Tp :: PV : Vp, 

or CT-CP : OT+CP :: CP-CV : CP + CV; 

:. CT : CP :: CP : CV, 
or CT.CV=CP'. 

Cob. 1. Hence, since CV and CP are the same for the 
point Q, the tangent at Q' passes through T. 

Cor. 2. Since Tp : TP :: pV : VP, it follows that 
TPVp is harmonically divided. 

It will be seen in a subsequent chapter that this is a par- 
ticular case of a general theorem. 

.5—2 
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Properties of Conjugate Diameters. 

79. Prop. XIX. A diameter bisects all chords parallel 
to the tangents at its extremities. 

We have shewn in Art. 21, that, if QQ' be a chord of a 
conic, TQ, TQ the tangents at Q, Q', and EPE' a tangent 
parallel to QQ', the length EE is bisected at P. 

Draw the diameter PCp ; the tangent epe' at ^ is parallel 
to EPE (Art. 69), and is therefore parallel to QQ'. 




Hence ep=pe', and P,p being the middle points of the 
parallels ee', EE' the line Pp passes through T, and moreover 
bisects QQ. 

Similarly, if any other chord qq' be drawn parallel to QQ^ 
the tangents at q and q' will meet in pP produced, and qq' 
will be bisected by pP. 

Cob. Hence, if QQ;, qq' be two chords parallel to the 
tangent at P, the chords Qq, Q'q will meet in CP or CP pro- 
duced. 

80. Def. The diameter DGd, drawn parallel to the 
tangent at P, is said to be conjugate to PCp. 

A diameter therefore bisects all chords parallel to its 
conjugate. 

Prop. XX. If the diameter DCd be conjugate to PCp, 
then will PCp be conjugate to DCd. 

Let the chord QVq be parallel to DCd, and therefore 
bisected by PC, and draw the diameter qCR. 
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Join QR meeting CD in U; 
then RC =Cq, and QV = Vq; 
:. QR is parallel to CP. 

Also QU : UE :: qC : CR, 
and therefore QU= TIB. 

That is, CD bisects the chords parallel to PCp ; therefore 
PGp is conjugate to DCd. 

Def. Chords drawn from the extremities of a diameter to 
any point of the ellipse are called supplemental chords. 

Thus qQ, RQ are supplemental chords, and hence it 
appears that supplemental chords are parallel to conjugate 
diameters. 

Def. a line QV drawn from a point Q of an ellipse, 
parallel to the tangent at P and terminated by the diameter 
PCp, is called an ordinate of that diameter, and QVq is the 
double ordinate if QV produced meet the curve in q. 

81. Any dia/meter is a mean proportional between the 
transverse aais and the focal chord parallel to the diameter. 




From Art. 70, it appears that if CQT parallel to SP meet 
in T the tangent at P, 

CT=AC. 

Draw PV parallel to the tangent at Q ; 

then CQ'=GV.GT=CV.AC; 
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but the diameter through G parallel to the tangent at Q 
bisects Pp (Art. 80), 

sothatPp = 2Cr; 

.-.Qq^^Pp.AA'. 

82. Prop. XXI. If PCp, DCd be conjugate diameters, 
and QV an ordinate of Pp, 

QT" : PV. Vp :: CD^ : OP'. 

Let the tangent at Q (Fig. Art. 80) meet CP, CD produced 
in T and t, and draw Q IT parallel to CP and meeting CD in 
U. 

Then CP'=GV.CT, 

and CD' = CU.Ct = QV.Ct; 

.-. CD' : CP' :: QV . Ct : CV . CT 
:: QV : CV . VT, 
and CV.VT^CV . CT-CV = CP''-GV 

= PV . Vp, 

.'. CD' : CP' :: QV : PV . Vp. 

83. Pkop. XXII. // AC A', BGB he a pair of conju- 
gate diameters, PCP*, DGU another pair, and if PN, DM be 
ordinates of AC A', 

CN' = AM . MA', CM' = AN.NA \ 
CM : PN :: AG : BC, 
and DM : CN :: BC : AG. 




Let the tangents at P and D meet AC A' in T and t. 
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Then GN.GT = AG* = GM .Gt; 

hence GM : GN :: GT : Gt 

PT: CD 

PN : DM 

GN : Mt, 

:. G]!r' = GM.Mt = AG'- GM' = AM . MA', 
and similarly, GM' = AN . NA'. 

Also DM'' : AM. MA' :: BG' : AG\ 
:. DM : GN :: BG : AG, 
and similarly GM : PN :: AG : BG. 

Cor. We have shewn in the course of the proof that 
GN^+GM' = AC\ 

By similar reasoning it appears that if Pn, Dm, be ordi- 
nates of BCB', 

Gn'^-Cm'=BG'; 

.-.PN^ + DM^^BG". 

It should be noticed that these relations are shewn to 
be true when AG A', BGR are any conjugate diameters, 
including of course the principal axes. 

84. Prop. XXIII. IfCP, GD he conjugate semi-diameters, 
and AG, BCthe principal semi-diameters, 

GP' + GD^ = AC*+BG\ 

From the preceding article, 

GN^ + GM' = AC°-, 

and PN' + DM^ = BG'; 

also AGB being in this case a right angle, 

PN' + GN'' = CP\ 

and DM* + GM^ = OD\ 

.•.GP* + CD' = AG' + BG'. 
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85. Def. If the ordinate NP of a point, when prodvced, 
meets the auailiary circle in Q, the angle A CQ is called the 
eccentric angle of the point P. 

Prop. XXIV. If CP, CD be conjugate semi-diameters, 
the difference between the eccentric angles of P and D is a 
right angle. 




From Art. 67, RM : DM :: AC : BC 

and, from Art. 83, CN : DM :: AC : BC 

:. RM= CN, and similarly, QN= CM. 

.•. The triangles QCN, CRM are equal, and the angles 
QCN, RCM are complementary. 

.*. QCR is a right angle. 

86. Pbop. XXV. If the normal at P meet the principal 
axes in G and g, 

PG : CD :: BC : AC, 

and Pg : CD :: AG : BC. 

For, the triangles DCM, PGN being similar, 
PQ : CD :: PN : CM 
:: BC : AC. 
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So also Pgn and DOM are similar, and 

Pg : CD :■ Pn : DM 

:: AC : BG. 




Hence it follows that 

PG.Pg = GD\ 

87. Pkop. XXVI. The parallelogram formed hy the 
tangents at the ends of conjugate diameters is equal to the 
rectangle contained by the principal axes. 

For, taking the preceding figure, 





PG ■ 


BG : 


. CD 


: AC; 


but 


PG : 


BG : 


BC 


PF (Art. 77), 




.-. GD : 


AG: 


: BG 


PF, 


and 


GD 


.PF = 


--AG.BC, 


whence the theorem stated. 





88. Prop. XXVII. IfSP, S'P be the focal distances of 
P, and GD be conjugate to CP, 

SP.S'P = CD\ 

and SY : SP :: BG : GD. 

Let GD meet SP, ^P in E 
and F', and the normal at P in 
F; then SPY, PEF, and S'PY' 
are similar triangles ; 
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.-.SP : 87 :: PE : PF, 
and S'P : S'Y' :: PE : PF; 

.-.SP.S'P : SY.S'Y' :: PE' : 

AC : 
CD' : 
.: SP.S'P = CD' 

Also SY : SP :: PI" : PE :: PJ?* : 
.-. SY : SP :: BC : (72). 



PP= 
PP' 
BC (Art. 87) ; 

vie, 



89. Prop. XXVIII. If the tangent at P meet a pair of 
conjugate diameters in T and T, and CD he conjugate to CP, 

PT.Pr = CD'. 
From the figure 

PT : PN :: CD : DM; 




P^ B- 

and, if TP produced meet CB in T, 

PT : CN :: CD : CM; 
.-.PT.PT' : PN.CN :: CD' : DM. CM. 
But PN.CN=DM. CM (Art. 83), 

:.PT.PT = CD\ 

Cor. Let TQUhe the tangent at the other end of the chord PNQ, 
meeting CB' produced in U ; and let CE be the Bemi-diameter parallel 

tore. 



Then 



TP : TQ : 



PT : QU, 
PT.PT : QT.QU 

CD^ : CE\ 

that is, the two tangents drawn from, any point are in the ratio of the 
parallel diameters. 
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In a aimilar manner it can be shewn that, if the tangent at P meet 
the tangents at the ends of a diameter AC A' in T and T', 

FT. PT = CD\ 

CD being conjugate to CP, 

and AT.A'T'=CB\ 

CB being conjugate to AC A'. 

90. Equi-conjugate diameters. 

Prop. XXIX. The diagonals of the rectangle formed hy 
the principal axes are eqiiai and conjugate diameters. 

For, joining AB, A'B, these lines 
are parallel to the diagonals CF, 
GE; and, AB, A'B being supple- 
mental chords, it follows that GD, 
GP are conjugate to each other. 
Moreover, they are equally inclined 
to the axes, and are therefore of 
equal length. 

Cor. 1. li QV, QU h& drawn parallel to the equi-con- 
jugate diameters, meeting them in V and U, 

QV* : GP'-GV* :: GD^ : CP' ; 
.-. QV = GP^-GT = PV. VP', 
if P' be the other end of the diameter PGP'. 
Hence QV' + QIP=GP'. 

Cor. 2. GP' + GD' = AG' + BG' (Art. 84) ; 

:.2GP' = AG' + BC'. 




91. Prop. XXX. Pairs of tangents at right angles to 
each other intersect on a fixed circle. 

The two tangents being TP, TP', let S'P produced meet 
SY the perpendicular on TP in K. 

Then the angle PTK = STP = S'TP' ■ 
.: 8'TK is a right angle. 
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Hence 4>A 0" = S'K' = ST + TK' 
= S'T'' + Sr 
= 2Cr + 2CS' (Euclid, ii. 12 and 13); 

and T lies on a fixed circle, of which C is the centre. 




This circle is called the Director Circle of the Ellipse, and 
it will be seen that when the ellipse, by the elongation of SC 
from S is transformed into a parabola, the director circle 
merges into the directrix of the parabola. 

Cor. If XQ is the tangent to the director circle from 
the foot of the directrix, 

XQ'=CX''-GQ'= CX'- -CA'- GB' 

= CX^-SC.CX-SC.SX (Arts. 61 and 63), 
= CX.SX-SC.8X = SX\ 
.■.XQ = SX, 

and hence it follows that the directrix is the radical axis of 
the director circle and of a point circle at thefoaus. 

92. Prop. XXXI. The rectangles contained by the 
seg)nents of any two chords which intersect each other are in 
the ratio of the squares of the parallel diameters. 

Through any point (3 in a chord OQQ' draw the diameter 
ORR', and let CD be parallel to QQ', and CP conjugate to 
CD, bisecting QQ' in V. 

Draw RU parallel to CD. 
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Then CD'-RU' : CU' :: CD" : OP'- (Art. 82), 

:: CD'-QV : GV\ 

But RU' : CU' :: OV : GT ; 

.: CD' : GTP :: CD^ + OV-QV : GV 




or CD- : CD^ + OV-QV' :: GU' : OF' 

:: GB' : GO"; 
.-.GD'- : OV-QV :: GR' : GO'-GR\ 
or GD" : OQ.OQ' :: GR^ : OR. OR'. 

Similarly, if Oqq' be any other chord through 0, and Gd 
the parallel semi-diameter, 

Gd" : Oq.Oq' :: GR"- : OR. OR'; 

.-.OQ.OQ' -.Oq.Oq' :: GD^ : Gd\ 

This may otherwise be expressed thus, 

The ratio of the rectangles of the segments depends only an 
the directions in which they are draton. 

The proof is the same if the point be within the 
ellipse. 

93. Pbop. XXXII. If a circle intersect an ellipse in 
four points, the several pairs of the chords of intersection are 
equally inclined to the axes. 

For if QQ', qq' be a pair of the chords of intersection, and 
if these meet in 0, or be produced to meet in 0, the rect- 
angles OQ . OQ', Oq . Oq' are proportional to the squares on 
the parallel diameters. 
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But these rectangles are equal since QQ', qq' are chords 
of a circle. 

Therefore the parallel diameters are equal, and, since 
equal diameters are equally inclined to the axes, it follows 
that the chords QQ', qq' are equally inclined to the axes. 

Conversely, if two chords, not parallel, be equally in- 
clined to the axes a circle can be drawn through their 
extremities. 

For, as in Art. 92, if OQQ', Oqq be two chords, and CD, 
Cd the parallel semi-diameters, 

OQ.OQ' : Oq.Oq' :: CD' : Cd' ; 

but, if CD and Cd be equally inclined to the axes, they are 
equal, and 

.■.OQ.OQ'= Oq.Oq', 

and the points Q, Q', q, q' are concyclic. 



EXAMPLES. 

1. If the tangent at Bmeet the latus rectum produced in D, CDX 
is a right angle. 

2. If PCp be a diameter, and the focal distance pS produced meet 
the tongent at P in T, SP=8T. 

3. If the normal at P meet the axis minor in G' and O'N be the 
perpendicular from G' on SP, then PN—AC. 

4. The tangent at P bisects any straight line perpendicular to AA' 
and terminated by AP, A'P, produced if necessary. 

5. Draw a tangent to an ellipse parallel to a given line. 

6. SR being the semi-latus rectum, if RA meet the directrix in E, 
and SE meet the tangent at Ain T, . 

AT=AS. 

7. Prove that SY : SP :: SR : PG. 
Find where the angle SPS" is greatest. 

8. If two points E and E .be taken in the normal PG such, that 
PE=P£ = C3, the loci of E and E are circles. 
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9. If from the focus S' a line be drawn parallel to SP, it will meet 
the perpendicular ST in the circumference of a circle. 

10. If the normal at P meet the axis major in G, prove that PQ is 
an harmonic mean between the perpendiculars from the foci on the 
tangent at P. 

11. The straight line NQ is drawn parallel to AP to meet CP in 
Q ; prove that AQia parallel to the tangent at P. 

12. The locus of the intersection with the ordinate of the perpen- 
dicular from the centre on the tangent is an ellipse. 

13. If a rectangle circumscribes an ellipse, its diagonals are the 
directions of conjugate diameters. 

14. If tangents TP, TQ be drawn at the extremities, P, Q of any 
focal chord of an ellipse, prove that the angle PTQ is half the supple- 
ment of the angle which PQ subtends at the other focus. 

15. If J", ^ be the feet of the perpendiculars from the foci on the 
tangent at P ; prove that Y, N, Z, C are concyolic. 

16. If .4 § be drawn from one of the vertices perpendicular to the 
tangent at any point P, prove that the locus of th» point of intersection 
of PS and QA produced will be a circle. 

17. The straight lines joining each focus to the foot of the perpen- 
dicular from the other focus on the tangent at any point meet on the 
normal at the point and bisect it. 

18. If two circles touch each other internally, the locus of the 
centres of circles touching both is an ellipse whose foci are the centres 
of the given circles. 

19. The subnormal at any point P is a third proportional to the 
intercept of the tangent at P on the major axis and half the minor axis. 

20. If the normal at P meet the axis major in G and the axis minor 
in g, Gg : Sg :: SA : AX, and if the tangent meet the axis minor in t, 

St : tg v.BC: CD. 

21. If the normal at a point P meet the axis in G, and the tangent 
at P meet the axis in T, prove that 

Tq-. TP :: BC : PG, 

Q being the point where the ordinate at P meets the auxiliary circle. 

22. If the tangent at any point P meet the tangent at the extre- 
mities of the axis AA' in F and F', prove that the rectangle AF, A'F' 
is equal to the square on the semiaxis minor. 

23. TP, TQ are tangents ; prove that a circle can be described 
with T as centre so as to touch SP, HP, SQ, and HQ, or these lines 
produced, S and H being the foci. 
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24. If two equal and siuiilar ellipses have the same centre, their 
points of intersection are at the extremities of diameters at right angles 
to one another. 

25. The external angle between any two tangents to an elUpse is 
equal to the semi-svuu of the angles which the chord joining the points 
of contact subtends at the foci. 

26. The tangent at any point P meets the axes in T and t; if (S be 
a focus the angles PSt, STP are equal. 

27. A conic is drawn touching an ellipse at the extremities A, B 
of the axes, and passing through the centre C of the ellipse ; prove that 
the tangent at C is parallel to AB. 

28. The tangent at any point P is cut by any two conjugate 
diameters in T, t, and the points T, t are joined with the foci S, H 
respectively; prove that the triangles 8PT, HPt are similar to each 
other. 

29. If the diameter conjugate to CP meet SP, and HP (or these 
produced) in E and E', prove that SE is equal to HE', and that the 
circles which circumficribe the triangles SCE, HCE\ are equal to one 
another. 

30. PG is a normal, terminating in the major axis ; the circle, of 
which PG is a diameter, cuts SP, HP, in K, L, respectively : prove 
that KL is bisected by PG, and is perpendicular to it. 

31. Tangents are drawn from any point in a circle through the 
foci, prove that the lines bisecting the angles between the several pairs 
of tangents all pass through a fixed point. 

32. If a quadrilateral circumscribe an ellipse, the angles subtended 
by opposite sides at one of the foci are together equal to two right 
angles. 

33. If the normal at P meet the axis minor in G, and if the tangent 
at P meet the tangent at the vertex A in V, shew that 

SG : SC :: PV : VA. 

34. P, Q are points in two confocal ellipses, at which the line 
joining the common foci subtends equal angles ; prove that the tangents 
at P, Q are inclined at an angle which is equal to the angle subtended 
by PQ at either focus. 

35. The transverse axis is the greatest and the conjugate axis the 
least of all the diameters. 

36. Prove that the locus of the centre of the circle inscribed in the 
triangle SPS' is an ellipse. 
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37. If the tangent and ordinate at P meet the transverse axis in T 
and N, prove that any circle passing through N and T will cut the 
auxiUary circle orthogonally. 

38. If SY, S' Y' be the perpendiculars from the foci on the tangent 
at a point P, and PN the ordinate, prove that 

PY : PT :: NY : NT. 

39. If a circle, passing through T and Z, touch the major axis in 
Q, and that diameter of the circle, which passes through Q, meet the 
tangent in P, then PQ=BC. 

40. From the centre of two concentric circles a straight line is 
drawn to cut them in P and Q ; from P and Q straight lines are drawn 
parallel to two given lines at right angles. Shew that the locus of their 
point of intersection is an ellipse. 

41. From any two points P, Q on an ellipse four lines are drawn 
to the foci S, S' : prove that SP . S'Q and SQ . S'P are to one another 
as the squares of the perpendiculars from a focus on the tangents 
at P and Q. 

42. Two conjugate diameters are cut by the tangent at any point 
P inM, N ; prove that the area of the triangle CPM varies inversely as 
that of the triangle CPN. 

43. If P be any point on the curve, and ^ F be drawn parallel to 
PC to meet the conjugate CD in V, prove that the areas of the triangles 
CA V, CPN are equal, PN being the ordinate. 

44. Two tangents to an ellipse intersect at right angles ; prove 
that the sum of the squares on the chords intercepted on them by the 
auxiUary circle is constant. 

45. Prove that the distance between the two points on the cir- 
cumference, at which a given chord, not passing through the centre, 
subtends the greatest and least angles, is equal to the diameter which 
bisects that chord. 

46. The tangent at P intersects a fixed tangent in T; if aS" is the 
focus and a line be drawn through S perpendicular to ST, meeting the 
tangent at P in Q, shew that the locus of Q is a straight line touching 
the ellipse. 

47. Shew that, if the distance between the foci be greater than the 
length of the axis minor, there will be four positions of the tangent, for 
which the area of the triangle, included between it and the straight 
lines drawn from the centre of the curve to the feet of the perpen- 
diculars from the foci on the tangent, wiU be the greatest possible. 

48. Two ellipses whose axes are equal, each to each, are placed in 
the same plane with their centres coincident, and axes inclined to each 
other. Draw their common tangents. 

49. An ellipse is inscribed in a triangle, having one focus at the 
orthocentre ; prove that the centre of the ellipse is the centre of the 

Tl n C g 
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nine-point circle of the triangle and that its transverse axis is equal to 
the radius of that circle. 

50. The tangent at any point P of a circle meets the tangent at a 
fixed point A in T, and T is joined with B the extremity of the diameter 
passing through A ; the locus of the point of intersection of AP, £T ia 
an ellipse. 

51. The ordinate JfP at a point P meets, when produced, the circle 
on the major axis in Q. If iS be a focus of the ellipse, prove that 
SQ : SP :: the axis major : the chord of the circle through § and S, 
and that the diameter of the ellipse parallel to SP is equal to the same 
chord. 

52. If the perpendicular from the centre C on the tangent at P 
meet the focal distance SP produced in Ji, the locus of ii is a circle, 
the diameter of which is equal to the axis major. 

53. A perfectly elastic billiard ball lies on an elliptical billiard 
table, and is projected in any direction along the table : shew that all 
the lines in which it moves after each successive impact touch an 
ellipse or an hyperbola confocal with the billiard table. 

54. Shew that a circle can be drawn through the foci and the 
intersections of any tangent with the tangents at the vertices. 

55. If CP, CD be conjugate semi-diameters, and a rectangle be 
described so as to have PD for a diagonal and its sides parallel to the 
axes, the other angular points will be situated on two fixed straight 
lines passing through the centre C. 

56. If the tangent at P meet the minor axis in T, prove that the 
areas of the triangles SPS, STS' are in the ratio of the squares on CD 
and ST. 

57. Find the loctis of the centre of the circle tonching the trans- 
verse axis, SP, and S'P produced. 

58. In an ellipse SQ and SQ, drawn perpendicularly to a pair of 
conjugate diameters, intersect in ^; prove that the locus of Q is a con- 
centric ellipse. 

59. If the ordinate iVP meet the auxiliary circle in Q, the perpen- 
dicular from S on the tangent at Q is equal to SP. 

60. If PT, QT be tangents at corresponding points of an ellipse 
and its auxiliary circle, shew that 

PT : QT :: BC : PF. 

61. If CQ be conjugate to the normal at P, then is CP conjugate 
to the normal at Q. 

62. PQ is one side of a parallelogram described about an ellipse, 
having its sides parallel to conjugate diameters, and the lines joining 
P, § to the foci intersect in D, E; prove that the points D, E and the 
foci are concyclic. 
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63. If the centre, a tangent, and the transverse axis be given, 
prove that the directrices pass each through a fixed point. 

64. The straight line joining the feet of perpendiculars from the 
focus on two tangents is at right angles to the line joining the intersec- 
tion of the tangents with the other focus. 

65. A circle passes through a focus, has its centre on the major 
axis of the ellipse, and touches the ellipse : shew that the straight hne 
from the focus to the point of contact is equal to the latus rectum. 

66. Prove that the perimeter of the quadrilateral formed by the 
tangent, the perpendiculars from the foci, and the transverse axis, will 
be the greatest possible when the focal distances of the point of contact 
are at right angles to each other. 

67. Given a focus, the length of the transverse axis, and that the 
second focus lies on a straight line, prove that the ellipse will touch 
two fixed parabolas having the given focus for focus. 

68. Tangents are drawn from a point on one of the equiconjugate 
diameters ; prove that the point, the centre, and the two points of con- 
tact are concyclic. 

69. If PN be the ordinate of P, and if with centre C and radius 
equal to PN a circle be described intersecting PN in Q, prove that the 
locus of Q is an ellipse. 

70. If AQO be drawn parallel to CP, meeting the curve in Q and 
the minor axis in 0, ^CP^=AO . AQ. 

71. PS is a focal distance ; CR is a radius of the auxiliary circle 
parallel to PS, and drawn in the direction from P to S; SQ is a per- 
pendicular on CR : shew that the rectangle contained by SP and QR is 
equal to the square on half the minor axis. 

72. If a focus be joined with the point where the tangent at the 
nearer vertex intersects any other tangent, and perpendiculars be 
let fall from the other focus on the joining line and on the last- 
mentioned tangent, prove that the distance between the feet of these 
perpendiculars is equal to the distance from either focus to the remoter 
vertex. 

73. A parallelogram is described about an ellipse; if two of its 
angular points lie on the directrices, the other two will lie on the 
auxiliary circle. 

74. From a point in the auxiliary circle straight lines are drawn 
touching the ellipse in P and P' ; prove that SP is parallel to SP. 

75. Find the locus of the points of contact of tangents to a series 
of confooal ellipses from a fixea point in the axis major. 

76. A series of confocal ellipses intersect a given straight hne; 
prove that the locus of the points of intersection of the pairs of 
tangents drawn at the extremities of the chords of intersection is a 
straight line at right angles to the given straight line. 

6—2 
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77. Given a focus and the length of the major axis ; describe an 
ellipse touching a given straight hne and passing through a given 
point. 

78. Given a focus and the length of the major axis; describe an 
ellipse touching two given straight lines. 

79. Find the positions of the foci and directrices of an ellipse 
■which touches at two given points P, Q, two given straight lines PO, 
QO, and has one focus on the line PQ, the angle POQ being less than a 
right angle. 

80. Through any point P of an ellipse are drawn straight lines 
APQ, A'PR, meeting the auxiliary circle in Q, R, and ordinates Qq, Rr 
are drawn to the transverse axis ; prove that, L being an extremity of 
the latus rectum, 

Aq . A'r : At . A'q :: AC^ : SL\ 

81. If a tangent at a point P meet the major axis in T, and the 
perpendiculars from the focus and centre in T and Z, then 

TT^ :PY^:: TZ : PZ. 

82. An ellipse slides between two lines at right angles to each 
other ; find the locus of its centre. 

83. TP, TQ are two tangents, and CP, CQ! are the radii from the 
centre respectively parallel to these tangente, prove that P^ is parallel 
toP§. 

84. The tangent at P meets the minor axis in t ; prove that 

St . PN=BC . CD. 

85. If the circle, centre t, and radius tS, meet the ellipse in Q, and 
QM be the ordinate, prove that 

QM : PN :: BC : BC+CD. 

86. Perpendiculars ST, S'T' are let fall from the foci upon a pair 
of tangents TT, TV; prove that the angles STT, S'TY' are equal to 
the angles at the base of the triangle TCY'. 

87. PQ is the chord of an ellipse normal at P, LCL' the diameter 
bisecting it, shew that PQ bisects the angle LPL' and that LP+PL' is 
constant. 

88. ABC is an isosceles triangle of which the side AB is equal to 
the side AG. BD, BE drawn on opposite sides of BC and equally 
inclined to it meet AC in D and E. If an ellipse is described round 
BDE having its axis minor parallel to BC, then AB will be a tangent to 
the ellipse. 

89. If A be the extremity of the major axis and P any point on 
the curve, the bisectors of the angles PSA, PS' A meet on the tangent 
at P. 



EXAMPLES. 85 

90. If two ellipses intersect in four points, the diameters parallel 
to a pair of the chords of intersection are in the same ratio to each 
other. 

91. From any point P of an ellipse a straight line PQ is drawn 
perpendicular to the focal distance SP, and meeting in Q the diameter 
conjugate to that through P; shew that PQ varies inversely as the 
ordinate of P. 

92. If a tangent to an ellipse intersect at right angles a tangent to 
a confocal ellipse, the point of intersection lies on a fixed circle. 

93. If from a point T in the director circle of an ellipse tangents 
TP, TP are drawn, the line joining T with the intersection of the 
normals at P and P' passes through C. 

94. Through the middle point of a focal chord a straight line is 
drawn at right angles to it to meet the axis in R ; prove that SR bears 
to SC the duplicate ratio of the chord to the diameter parallel to it, <S 
being the focus and C the centre. 

95. The tangent at a point P meets the auxiliary circle in Q to 
which corresponds Q on the ellipse ; prove that the tangent at Q cuts 
the auxiliary circle in the point corresponding to P. 

96. If a chord be drawn to a series of concentric, similar, and 
similarly situated eUipses, and meet one in P and Q, and if on PQ 
as diameter a circle be described meeting that ellipse again in RS, 
shew that RS is constant in position for all the ellipses. 

97. An ellipse touches the sides of a triangle; prove that if one of 
its foci move along the arc of a circle passing through two of the 
angular points of the triangle, the other will move along the arc of a 
circle through the same two angular points. 

98. The normal at a point P of an ellipse meets the conjugate 
axis in K, and a circle is described with centre K and passing through 
the foci S and H. The lines SQ, HQ, drawn through any point Q of 
this circle, meet the tangent at P in T and t ; prove that T and t lie 
on a pair of conjugate diameters. 

99. If SP, SQ be parallel focal distances drawn towards the same 
parts, the tangents at P and Q intersect on the auxiliary circle. 

100. Having given one focus, one tangent and the eccentricity of 
an ellipse, prove that the locus of the other focus is a circle. 

101. PSQ is a focal chord of an ellipse, and pq is any parallel 
chord ; if PQ meet in T the tangent at p, 

pq : PQ :: Sp : ST. 

102. If an ellipse be inscribed in a quadrilateral so that one focus 
is equidistant from the four vertices, the other focus must be at the 
intersection of the diagonals. 
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103. If a pair of conjugate diameters of an ellipse be produced to 
meet either directrix, prove that the orthocentre of the triangle so 
formed is the corresponding focus of the curve. 

104. A pair of conjugate diameters intercept, on the tangent 
at either vertex, a length which subtends supplementary angles at 
the foci. 

105. The straight lines TP, TQ are the tangents at the points 
P, Q of an ellipse ; one circle touches TP at P and meets TQ in Q 
and Q^, and another circle touches TQ at Q and meets TP in P and 
P" ; prove that P^ and P'Q are parallel, and that they are divided in 
the same ratio by the ellipse. 

106. If the normals at P and D meet in H, ^rove that EC is 
perpendicular to PD, and that the straight line joining C to the 
centroid of the triangle SPD bisects the line joining .E to T, the point 
of intersection of the tangents a.t P and Z>. 

107. A chord PQ, normal at P, meets the directrices in K and Z, 
and the tangents at P and Q meet in T; prove that PK and QL 
subtend equal angles at T, and that KL subtends at 7* an angle which 
is half the sum of the angles sabtended by Si^ at the ends of the 
chord. 

108. The tangent at the point P meets the directrices in E and F; 
prove that the other tangents from I! and F intersect on the normal 
at P. 

109. If the tangent at any point meets a pair of conjugate 
diameters in T and T', prove that TT' subtends supplementary angles 
at the foci. 

110. PSQ, PS'R are focal chords; prove that the tangent at P 
and the chord QR cut the major axis at equal distances from the 
centre. 



CHAPTER IV. 
The Hyperbola. 



DEFINITION. 



An hyperbola is the curve traced hy a point which moves 
in such a manner, that its distance from a given point is in a 
constant ratio of greater inequality to its distance from a 
given straight line. 



94. 
vertex. 



Troidng the Curve. 
Let S be the focus, EX the directrix, and A the 




Then, as in Art. 1, any number of points on the curve 
may be obtained by taking successive positions of E on the 
directrix. 
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In SX produced, find a point A' such that 

SA' : A'X :: 8A : AX. 

then A' is the other vertex as in the ellipse, and, the 
eccentricity being greater than unity, the points A and A' 
are evidently on opposite sides of the directrix. 

Find the point P corresponding to E, and let A'E, PS 
produced meet in P', then, if P'K' perpendicular to the 
directrix meet SE produced in L', 

FT : P'K' :: SA' : A'X :: SA : AX, 

and the angle 

F'L'S = L'SX = L'SP'; 

.: 8P' = P'L'. 

Hence P' is a point in the curve, and PSP' is a focal 
chord. 

Following out the construction we observe that, since 
SA is greater than AX, there are two points on the directrix, 
e and e^, such that Ae and J.e' are each equal to AS. 

If E coincide with e, the angle 

QSL = LSI}' = ASe = AeS. 




Hence SQ, AP are parallel, and the corresponding point 
of the curve is at an infinite distance ; and similarly the 
curve tends to infinity in the direction Ae'. 

Further, the angle ASE is less or greater than AES, 
according as the point E is, or is not, between e and e'. 
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Hence, when E is below e, the curve lies above the axis, 
to the right of the directrix ; when between e and X, below 
the axis to the left ; when between X and e', above the axis 
to the left ; and when above e', below the axis to the right. 
Hence a general idea can be obtained of the form of the 
curve, tending to infinity in four directions, as in the figure 
of Art. 102. 

DEFINITIONS. 

The line A A' is called the transverse awis of the hyperbola. 

The middle point, G, of A A' is the centre. 

Any straight line, drawn through G and terminated by 
the curve, is called a diameter. 

95. Prop. I. If P be any point of aii hyperbola, and 
AA' its transverse aons, and if A'P, and PA produced, {or 
PA and PA' produced) meet the directrix in E and F, EF 
subtends a right angle at the focus. 




By the theorem of Art. 4, ES bisects the angle ASP' 
and i^/Sf bisects ^/SfP; 

.". ESF is a right angle. 

SAA' being a focal chord, this is a particular case of the 
theorem of Art. 6. 



96. Prop. II. If PN be the ordinate of a point P, and 
AG A' the transverse axis, PJV" is to AN .NA' in a constant 
ratio. 
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Join AP, A'P, meeting the directrix in E and F. 



Then PN : AN : 

and PN : A'N : 

.-. PN' : AN.NA' : 



EX : AX, 
FX : A'X; 
EX.FX : AX. A'X 
SX' : AX. A'X, 



since ESF is a right angle; that is, PN^ is to AN.NA', 
in a constant ratio. 




Through C, the middle point of AA', draw CB at right 
angles to the axis, and such that 

BC : AC :: 82^ : AX. A'X; 
then PN* : AN.NA' :: BC : AC, 

or PN' : CN'-AC :: BC : AC. 

CoE. If PM be the perpendicular from P on BG, 
PM= ON, and PN=CM; 
.-. CM' : PM'-AC :: BC : AC, 
or CM' : 5(7' :: PM' - AC : AC 

.: CM' + BC : BC :: PJT : AC 
or PJIf' : CM' + BC :: AC : BC. 

97. If we describe the circle on AA' as diameter, which 
we may term, for convenience, the aiuciliary circle, the 
rectangle AN . NA' is equal to the square on the tangent to 
the circle from N. 
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Hence the preceding theorem may be thus expressed : 

The ordinate of an hyperbola is to the tangent from its 
foot to the auxiliary circle in the ratio of the conjugate to the 
transverse axis. 

Def. If GBf he taken equal to CB, on the other side of 
the axis, the line BCB' is called the conjugate oms. 

The two lines AA', BB' are the principal axes of the 
curve. 

When these lines are equal, the hyperbola is said to be 
equilateral, or rectangular. 

The lines AA', BB" are sometimes called major and 
minor axes, but, as AA' is not necessarily greater than BB", 
these terms cannot with propriety be generally employed. 

If a point JV' be taken on CA' produced, such that 
CJV' = CN, the corresponding ordinate P'N' = Plf, and 
therefore it foUoTTS that the curve is symmetrical with regard 
to BCB', and that there is another focus and directrix, 
corresponding to the vertex A'. 

98. Pbop. IIL If ACA' be the transverse axis, C the 
centre, S one of the foci, and X the foot of the directrix, 

CS : GA :: GA : GX :: SA : AX, 

and GS : GX :: GS' : GA\ 

Interchanging the positions of S and X for a new 



S' A' X' G X A S 

figure, the proof of these relations is identical with the 
proof given for the ellipse in Art. 61. 

99. Prop. IV. If S be a focus, and B an extremity 
of the conjugate axis, 

BG' = AS. 8A', &ndSG' = AG' + BC 
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Referring to Art. (98), SX = SA + AX ; 

.-.SX : AX':: SA + AX : AX, 
:: SC+AG : AG; 
and similarly 

SX : A'X :: SG-AG : AG; 
.-.SX* : AX. A'X :: SG'-AG^ : AG'. . 
But BG' : AG' :: SX' : AX. A'X; 

.■.BG'=SC'-AG' = AS.SA'. 
Hence SG' = AG' + BG' = AB' ; 

i.e. SG is equal to the line joining the ends of the axes. 

100. Prop. V. The difference of the focal distances of 
any point is equal to the transverse axis. 

For, if PKK', perpendicular to the directrices, meet 
them in K and K' , 

S'P : PK' :: SA : AX, 

and SP : PK :: SA : AX ; 

.-.S'P-SP : KK' :: SA : AX, 

:: AA' : XX' (Art. 98) ; 

.■.S'P-SP = AA'. 

COK. 1. SP : NX :: AG : GX; 

-■. SP : AG :: NX : GX; 

.-.SP + AG : AG :: GN : GX. 

or SP + AG : GN :: SA : AX. 

Hence also S'P -AG : GN :: SA : AX. 

Cor. 2. Hence also it can be easily shewn, that the 
difference of the distances of any point from the foci of an 
hyperbola, is greater or less than the transverse axis, according 
as the point is within or without the concave side of the 
curve. 
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101. Mechanical Construction of the Hyperbola. 

Let a straight rod 8'L be moveable in the plane of the 
paper about the point S'. Take a piece of string, the 




length of which is less than that of the rod, and fasten one 
end to a fixed point S, and the other end to L; then, pressing 
a pencil against the string so as to keep it stretched, and a 
part of it PL in contact with the rod, the pencil will trace 
out on the paper an hyperbola, having its foci at 8 and S', 
and its transverse axis equal to the difference between 
the length of the rod and that of the string. 

This construction gives the right-hand branch of the 
curve ; to trace the other branch, take the string longer 
than the rod, and such that it exceeds the length of the rod 
by the transverse axis. 

We may remark that by taking a longer rod MS'L, and 
taking the string longer than SS' + S'L, so that the point P 
will be always on the end S'M of the rod, we shall obtain 
an ellipse of which 8 and 8' are the foci. Moreover, re- 
membering that a parabola is the limiting form of an ellipse 
when one of the foci is removed to an infinite distance, 
the mechanical construction given for the parabola will be 
seen to be a particular case of the above. 

The Asymptotes. 

102. We have shewn in Art. 94 that if two points, e 
and e', be taken on the directrix such that 

Ae = Ae' = A8, 

the lines eA, e'A meet the curve at an infinite distance. 
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These lines axe parallel to the diagonals of the rectangle 
formed by the axes, for 

Ae' : AX :: AS : AX :: SG : AC, 

:: AB : AC, (Art. 99). 

Definition. The diagonals of the rectangle formed by 
the principal axes are called the asymptotes. 

We observe that the axes bisect the angles between the 
asymptotes, and that if a double ordinate, PNP', when 
produced, meet the asymptotes in Q and Q, 

PQ=Fq. 

The figure appended will give the general form of the 
curve and its connection with the asymptotes and the 
auxiliary circle. 




103. Pbop, VI. The asymptotes intersect the directrices 
in the same points as the aumliary circle, and the lines joining 
the corresponding foci with the points of intersection are 
tangents to the circle. 

If the asymptote CL meet the directrix in D, ioining 
SB (fig. Art 102), CL'' = AC + BC*=8a', 

and CD : CX :: CL : GA :: SC : CA :: CA : GX ; 

.'. CD=CA, and D is on the auxiliary circle. 
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Also 

CS.GX = CA'' = CI>'; 
.-. CDS is a right angle, and SD is the tangent at D. 

Cor. GB' + 8D' = CS' = AG' + BG* (Art. 99) ; 
.-. SD = BC. 

104. An asymptote may also be characterized as the ultimate 
position of a tangent when the point of contact is removed to an infinite 
distance. 

It appears from Art. 10 that in order to find the point of contact of 
a tangent drawn from a point J" in the directrix, we must join T with 
the focus S, and draw tm-ough S a straight line at right angles to ST; 
this line will meet the curve in the point of contact. 

In the figures of Arts. 94 and 102 we know that the line through S, 
parallel to eA or CL, meets the curve in a point at an infinite distance, 
and also that this straight line is at right angles to SD, since SD is at 
right angles to CD. Hence the tangent from D, that is the line from 
D to the point at an infinite distance, is perpendicular to DS a,nd there- 
fore coincident with CD. 

The asymptotes therefore touch the curve at an infinite distance. 

105. Def. If an hyperbola be described, having for its 
transverse and conjugate axes, respectively, the conjugate and 
transverse axes of a given hyperbola, it is called the conjugate 
hyperbola. 

It is evident from the preceding article that the conju- 
gate hyperbola has the same asjrmptotes as the original 
hyperbola, and that the distances of its foci from the centre 
are also the same. 

The relations of Art. 96 and its Corollary are also true, 
mutatis mutandis, of the conjugate hyperbola ; thus, if R be 
a point in the conjugate hyperbola, 

RM^ : GM^-BC :: AC^ : BC, 

aiid CW-.RM^ + AG^-.-.BG'-.AG'. 

Def. a straight line drawn through the centre and ter- 
minated by the conjugate hyperbola is also called a diameter 
of the original hyperbola. 
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106. Prop. VII. If from, any point Q in one of the 
asymptotes, two straight lines QP^, QRM he drawn at right 
angles respectively to the transverse and conjugate axes, and 
meeting the hyperbola in P, p, and the conjugate hyperbola 
in R, r, 

QP.Qp = BG\ 

and QR .Qr= AC- 



s^q^ 




or 



I.e. 



For QN' : BO' :: ON' : AC ; 

.: QN'-BC :BC':: GIP-AC' : AC 
•.-.PN'-.BC'; 
.■.Q]!P-BC = PN\ 
Q2f''-PN'' = BC'; 
QP.Qp = BC. 
Similarly, QM' : AC :: CM' : BC; 
.-. QM'-AC : AC :: CUP-BC : BC, 
■.-.RAP: AC; 
.■.QM'-RM' = AC, 
or qR.Qr = AC. 

These relations may also be given in the form, 
QP.Pq = BC, QR.Rq' = AC. 

Cor. If the point Q be taken at a greater distance 
from G, the length QN and therefore Qp will be increased, 
and may be increased indefinitely. 
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But the rectangle QP . Qp is of finite magnitude ; hence 
QP will be indefinitely diminished, and the curve, therefore, 
as it recedes from the centre, tends more and more nearly to 
coincide with the asymptote. 

A further illustration is thus given of the remarks in 
Art. 104. 

107. If in the preceding figure the line Qq be produced 
to meet the conjugate hyperbola in E and e, it can be shewn, 
in the same manner as in Art. 106, that 

QE.Qe = BC; 

and this equality is still true when the line Qq lies between 
C and A, in which case Qq does not meet the hyperbola. 



Properties of the Tangent and Normal. 

108. In the case of the hyperbola the theorem, proofs 
of which are given in Arts. 15 and 16, takes the following 
form: 

The tangents drawn from any point to an hyperbola 
subtend equal or supplementary angles at either focus ax- 
cording as they tovch the same or opposite branches of the 
curve. 




For, T being the point of intersection of tangents to 
opposite branches of the curve, let TM, TM' be the per- 

B. c. s. 7 



98 THE UYPERBOLA. 

pendiculars let fall from T on BF and /SQ, then, as in Arts. 
15 andl6, 2'Jlf=2W; 

.•. the angles TBM, TSM are equal, and consequently 
the angles TSP, TSQ are supplementary. 

109. Prop. VIII. The tangent at any point Insects the 
angle between the focal distances of that point, and the normal 
is equally inclin^ to the focal distances. 

Let the normal at P meet the axis in G. 

Then (Art. 18), 

8G : 8P :: SA : AX, 

and S'G:S'P::8A:AX; 

.: SG:S'G::SP:8'P] 

and therefore the angle between 8P and 8'P produced is 
bisected by PG. 

Hence PT, the tangent which is perpendicular to PG, 
bisects the angle 8PS'. 

Cor. 1. If PT and GP produced meet, respectively, 
the conjugate axis in t and g, it can be shew^n, in exactly the 
same manner as in the corresponding case of the ellipse 
(Art. 68), that 8, P, 8', t, and g are concyclic. 

Cor. 2. If an ellipse be described having 8 and 8' for 
its foci, and if this eUipse meet the hyperbola in P, the 
normal at P to the ellipse bisects the angle 8P8', and there- 
fore coincides with the tangent to the hyperbola. 

Hence, if an ellipse and an hyperbola be confocal, that is, 
have the same foci, they intersect at right angles. 

110. Prop. IX. Every diameter is bisected at the centre, 
and the tangents at the ends of a diameter are parallel. 

Let PCp be a diameter, and PN, pn the ordinates. 

Then CJP : Cn" :: PIP : pn", 

■.■.CN'- AC: On' -AC; 

hence CN = Gn, and .-. GP = Op. 
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The triangles PCS, pGS' are equal in all respects, and 
therefore SPS'p is a parallelogram. 




Hence the angles SPS', SpS' are equal, and therefore 
SPT=S'pt. 

But SPC=S'pC, 

.•. the difference TPC = the difference tpG, and PT is 
parallel to pt. 

It can be shewn in exactly the same manner, that, if 
the diameter be terminated by the conjugate hyperbola, it 
is bisected in G, and the tangents at its extremities are 
parallel. 

COK. The distances SP, Sp are equally inclined to the 
tangents at P and p. 



111. Prop. X. The perpendicvlars from the fod on any 
tangent meet the tangent on the auxiliary circle, and the 
semi-conjugate axis is a mean proportional between their 
lengths. 

Let 8Y, S'Y be the perpendiculars, and let (SF produced 
meet S'P in L. 

Then the triangles SPY, LPT are equal in all respects. 



and SY = LY. 



1—2 
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Hence, being the middle point of SS' and Y of SL, CT 
is parallel to S'L, and S'L = 2CY. 




But 8'L = S'P-PL = S'P-SP = 2AC; 

.■.CY=AG. 

and Y is on the auxiliary circle. 

So ako y is a point in the circle. 

Let 8Y produced meet the circle in Z, and join Y'Z; 
then, Y'YZ being a right angle, ZY' is a diameter and 
passes through G. Hence, the triangles SCZ, S'CY being 
equal, 

J^Y' = SZ, 

and SY. S'Y' = SY.SZ = SA. SA' = BC. 

CoK. 1. If P" be the other extremity of the diameter 
PC, the tangent at P" is parallel to PY, and therefore Z 
is the foot of the perpendicular from 8 on the tangent 
atP'. 

Cor. 2. If the diameter BCD', drawn parallel to the 
tangent at P, meet S'P, SP in E and E', PEGY is a 
parallelogram ; 

.■.PE=CY = AO, 
and so also PE' =CY' = A G. 
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112. Prop. XI. To draw tangents to an hyperbola from 
a given point. 

The construction of Art. 17 may be employed, or, as in 
the cases of the ellipse and parabola, the following. 

Let Q be the given point; join SQ, and upon SQ as 




diameter describe a circle intersecting the auxiliary circle 
in FandT'; 

QFand QY' are the required tangents. 

Producing SY to L, so that YL = SY, draw S'L cutting 
QY in P, and join SP. 

The triangles SPY, LPY are equal in all respects, 

and S'P-SP = S'L=20Y=2AG; 

.*. P is a point on the hyperbola. 

Also QP bisects the angle SPS', and is therefore the 
tangent at P. A similar construction will give the other 
tangent QP'. 

If the point Q be within the angle formed by the asymp- 
totes, the tangents will both touch the same branch of the 
curve ; but if it lie within the external angle, they will touch 
opposite branches. 
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113. Peop. XII. If two tangents be drawn from any 
point to an hyperbola they are equally inclined to the focal 
distances of that point. 

Let PQ, P'Q be the tangents, SY, S'T, SZ, S'Z' the 
perpendiculars from the foci ; join TZ, Y'Z'. 




Then the angles YSZ, Y'S'Z' are equal, for they are the 
supplements of YQZ, Y'QZ'. 

Also 8Y.8'Y'=SZ. S'Z' (Ari 111) ; 

or SY : SZ :: S'Z' : S'Y' ; 

.: the triangles YZS, Y'S'Z' are similar, 

and the angle YZS = Z'Y'S'. 

But the angle YQS= YZS, and Z'QS' = ZY'S' ; 

.-. YQS=Z'Q8'. 

That is, the tangent QP and the tangent P'Q produced 
are equally inclined to 8Q and S'Q. 

Or, producing S'Q, QP and QP' are equally inclined to 
Q8 and S'Q produced. 

In exactly the same manner it can be shewn that if 
QP, QP' touch opposite branches of the curve the angles 
PQS, P'QS' are equal. 

Cob. If Q be a point in a confocal hyperbola, the nor- 
mal at Q bisects the angle between SQ and S'Q produced 
and therefore bisects the angle PQP". 
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Hence, if from any point of an hyperbola tangents be 
drawn to a confocal hyperbola, these tangents are equally 
inclined to the normal or the tangent at the point, according 
as it lies within or without that angle formed by the asymptotes 
of the confocal which contains the transverse axes. 

114. Prop. XIII. If FT, the tangent at P, meet the 
transverse axis in T, and FN be the ordinate, 

CF.CT = AG\ 

Let fall the perpendicular SY upon FT, and join FiV, 
CY, SF, and S'F. 

The angle GYT=S'FY = SFY 

= the supplement of SNY= CNY ; 

eJso the angle YGT is com- 
mon to the two triangles 
CYT, CYN; these triangles 
are therefore similar, 

and 



or 



CN : CY :: GY : GT, 

GN.GT=^GT' = AG\ 
Cor. 1. JLeuc&GN.NT 




^CN'-GN.CT 
= CN'-AG' 

= AN. If a: 



Cor. 2. Hence also it follows that 

If any number of hyperbolas be described having the 
same transverse axis, and an ordinate be drawn cutting 
the hyperbolas, the tangents at the points of section will all 
meet the transverse axis in the same point. 

Cor. 3. If CN be increased indefinitely, CT is dimi- 
nished indefinitely, and the tangent ultimately passes 
through C, as we have already shewn in Art. 104. 
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115. Prop. XIV. If the tangent at P meet the conjugate 
axis in t, and PN he the ordinate. 



For 



Gt.PN = BC\ 
Ct : PN :: GT : NT; (Fig. Art. 114) 



Gt . PN : PN^ : 
.Gt.PN : AG* : 



and 



GT.GN : GN.NT 
AC : AN.NA'. 
PN' : AN.NA' 
BG* : AG\ 
Gt.PN = BG\ 



In exactly the same manner as in Art. 76, it can be 
shewn that 

GG.GT = 8G\ 

GG : GN :: SG* : AG\ Gg : PN :: 8G* : BG\ 

and NG : GN :: BG* : AG\ 



116. Pbop. XV. If the normal at P meet the transverse 
axis in G, the conjugate axis in g, and the diameter parallel 
to the tangent at P in F, 

PF.PG = BG', and PF.Pg= AG*. 

Let NP, PM, perpendicular 
to the axes, meet the diameter 
Cf in £■ and i ; 

Then KNG, KFG being right 
angles, K, F, N, Q are concyclic ; ^ 

.:PF.PO=PK.PN 

= Gt.PN=BG\ 

Similarly F, L, M, g are con- 
cyclic ; 

.-. PF. Pg=PL. PM= GT.GN=AG 
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117. Prop. XVI. If PCp he a diameter, and QV an 
ordinate, and if the tangent at Q meet the diameter Pp in T, 

CV.CT=CP\ 

Let the tangents at P and p meet the tangent at Q in 
Jt and r ; 




Then the angle SPR = Spr (Cor. Art. 110) 

and therefore if RN", m be the perpendiculars on SP, sp, the 
triangles ItPN, rpn are similar. 

Draw RM, rm perpendiculars on SQ. 

Then TR : Tr :: RP : rp :: RN : m, 

•.-.RM-.rm (Cor. Art. 15) 
:: RQ : rQ. 

Hence, QV, RP, and rp being parallel, 
TP -.Tp-.-.PV-.pV; 
.: TP + Tp:Tp-TP.: PV+pV : pV-PV, 
or 2CP : 2CT :: 2CF : 2CP, 

or CV.CT=CF'. 
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118. Prop. XVII. A diameter bisects all chords par- 
allel to the tangents at its extremities. 

Let PCp be the diameter, and QQ' the chord, parallel to 
the tangents at P and p. Then if the tangents TQ, TQ' 




at Q and Q' meet the tangents at P and p, in the points 
£, E', e, e', 

EP = E'P and ep = e'p, (Art. 21) 

.". the point T is on the line Pp ; 

but TP bisects QQ' ; 

that is, the diameter pCP produced bisects QQ. 

Def. The line DCd, drawn parallel to the tangent at 
P and terminated by the conjugate hyperbola, that is, the 
diameter parallel to the tangent at P, is said to be conjugate 
to PCp. 

A diameter therefore bisects all chords parallel to its 
conjugate. 

119. Prop. XVIIL If the diamMer DCd he conjugate 
to PCp, then will PCp he conjugate to DCd. 

Let the chord QFg be parallel to CD and be bisected in 
V by CP produced. 

Draw the diameter qCR, and join RQ meeting CD 
in U. 
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Then RG== Gq and Qr=rq; :. QR is parallel to OP. 
Also QU : UR :: Cq : CR, 

and .-. QU= UR, 




that is, CD bisects the chords parallel to CP, and PCp is 
therefore conjugate to BGd. 

Hence, when two diameters are conjugate, each bisects 
the chords parallel to the other. 

Def. Ghords drawn from, the extremities of any diameter 
to a point on the hyperbola are called supplemental chords. 

Thus, qQ, QR are supplemental chords, and they are 
parallel to GD and GP ; supplemental chords are therefore 
parallel to conjugate diameters. 

Def. a line QV, drawn from any point Q of an 
hyperbola, parallel to a diameter DGd, and terminated by the 
conjugate diameter PGp, is called an ordinate of the diameter 
PCp, and if QV produced meet the curve in Q', QVQ' is the 
double ordinate. 

This definition includes the two cases in which QQ' may- 
be drawn so as to meet the same, or opposite branches of the 
hyperbola. 

120. Peop. XIX. Any diameter is a mean proportional 
between the transverse axis and the focal chord parallel to the 
diameter. 

This can be proved as in Art. 81. 
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Properties of Asymptotes. 

121. Prop. XX. I/from any point Q in an asymptote 
QPpq be drawn meeting the curve in P, p and the other 
asymptote in q, and if CD be the semi-diameter parallel 
to Qq, 

QP .Pq= CB^ and QP =pq. 

Through P and D draw RPr, BTt perpendicular to the 
transverse axis, and meeting the asymptotes. 




Then QP : BP :: CD : DT. 

and Pq:Pr::CD:Dt; 

.: QP.Pq-.EP. Pr :: GB' : DT . Dt. 

But RP .Pr = BC- = DT . Dt (Arts. 106 and 107), 

:. QP . Pq= CB'. 

Similarly qp . pQ = CD" ; 

.■.QP.Pq = qp.pQ; 

or, if V he the middle point of Qq, 

QV*-PV' = QV^-pY\ 

Hence PV =pV, dcoA :.PQ=pq. 

We have taken the case in which Qq meets one branch 
of the hyperbola. It may however be shewn in the same 
manner that the same relations hold good for the case in 
which Qq meets opposite branches. 
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Cor. If a straight line PP'p'p meet the hyperbola in 
P, p, and the conjugate hyperbola in P', p', PP" =pp'. 

For, if the line meet the asymptotes in Q, q, 
QP=p'q,B.nAPQ = qp; 
:. PP'=pp'. 

122. Prop. XXI. The portion of a tangent which is 
terminated by the asymptotes is bisected at the point of contact, 
and is equal to the parallel diameter. 

LEI being the tangent (Fig. Art. 121), and DCd the 
parallel diameter, draw any parallel straight line QPpq 
meeting the curve and the asymptotes. 

Then QP=pq; and, if the line move parallel to itself 
until it coincides with LI, the points P and p coincide with 
E,a,nd.:LE = M. 

Also QP .Pq = CD', always ; 

.-. LE . El = GD\ or LE= CD. 



Properties of Conjugate Diameters. 

123. Prop. XXII. Conjugate diameters of an hyperbola 
are also conjugate diameters of the conjugate hyperbola, and 
the asymptotes are diagonals of the parallelogram formed by 
the tangents at their extremities. 

PCp and DGd being conjugate, let QVq, a double ordinate 
of CD, meet the conjugate hyperbola in Q' and q'. 

Then Qr= Yq, and QQ'=qq' (Cor. Art. 121), 

.:Q^r=Vq'. 

That is, CD bisects the chords of the conjugate hyperbola 
parallel to CP. 

Hence CD and CP are conjugate in both hyperbolas, and 
therefore the tangent at D is parallel to CP. 
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Let the tangent at P meet the asymptote in L ; then 
PL = GD (Art. 122). 




Hence LD is parallel and equal to CP ; 

but the tangent at D is parallel to CP ; 

.'. LD is the tangent at D. 

Completing the figure, the tangents at p and d are par- 
allel to those at P and D, and therefore the asymptotes are 
the diagonals of the parallelogram Lll'L'. 

CoE. Hence, joining PD, it follows that PD is parallel 
to the asymptote IGL', since LP — PL', and LD = Dl. 

124. Prop. XXIII. If QV he an ordinate of a dia- 
TMskr PCp, and DCd the conjugate diameter, 

QT-.PV. Vpy.CD'-.CP'. 




Let QV and the tangent at P meet the asymptote in 
R and L. 



THE HTPEBBOLA. Ill 

Then LP being equal to CD, 

RT-.CD'-.-.CV-.GP'; 
:. RV- CD' -.CD':: CV - CP' : GP'. 
But BT-Qr''='CD'. 

Hence Q V : CD' ■.-.GT-CP': CP', 

or QV-.PV. Vp :: CD' : GP'. 

125. Pkop. XXIV. If QV be an ordinate of a dia- 
meter PGp, and if the tangent at Q meet the conjugate diamieter, 
DCd, in t, 

Ct.Qr= CD'. 
For, (Fig. Art. 118) 

Ct : QV :: GT : VT, 
and .-. Ct. QV: QV :: CV . CT : GV . VT. 
But CV.CT=GP', 

andCF. VT = GV'-CV .GT=GV'-GP'; 
:. Ct.QV: QV :: CP' : CV-CP', 
:: CD' : QV. 
Hence Ct.QV =CD^. 

126. Prop. XXV. If ACa, BCb he conjugate diameters, 
and PGp, DCd another pair of conjugate diameters, and if 
PN, DM be ordinates of ACa, 

CM : PN :: AG : BC, 

and DM : GN :: BC : AG. 

Let the tangents at P and D meet ACa in T and t ; 

then CN. CT = AC' = CM.Ct (Art. 117), 

.-. CM : CN :: GT : Ct. 

:: PT : CD, 

:: PN : DM. 

:: GN : Mt ; 
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.-. CJV* = CM . Mt = CM' + CM.Gt = CM' + AC, 
so that CM* = GN' - A C\ 




But FN* : CN'-AC :: BC : AC*; 

:. CM : PN :: AC : BC; 
and, similarly, DM : CN :: BC : AG. 

Cob. We have shewn in the course of the proof, that 

CN*-GM* = AG\ 

Similarly, if Pn, Dm be ordinates of BC, 

Gm*-Cn* = BG*; 

that is, I)M*-PN* = BC*; 

and it must be noticed that these relations are shewn for any 
pair of conjugate diameters AGa, BGh, including of course 
the axes. 

127. Pkop. XXVI. If GP, CD be conjugcOe semi- 
diameters, and AC, BC the semi-axes, 

CP'-CD'=AC*-BC\ 

For, drawing the ordinates PN, DM, and remembering 
that in this case the angles at N and M are right angles, we 
have, from the figure of the previous article, 

GP' = GN* + PN\ 

CI)*=GM* + DM\ 

But CN'-CM' = AG' and DM'-PN*= BC*; 

.'.CP'-CB' = AC*-BC*. 
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128. Phop. XXVII. Jf the normal at P meet the axes 
in G and g, 

PG : CD :: BG : AG, 

and Pg : GB :: AG : BG. 

For the proofs of these relations, see Art. 86. 

Observe also that 

PG.Pg = GD\ 



and that 



Gg : CD :: SG' : AC.BC. 



129. Prop. XXVIII. The area of the parallelogram 
formed hy the tangents at the ends of conjugate diameters 
is equal to the rectangle contained by the axes. 

Let CP, CD be the semi-diameters, and PN, DM the 
ordinates of the transverse axis. 

Let the normal at P meet 
CD in F, and the axis in G. 
Then PJSfG, CDM are similar 
triangles, and, exactly as in 
Art. 87, it can be shewn that 

PF.GD = AG.BG. 

Hence it follows that, in 
the figure of Art. 123, the 
tiiangle LGL' is of constant area. 

For the triangle is equal to the parallelogram GPLD. 




130. Prop. XXIX. If SP, S'P he the focal distances of 
a point P, and CD be conjugate to CP, 

SP.S'P = GD'. 

Attending to the figure of Art. Ill, the proof is the 
same as that of Art. 88. 
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131. Prop. XXX. If the tangent at P meet a pair 
of conjugate diameters in T and t, and CD he conjugate 
to GP, 

PT.Pt=CD\ 

This can be proved as in Art. 89. 

It can also be shewn that if the tangent at P meet two 
parallel tangents in T' and t', 

PT'.P^ = GD\ 

132. Prop. XXXI. If the tangent at P m,eet the 
asymptotes in L and L', 

GL.CL' = SG*. 




Let the tangent at A meet the asymptotes in K and 
K' ; then (Art. 129) the triangles LGL', KGK' are of equal 
area, and therefore 

GL : GK' :: GK : GL' (EucHd, Book vi.), 

or CL.GL' = GK* = AG'+BG* = SG\ 

Cor. If PH, PH' be drawn parallel to, and terminated 
by the asymptotes, 

J^.PH.PH' = G8\ 

for GL = tPH', and GL' = 2PH. 



THE HYPERBOLA. 115 

133. Prop. XXXII. Pairs of tangents at right angles 
to each other intersect on a fixed circle. 

PT, QT being two tangents at right angles, let SY, 
perpendicular to PT, meet S'P in K. 




Then (Art. 113) the angle S'TY' = QTS, 

and obviously, KTP = PTS ; 

therefore S'TY' is complementary to KTP, and S'TK is a 
right angle. 

Hence 

44 G' = S'K' = ST + TK" 
= S'T' + Sr 

= 2.Cr+2.CS'' by Euclid ii. 12 and 13 ; 
.■.Cr = AC*-BG', 
and the locus of T is a circle. 

If AG he less than BG, this relation is impossible. 

In this case, however, the angle between the asymptotes 
is greater than a right angle, and the angle PTQ between a 
pair of tangents, being always greater than the angle between 
the asymptotes, is greater than a right angle. The problem 
is therefore a priori impossible for the hyperbola, but be- 
comes possible for the conjugate hyperbola. 

As in the case of the ellipse, the locus of T is called the 
director circle. 

8—2 
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134. Prop. XXXIII. The rectangles contained by the 
segments of any two chords which intersect each other are in 
the ratio of the squares on the parallel diameters. 




Through any point in a chord QOQ' draw the diameter 
ORR ; and let CD be parallel to QQ', and CP conjugate to 
CD, bisecting QQ in V. 

Draw RU axL ordinate of CP. 



Then 



But 



RU* : CU^-GP' 
.-.CD'+RU' : CU" 



CD'' : CP'; 

CD' : CP', 

CD' + QV : CV. 

OV : CV; 



CD^ 



RU' : GU' 

CU' :: CD' + QT-OT : CT. 

CD' : CD' + QV-OV :: CU^ : CV, 

:: CR' : 00"; 

. CD' : QV- OV :: CR : C(f-CR^, 

CDf : QO.OQ' :: CE' : OR. OR'. 

Similarly, if qOq' be any other chord, and Cd the parallel 
semi-diameter, 

C(P : qO.Oi :: GP^ : OR. OK; 

.-.QO.OQ' : qO.Oq :: CD' : Cd!'; 

that is, the ratio of the rectangles depends only on the 
directions of the chords. 



or 



or 
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Prop. XXXIV. If a circle intersect an hyperbola in four 
points, the several pairs of the chords of intersection are 
equally inclined to the axes. 

For the proof, see Art. 93. 



Examples. 

1. If a circle be drawn so as to touch two fixed circles externally, 
the locus of its centre is an hyperbola. 

2. If the tangent at B to the conjugate meet the latus rectum in 
D, the triangles SCD, SXD are similar. 

3. The straight line drawn from the focus to the directrix, parallel 
to an asymptote, is equal to the semi-latus-rectum, and is bisected by 
the curve. 

4. Given the asymptotes and a focus, find the directrix. 

5. Given the centre, one asymptote, and a directrix, find the focus. 

6. Parabolas are described passing through two fixed points, and 
having their axes parallel to a fixed line ; the locus of their foci is an 
hyperbola. 

7. The base of a triangle being given, and also the point of contact 
with the base of the inscribed circle, the locus of the vertex is an 
hyperbola. 

8. If the normal at P meet the conjugate axis in g, and gN be the 
perpendicular on SP, then PN=AC. 

9. Draw a tangent to an hyperbola, or its conjugate, parallel to a 
given line. 

10. If AA' be the axis of an ellipse, and PNP" a double ordinate, 
the locus of the intersection of A'P and PA is an hyperbola. 

11. The tangent at P bisects any straight line perpendicular to 
AA', and terminated by AP, and A'P. 

12. If PCp be a diameter, and if *S^ meet the tangent at P in T, 

SP^ST. 

13. Given an asymptote, the focus, and a point ; construct the 
hyperbola. 
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14. A circle can be drawn through the foci and the intersections of 
any tangent with the tangents at the vertices. 

15. Given an asymptote, the directrix, and a point ; construct the 
hyperbola. 

16. If through any point of an hyperbola straight lines are drawn 
parallel to the asymptotes and meeting any semi-diameter CQ in P 
and R, 

CP. CR=C^. 

17. PJfia an ordinate and ^Q parallel to AB meets the conjugate 
axis in Q ; prove that QB . Qff=PN^. 

18. NP is an ordinate and Q a point in the curve ; AQ, A'Q meet 
NP in D and E ; prove that ND . NE=NP^. 

19. If a tangent cut the major axis in the point T, and perpen- 
diculars ST, HZ be let fall on it from the foci, then 

AT.A'T=TT .ZT. 

20. In the tangent at P a point Q is taken such that PQ is pro- 
portional to CD ; shew that the locus of Q is an hyperbola. 

21. Tangents are drawn to an hyperbola, and the portion of each 
tangent intercepted by the asymptotes is divided in a constant ratio ; 
prove that the locus of the point of section is an hyperbola. 

22. If the tangent and normal at P meet the conjugate axis in t 
and K respectively, prove that a circle can be drawn through the foci 
and the tlu^e points P, t, K. 

Shew also that 

OK : SK :: SA : AX, 

and St : tK :: BC : CD, 

CD being conjugate to CP. 

23. Shew that the points of trisection of a series of conterminous 
circular arcs lie on branches of two hyperbolas ; and determine the 
distance between their centres. 

24. If the tangent at any point P cut an asymptote in T, and if 
SP cut the same asymptote in Q, then SQ=QT. 

25. A series of hyperbolas having the same asymptotes is cut by 
a straight line parallel to one of the asymptotes, and through the 
points of intersection lines are drawn parallel to the other, and equal 
to either semi-axis of the corresponding hyperbola : prove that the 
locus of their extremities is a parabola. 

26. Prove that the rectangle PT . PY in an ellipse is equal to 
the square on the conjugate axis of the confocal hyperbola passing 
through P. 
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27. If the tangent at P meet one asymptote in T, and a line TQ 
be drawn parallel to the other asymptote to meet the curve in Q ; prove 
that if PQ be joined and produced both ways to meet the asymptotes 
in R and R, RR will be trisected at the points P and Q. 

28. The tangent at a point P of an elUpse meets the hyperbola 
having the same axes as the ellipse in C and D. If § be the middle 
point of CD, prove that OQ and OP are equally inclined to the axes, 
being the centre of the ellipse. 

29. Given one asymptote, the direction of the other, and the 
position of one focus, determine the position of the vertices. 

30. Two points are taken on the same branch of the curve, and on 
the same side of the axis ; prove that a circle can be drawn touching 
the four focal distances. 

31. Supposing the two asymptotes and one point of the curve to 
be given in position, shew how to construct the curve ; and find the 
position of the foci. 

32. Given a pair of conjugate diameters, construct the axes. 

33. If PH, PK be drawn parallel to the asymptotes from a point 
P on the curve, and if a line through the centre meet them in R, T, 
and the parallelogram PRQT be completed, § is a point on the curve. 

34. The ordinate NP at any point of an ellipse is produced to a 
point Q, such that NQ is equal to the subtangent at P ; prove that the 
locus of § is an hyperbola. 

35. If a given point be the focus of any hyperbola, passing through 
a given point and touching a given straight line, prove that the locus of 
the other focus is an arc of a fixed hyperbola. 

36. An ellipse and hyperbola are described, so that the foci of 
each are at the extremities of the transverse axis of the other ; prove 
that the tangents at their points of intersection meet the conjugate 
axis in points equidistant from the centre. 

37. A circle is described about the focus as centre, with a radius 
eqvial to one-fourth of the latus rectum : prove that the focal distances 
of the points at which it intersects the hyperbola are parallel to the 
asymptotes. 

38. The tangent at any point forms a triangle with the asymptotes : 
determine the locus of the point of intersection of the straight lines 
drawn from the angles of this triangle to bisect the opposite sides. 

39. If (ST, (S"y be the perpendiculars on the tangent at P, a circle 
can be drawn through the points Y, Y', N, C. 

40. The straight lines joining each focus to the foot of the per- 
pendicular from the other focus on the tangent meet on the normal and 
bisect it. 
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41. If the tangent and normal at P meet the axis in T and <?, 
NG.CT=BC^. 

42. If the tangent at P meet the axes in T and t, the angles PSt, 
STP are supplementary. 

43. If the tangent at P meet any conjugate diameters in T and t, 
the triangles /SPT, (^P* are similar. 

44. If the diameter conjugate to CP meet SP and S'P in ^ and 
E', prove that the circles about the triangles SCE, S'CE' are equal. 

45. The locus of the centre of the circle inscribed in the triangle 
SPS' is a straight line. 

46. If AV be an ordinate, and J^Q parallel to AP meet CP in Q, 
AQ is parallel to the tangent at P. 

47. If an asymptote meet the directrix in D, and the tangent at 
the vertex in E, AD is parallel to SE. 

48. The radius of the circle touching the curve and its asymptotes 
is equal to the portion of the latus rectum produced, between its 
extremity and the asymptote. 

49. It O he the foot of the normal, and if the tangent meet the 
asymptotes in L and M, GL=OM. 

50. With two conjugate diameters of an ellipse as asymptotes, a 
pair of conjugate hyperbolas is constructed : prove that if one hyper- 
iKjla touch the ellipse, the other will do so likewise ; prove also that the 
diameters drawn through the points of contact are conjugate to each 
other. 

51. If two tangents be drawn the lines joining their intersections 
with the asymptotes will be parallel 

52. The locus of the centre of the circle touching SP, S'P pro- 
duced, and the major axis, is an hyperbola. 

53. If from a point P in an hyperbola, PK be drawn parallel to 
an asymptote to meet the directrix in K, then PK=SP. 

54. If PD be drawn parallel to an asymptote, to meet the con- 
jugate hyperbola in 3, CP and CD are conjugate diameters. 

55. 1{ QRhea. chord parallel to the tangent at P, and if Qi, PN, 
Ril be drawn parallel to one asymptote to meet the other, 

CL. CM=CN\ 

56. If a circle touch the transverse axis at a focus, and pass 
through one end of the conjugate, the chord intercepted by the 
conjugate is a third proportional to the conjugate and transverse 
semi-axes. 
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57. A line through one of the vertices, terminated by twg-^ines 
drawn through the other vertex parallel to the asymptotes, is bisected 
at the other point where it cuts the curve. 

58. If PSQ be a focal chord, and if the tangents at P and Q meet 
in T, the difference between PTQ and half PS'Q is a right angle. 

59. If a straight line passing through a fixed point C meet two 
fixed lines OA, OB in A and B, and if P be taken in AB such that 
CP^ — CA . CB, the locus of P is an hyperbola, having its asymptotes 
parallel to OA, OB. 

60. If from the points P and Q in an hyperbola there be 
drawn PL, QM parallel to each other to meet one asymptote, and 
PR, QN also parallel to each other to meet the other asymptote, 
PL . PR^QM . QN. 

61. Prove that the locus of the point of intersection of two 
tangents to a parabola which cut at a constant angle is an hyperbola, 
and that the angle between its asymptotes is double the external angle 
between the tangents. 

62. An ordinate VQ of any diameter CP is produced to meet the 
asymptote in R, and the conjugate hyperbola in Q ; prove that 

§F2+§'r2=2/jr2. 

Prove also that the tangents at Q and §* meet the diameter CP in 
points equidistant from C. 

63. A chord QPL meets an asymptote in L, and a tangent from L 
is drawn touching at iJ; if PM, RE, QN, be drawn parallel to the 
asymptote to meet the other, 

PJr+§^■=2 . RE. 

64. Tangents are drawn from any point in a circle through the 
foci; prove that the lines bisecting the angle between the tangents, 
or between one tangent and the other produced, all pass through a 
fixed point. 

65. If a circle through the foci meet two confocal hyperbolas 
in P and Q, the angle between the tangents at P and Q is equal 
to PSQ. 

66. If ST, S'T' be perpendiculars on the tangent at P, and if PN 
be the ordinate, the angles PNT, PNT' are supplementary. 

67. Find the position of P when the area of the triangle TCT' is 
the greatest possible, and shew that, in that case, 

PN.SC=BCK 

68. If the tangent at P meet the conjugate axis in t, the areas of 
the triangles SPS, StS are in the ratio of CD^ : StK 
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69. If ST, SZ be perpendiculars on two tangents which meet in T, 
YZ is perpendicular to ST. 

70. A circle passing through a focus, and having its centre on the 
transverse axis, touches the curve ; shew that the focal distance of the 
point of contact is equal to the Latus Rectum. 

71. If <7§ be conjugate to the normal at P, then is CP conjugate 
to the normal at Q. 

72. From a point in the auxiliary circle lines are drawn touching 
the curve in P and P' ; prove that SP, S'P are parallel. 

73. If any hyperbola is drawn confocal with a given ellipse, and 
if PN is the ordinate of a point of intersection of the hyperbola with 
the ellipse, and NT the tangent from N to the auxiliary circle of the 
hyperbola, prove that the angle PNT is always the same. 

74. Find the locus of the points of contact of tangents to a series 
of confocal hyperbolas from a fixed point in the axis. 

75. Tangents to an hyperbola are drawn from any point in one 
of the branches of the conjugate, shew that the chord of contact wiU 
touch the other branch of the conjugate. 

76. An ordinate NP meets the conjugate hyperbola in Q; prove 
that the normals at P and Q meet on the transverse axis. 

77. A parabola and an hyperbola have a common focus S and 
their axes in the same direction. If a hue SPQ cut the curves in P 
and Q, the angle between the tangents at P and Q is equal to half the 
angle between the axis and the other focal distance of the hyperbola. 

78. If an hyperbola be described touching the four sides of a 
quadrilateral which is inscribed in a circle, and one focus lie on the 
circle, the other focus will also lie on the circle. 

79. A conic section is drawn touching the asymptotes of an 
hyperbola. Prove that two of the chords of intersection of the 
ciu^es are parallel to the chord of contact of the conic with the 
asymptotes. 

80. A parabola P and an hyperbola H have a common focus, 
and the asymptotes ot H axe tangents to P; prove that the tangent 
at the vertex of P is a directrix of H, and that the tangent to P 
at the point of intersection passes through the further vertex of H. 

81. From a given point in an hyperbola draw a straight line 
such that the segment intercepted between the other intersection 
with the hyperbola and a given asymptote shall be equal to a 
given line. 

When does the problem become impossible ? 
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82. If an ellipse and a confocal hyperbola intersect in P, an 
asymptote passes through the point on the auxiliary circle of the 
ellipse corresponding to P. 

83. P is a point on an hyperbola whose foci are S and H; another 
hyperbola is described whose foci are S and P, and whose transverse 
axis is equal to SP-iPH: shew that the hyperbolas will meet only at 
one point, and that they will have the same tangent at that point. 

84. A point D is taken on the axis of an hyperbola, of which the 
eccentricity is 2, such that its distance from the focus S is equal to 
the distance of S from the further vertex A' ; P being any point on the 
curve, A'P meets the latus rectum in K. Prove that DK and SP 
intersect on a certain fixed circle. 

85. Shew that the locus of the point of intersection of tangents 
to a parabola, making with each other a constant angle equal to half a 
right angle, is an hyperbola. 

86. The tangent and normal at any point intersect the asymptotes 
and axes respectively in four points which lie on a. circle passing 
through the centre of the curve. 

The radius of this circle varies inversely as the perpendicular from 
the centre on the tangent. 

87. The difference between the sum of the squares of the distances 
of any point from the ends of any diameter and the sum of the squares 
of its distances from the ends of the conjugate is constant. 

88. If a tangent meet the asymptotes in L and M, the angle 
subtended by LM at the farther focus is half the angle between the 



89. If PN be the ordinate of P, and PT the tangent, prove that 
SP : ST :: AN : AT. 

90. If an ellipse and an hyperbola are confocal, the Eisymptotes 
pass through the points on the auxiUary circle of the ellipse which 
correspond to the points of intersection of the two curves. 

91. .Two adjacent sides of a quadrilateral are given in magnitude 
and position ; if the quadrilateral be such that a circle can be inscribed 
in it, the locus of the point of intersection of the other two sides is 
an hyperbola. 

92. The tangent at P meets the conjugate axis in t, and tQ is 
perpendicular to SP ; prove that SQ is of constant length. 

93. An hyperbola, having a given transverse axis, has one focus 
fixed, and always touches a given straight line ; the locus of the other 
focus is a circle. 

94. A chord PRVQ meets the directrices in R and V; shew that 
PR and VQ subtend, each at the focus nearer to it, angles of which the 
sum is equal to the angle between the tangents at P and Q. 
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95. A circle is drawn touching the transverse axis of an hyperbola 
at its centre, and also touching the curve ; prove that the diameter 
conjugate to the diameter through either point of contact is equal to 
the distance between the foci. 

96. A parabola is described touching the conjugate axes of an 
hyperbola at their extremities ; prove that one asymptote is parallel to 
the axis of the parabola, and that the other asymptote is parallel to 
the chords of the parabola bisected by the first. 

If a straight line parallel to the second asymptote meet the hyper- 
bola and its conjugate in P, P, and the parabola in §, §', it may be 
shewn that FQ=rQ'. 

97. If two points E and B' be taken in the normal PG such that 
PE—PE'=CD, the loci of E and E' are hyperbolas having their axes 
equal to the sum and diflference of the axes of the given hyperbola. 

98. If two tangents are drawn to the same branch of an hyperbola, 
the external angle between them is half the diflference between the 
angles which the chord of contact subtends at the foci. 

If the tangents are drawn to opposite branches, the angle between 
them is half the sum, or half the difference, of these angles according as 
the points of contact are on the same or on opposite sides of the 
transverse axis. 

99. Parabolas are drawn passing through two fixed points A and 
D, and having their axes in a given direction ; find the locus of the foci, 
and, if a tangent be drawn at right angles to AB, prove that the locus 
of its point of contact P is an hyperbola. 

100. Tangents are drawn from a point T to an hyperbola whose 
centre is C, and CT produced meets the hyperbola in P and the chord 
of contact of the tangents in V. If CD be the diameter conjugate to 
CP, and DT, DV meet the tangent aX, P in K and U, prove that the 
triangles PUV, TPK are equal in area. 

101. One asymptote and three points P, Q, R of an hyperbola are 
given, construct the other asymptote. 

102. If an ellipse be described having its centre on a given 
hyperbola, its foci on the asymptotes, and passing through the centre 
of the hyperbola, prove that the minor axis of the ellipse is equal to 
the major axis of the hyperbola, and the ellipse touches the minor axis 
of the hyperbola. 

103. The angular point .4 of a triangle ABC is fixed, and the 
angle A is ^ven, while the points B and C move on a fixed straight 
line ; prove that the locus of the centre of the circle circumscribing the 
triangle is an hyperbola, and that the envelope of the circle is another 
circle. 

104. Given an asymptote CQ and two points on an hyperbola, 
P, p on the curve, shew that the enveloiie of the axes is a parabola. 
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105. Find the lociLs of the middle points of a system of chords of 
an hyperbola, passing through a fixed point on one of the asymptotes. 

106. If a conic be described having for its axes the tangent and 
normal at any point of a given ellipse, and touching at its centre the 
axis-major of the given eUipse, and if another conic be described in 
the same manner, but touching the minor axis at the centre, prove 
that the foci of these conies lie in two circles concentric with the 
given ellipse, and having their diameters equal to the sum and 
difference of its axes. 

107. An ellipse and an hyperbola are confocal; if a tangent to 
one intersect at right angles a tangent to the other, the locus of the 
point of intersection is a circle. 

Shew also that the difference of the squares on the distances from 
the centre of parallel tangents is constant. 

108. If a circle passing through any point P of the curve, and 
having its centre on the normal at P, meets the curve again in Q and 
R, the tangents at Q and R intersect on a fixed straight line. 

109. If the tangent at P meet an asymptote in T, the angle 
between that asymptote and SP is double the angle STP. 

110. Four tangents to an hyperbola form a rectangle. If one side 
AB of the rectangle intersect a directrix in F, and S be the correspond- 
ing focus, the triangles FSA, FBS are similar. 

111. An ellipse and hyperbola have the same transverse axis, 
and their eccentricities are the reciprocals of one another; prove that 
the tangents to each through the focus of the other intersect at right 
angles in two points and also meet the conjugate axis on the auxiUary 
circle. 

112. ACA' and BGIj are the transverse and conjugate axes of an 
ellipse, of which S and S' are the foci. P is one of the points of 
intersection of this ellipse and a confocal hyperbola, and aCa' is the 
transverse axis of the hyperbola. 

Prove that SP=Aa, S'P=A'a, leai. aB=CP. 

113. Prove that if A, B and S are three given points, two parabolas 
can be drawn through A and B with S as focus, and that the axes of 
these parabolas are parallel to the asymptotes of the hyperbola which 
can be drawn through S with its foci at A and B. 



CHAPTER V. 
The Rectangular Hyperbola. 

If the axes of an hyperbola he equal, the angle between tlie 
asymptotes is a right angle, and the curve is called equilateral 
or rectangular. 

135. Prop. I. In a rectangular hyperbola 

CS'=2AC', and 8A*=2AX'. 

For CS' = AG^+BC = 2AC'', 

and SA : AX :: SG : AG; 

.•.SA* = 2AX'. 

Observe that, in the figare of Art. 102, SDG is an isos- 
celes triangle, since 

SD = BG, and CD = AG, 

and therefore SB = DG. 

136. Prop. II. The asymptotes of a rectangular hyperbola 
bisect the angles between any pair of conjugate diameters. 

For, in a rectangular or equilateral hyperbola, 

GA = GB, 
and therefore, since GI" - GB' = GA' - GB", 

CP=GD, 
GP, GB being any conjugate semi-diameters. 
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Also, in the figure of Art. 123, the parallelogram GPLD 
is a rhombus, and therefore OL bisects the angle PCD. 

Cor. Supplemental chords are equally inclined to the 
asymptotes, for they are parallel to conjugate diameters. 

137. Prop. III. If GY he the perpendicular from the 
centre on the tangent at P, the angle PCY is bisected by the 
transverse aads, and half the transverse axis is a mean propor- 
tional between CY and CP. 

For the angle PCL = DCL 
= YCL' ; 
.: PGA = ACY. 

Hence it follows that the 
triangles P(7i\r,rC7F are similar, 
and that 

CY : CT :: CN : CP; 

.: CY. CP=CT. CN = AC'. 

Hence also, if we join PA 
and AY, we observe that the 
triangles PAG, AYC are 
similar. 




138. Prop. IV. Diameters at right angles to each other 
are equal. 

Let CP, CP be semi-diameters at right angles to each 
other, and CD conjugate to CP. 

Then, if CL, CL' be the asymptotes, 

the angle PCL' = PCL = DCL ; 
.-. CP'=CD = C'P- 
Hence it follows, by help of the theorem of Art. 120, that 
focal chords at right angles to each other are equal, and that 
focal chords parallel to conjugate diameters are equal. 
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139. Prop. V. If the normal at P meet the axes in G 
and g, 

CN=NG and PG = Pg=CD. 

CD being conjugate to CP. 

For (Art. 115) NG : ON :: BG' : AC^ ; 

.:NG = GN. 
Also PF.PG = BG' and PF.Pg^AC"; 

.■.PG = Pg. 
Further (Art. 128) PG : CD :: BG : AG ; 
.■.PG = CD = CP. . 

140. Prop. VI. If QV be an ordinate of a diameter 
PCp, 

QV^ = PV.Vp. 

For QV* : PV. Vp :: CD" : CI", 

and CD = GP; 

QV* = PV.Vp = CJn- CP\ 

141. Prop. VII. The angle between a chord PQ, and 
the tangent at P, is equal to the angle subtended by PQ at the 
other extremity of the diameter through P. 




Let PQ and the tangent at P meet the asymptote in I 
and L. Then, if CF be conjugate to PQ, 

the angle LPQ = PLC- VIG = LCP - VGl 

= VCP = QpP. 
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Or thus, let QU parallel to the tangent at P, meet CP produced 
in U. 

Then QIP=PU. Up, 

or, QU : PU :: Vp : UQ. 

Therefore the triangles PQU, QUp aie similar, anil the angle 
QpU=PQU=LPQ. 

If P and Q are on opposite branches of the curve, the 
same proof shews that 

the angle QpU'= UQP = LPQ; 

.■.QPL' = QpP. 




If QP is the normal at P, it follows that QP subtends a 
right angle at the other end of the diameter through P. 

142. Prop. VIII. Any chord subtends, at the ends of 
any diameter, angles which are equal or supplementary. 

This theorem divides itself 
into four cases, which are 
shewn in the appended figures. 

Let QR be the chord, and 
Pp the diameter. Then, if ZP 
be the tangent at P, fig. (1), 

the angle iPQ = QijP, 
and LPR = EpP; 

:. QPR = QpR. 
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In fig. (2), if pZ be the tangent at p, parallel to PL, 
QpE = Qpl + IpR = Qpl +pPR, 





and QPR = QPL + LPR = QpP + LPR ; 

.: QpR + QPR = IpP + LPp, 

that is, QpR and QPR are together equal to two right 
angles. 

In fig. (3) 
QPR = QPL + LPp +pPR 
= QpP + Ppl + lpR 
= QpR. 

In fig. (4) QPL = QpP, and RPL' = RpP; 
.■.QpR = QPL + RPL'; 

therefore QpR and QPR are to- 
gether equal to two right angles. 

Hence it will be seen that 
when QR, or QR produced, meet 
the diameter Pp between P and 
p, the angles subtended at P and 
p are equal; in other cases they 
are supplementary. 

In the cases of the second and 
third figures, if one of the angles QPR is a right angle, 
the other angle QpR is also a right angle. The four points 
Q, P, p, R are then concyclic, and QR is a diameter of the 
circle. 




THE RECTANGULAR HYPERBOLA. 



131 



143. Prop. IX. If a rectangular hyperbola circurnscribe 
a triangle, it passes through the orthocentre. 

Note. The orthocentre is the point of intersection of the 
perpendiculars from the angular points on the opposite sides. 

If be the orthocentre, the 
triangles LOP, LQR are similar, 
and 

LO:LP::LQ:LR; 

:.L0 .LR = LP.LQ. 

But, if a rectangular hyper- 
bola pass through P, Q, R, the 
diameters parallel to LR, PQ are 
equal : hence is a point on the curve. 

If the angle PRQ is a right angle, the line ROL will be 
the tangent to the curve at R, so that if a rectangular 
hyperbola pass through the angular points of a right-angled 
triangle, the hypothenuse will be parallel to the normal at the 
right-angle vertex. 

144. Prop. X. If a rectangular hyperbola drcamscribe 
a triangle, the locus of its centre is the nine-point circle of the 
triangle. 





If PQR be the triangle, let L, L' be the points in which 
an asymptote meets the sides PQ, PR. 

9—2 
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Join C, the centre of the hyperhola, with E and F, the 
middle points of PR and PQ. 

Then CF is conjugate to PQ, and CE to PR ; therefore 
the angle 

FGE = FCL + L'CE= CLF+ EL'C 

= PLL' + PL'L = FPE 

= FDE, 

if -D be the middle point of QR. 

.: D, E, F, G are concyclic; that is, C lies on the nine- 
point circle. 

A similar proof is applicable to the case in which the 
points P, Q. R lie on the same branch of the hyperbola. 
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1. PCP is a transverse diameter, and QV &n ordinate ; shew that 
QVia the tangent at Q to the circle circiuuscribing the triangle PQp. 

2. If the tangent at P meet the asymptotes in L and M^ and the 
normal meet the transverse axis in O, a circle can be drawn through 
C, L, M, and (?, and LQM ia a right angle. 

3. If AA' be any diameter of a circle, PP any ordinate to it, then 
the locus of the intersections of AP, A'P is a rectangular hyperbola. 

4. Given an asymptote and a tangent at a given point, construct 
the rectangular hyperbola. 

5. The points of intersection of an ellipse and a confocal rectangular 
hyperbola are the extremities of the equi-conjugate diameters of the 
ellipse. 

6. If CP, CD be conjugate semi-diameters, and PN, DM ordinates 
of any diameter, the triangles PCN, DCM are equal in all respects. 

7. The distance of any point from the centre is a geometric mean 
between its distances from the foci. 
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8. If P be a point on an equilateral hyperbola, and if the tangent 
at Q meet CP in T, the circle circumscribing CTQ touches the ordinate 
Q V conjugate to CP, 

9. If a circle be described on S>? as diameter, the tangents at the 
vertices will intersect the asymptotes in the circumference. 

10. If two concentric rectangular hyperbolas be described, the 
axes of one being the asymptotes of the other, they will intersect at 
right angles. 

11. If the tangents at two points Q and Q" meet in T, and if CQ, 
CQf meet these tangents in R and R', the points R, T, R', are con- 
cyclic. 

12. If from a point Q. in the conjugate axis QA be drawn to the 
vertex, and §iJ parallel to the transverse axis to meet the curve, 
QR=A<i. 

13. Straight lines, passing through a given point, are bounded by 
two fixed lines at right angles to each other ; fiiid the locus of their 
middle points. 

14. Given a point § and a straight line AB, 'ii a, line QCP be 
drawn cutting AB in C> and P be taken in it, so that, PD being a 
perpendicular upon AB, CD may be of constant magnitude, the locus 
of /" is a rectangular hyperbola. 

15. Every conic passing through the centres of the four circles 
which touch the sides of a triangle, is a rectangular hyperbola. 

16. Ellipses are inscribed in a given parallelogram, shew that their 
foci lie on a rectangular hyperbola. 

17. If two focal chords be parallel to conjugate diameters, the lines 
joining their extremities intersect on the asymptotes. 

18. If P, § be two points of a rectangular hyperbola, centre 0, 
and QN the perpendicular let faU on the tangent at P, the circle 
through 0, N, and P wiU pass through the middle point of the chord 

19. Having given the centre, a tangent, and a point of a rectangular 
hyperbola, construct the asymptotes. 

20. If a right-angled triangle be inscribed in the curve, the normal 
at the right angle is parallel to the hypothenuse. 

21. On opposite sides of any chord of a rectangular hyperbola are 
described equal segments of circles ; shew that the four points, in which 
the circles, to which these segments belong, again meet the hyperbola, 
are the angular points of a parallelogram. 

22. Two lines of given lengths coincide with and move along two 
fixed lines, in such a manner that a circle can always be drawn through 
their extremities ; the locus of the centre is a rectangular hyperbola. 
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23. If a rectangular bTperboIa, having its asymptotes coincident 
with the axes of an ellipse, touch the ellipse, the axis of the hyperbola 
is a mean proportional between the axes of the ellipse. 

24. The tangent at a point P of a rectangular hyperbola meets a 
diameter QC^ in T. Shew that CQ and TQ subtend equal angles at P. 

25. If ^ be any point in a rectangular hyperbola, of which is the 
centre, BOC the straight line through at right angles to OA, D any 
other point in the curve, and DS, DC parallel to the asymptotes, prove 
that B, D, Ai C are concychc. 

26. The angle subtended by any chord at the centre is the supple- 
ment of the angle between the tangents at the ends of the chord. 

27. If two rectangular hyperbolas intersect in A, B, C, D ; the 
circles described on AB, CD as diameters intersect each other ortho- 
gonally. 

28. Prove that the triangle, formed by the tangent at any point 
and its intercepts on the axes, is similar to the triangle formed by the 
straight line joining that point with the centre, and the abscissa and 
ordinate of the point. 

29. The angle of inchnation of two tangents to a parabola is half 
a right angle ; prove that the locus of their point of intersection is a 
rectangular hyperbola, having one focus and the corresponding directrix 
coincident with the focus and directrix of the parabola. 

30. P is a point on the curve, and PM, PN are straight lines 
making equal angles with one of the asymptotes ; if MP, NP be pro- 
duced to meet the curve in P" and Q!, then PQ! passes through the 
centre. 

31. A circle and a rectangular hyperbola intersect in four points 
and one of their common chords is a diameter of the hyperbola ; shew 
that the other common chord is a diameter of the circle. 

32. AB is & chord of a circle and a diameter of a rectangular 
hyperbola ; P any point on the circle ; AP, BP, produced if necessary, 
meet the hyperbola in Q, Q', respectively ; the point of intersection of 
BQ, AQ! wUl be on the circle. 

33. PP is any diameter, Q any point on the curve, PR, PR' are 
drawn at right angles to PQ, PQ respectively, intersecting the normal 
at Q in R, R'; prove that QR and QR' are equaL 

34. Parallel tangents are drawn to a series of confocal ellipses; 
prove that the locus of the points of contact is a rectangular hyperbola 
having one of its asymptotes parallel to the tangents. 

35. If tangents, parallel to a given direction, are drawn to a 
system of circles passing through two fixed points, the points of contact 
lie on a rectangular hyperbola. 
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36. If from a point P on the curve chords are equally inclined to 
the asymptotes, the line joining their other extremities passes through 
the centre. 

37. From the point of intersection of the directrix with one of 
the asymptotes of a rectangular hyperbola a tangent is drawn to the 
curve and meets the other asymptote in T : shew that CT is equal to 
the transverse axis. 

38. The normals at the ends of two conjugate diameters intersect 
on the asymptote, and are parallel to another pair of conjugate 
diameters. 

39. If the base AB of a triangle ABC be fixed, and if the dififer- 
ence of the angles at the base is constant, the locus of the vertex is a 
rectangular hyperbola. 

40. A circle described through the angular points A, B oi a, given 
triangle ABC meets AC in D. If BD meet the tangent at A in P, 
shew that the vertex and orthocentre of the triangle APB lie on fixed 
rectangular hyperbolas. 

41. The locus of the point of intersection of tangents to an ellipse 
which make equal angles with the transverse and conjugate axes 
respectively, and are not at right angles, is a rectangular hyperbola 
whose vertices are the foci of the ellipse. 

42. If OT is the tangent at the point O of a rectangular hyperbola, 
and PQ a chord meeting it at right angles in T, the two bisectors of 
the angle OCT bisect OP and OQ. 

43. With two sides of a square as asymptotes, and the opposite 
point as focus, a rectangular hyperbola is described; prove that it 
bisects the other sides. 

44. With the focus S of a. rectangular hyperbola as centre and 
radius equal to SC a circle is described, prove that it touches the 
conjugate hyperbola. 

45. If parallel normal chords are drawn to a rectangular hyper- 
bola, the diameter bisecting them is perpendicular to the join of their 
feet. 

46. From the foot of the ordinate PiVof a point P of a rectangular 
hyperbola, tangents iV§, iViJ are drawn to the circle on A A' as 
diameter. Prove that PQ passes through A', and PR through A, and 
that, if QR intersect AA' in M, PM is the tangent at P. 

47. Shew that the angle between two tangents to a rectangular 
hyperbola is equal or supplementary to the angle which their chord of 
contact subtends at the centre, and that the bisectors of these angles 
meet on the chord of contact. 
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48. Through a point P on an equilateral hyperbola two lines are 
drawn parallel to a pair of conjugate diameters ; the one meeting the 
curve in P, P", and the other meeting the asymptotes in Q, §'; shew 
thatPP' = W. 

49. If four points forming a parallelogram be taken on a rect- 
angular hyperbola, then the product of the perpendiculars from any 
point of the curve on one pair of opposite sides equals the product of 
the per jjendiculars on the other pair of sides. 



CHAPTER VI. 
The Cylinder and the Cone. 

definition. 

145. If a straight line move so as to pass through the 
circumference of a given circle, and to be perpendicular to 
the plane of the circle, it traces out a surface called a Right 
Circular Gylinder. The straight line drawn through the 
centre of the circle perpendicular to its plane is the Aaris of 
the Cylinder. 

It is evident that a section of the surface by a plane 
perpendicular to the axis is a circle, and that a section by 
any plane parallel to the axis consists of two parallel lines. 

Paop. I. Any section of a cylinder by a plane not 
parallel or perpendicular to the axis is an ellipse. 

If APA' be the section, let the plane of the paper be the 
plane through the axis perpendicular to APA'. 

Inscribe in the cylinder a sphere touching the cylinder in 
the circle .^i^and the plane APA' in the point S. 

Let the planes APA', EF intersect in XK, and from any 
point P of the section draw PK perpendicular to XK. 

Draw through P the circular section QP, cutting APA' 
in PN, so that PN is at right angles to A A' and therefore 
parallel to XK. 

Let the generating line through P meet the circle EF in 
R ; and join SP. 

Then PS and PR are tangents to the sphere ; 
.•.SP = PR = EQ. 



138 



But 



and 



^ •.■iSA-.AX, 
NX=PK, 
.-.SP'.PKv.SA -.AX. 




Also, AE being less than AX, 8A is less than AX, and 
the curve APA' is therefore an ellipse, of which^-S is the 
focus and XK the directrix. 

If anotjijer B{)here be inscribed in the cylinder touching 
A A' in /ST, S' is the other focus, and the corresponding di- 
rectrix is tl^ intersection of' the plane of contact E'P' with , 
APA'. ■ , 

Producing the generating line RP to meet the circle 
ET in R we pbserve that ^P = PB', and therefore 

SP~¥S'P = iR=EE' 

. =AE+AE' 

= A8 + AS'; 

and AS' = AE' = A'F= A'S, 

.■.8P+S'P = AA'. 
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The transverse axi& of the sectioa is AA!^ an^d the ^on- 
jugate, or minor, axis is evidently, a diameter of a oscular 
section. ' . tP ,. "'' 

146. Def. If be a fixed point in a straight liijie OE 
drawn through the centre ^ of a fixed circle 4t right angles 
to the plane of the circle, and if a stiraight line yOP move 
so as always to pass through the circurnference of the circle, 
the surface' generated by the libe (^OP is called a Right 
Circular Cone. 




The line OE is called the axis of the cone, the point is 
the vertex, and the constant angle POE is the semi-vertical 
angle of the cone. 

It is evident that any section by a plane perpendicular 
to the axis, or parallel to the base of the cone, is a circle ; 
and that any section bya plane through the vecte» consists 
of two straight lines, the angle between wdfcich is greatest 
and equal to the vertical angle wheik the plane contains the 
axis. 

Any plane containing the:, axis is called a Principal 
Section. 
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147. Prop. II. The section of a cone by a plane, which 
is not perpendicvlar to the axis, and does not pass through the 
vertex, is either an Ellipse, a Parabola, or an Hyperbola. 




Let UAP be the cutting plane, and let the plane of the 
paper be that principal section which is perpendicular to the 
plane UAP; OV, OAQ being the generating lines in the 
plane of the paper. 

Let AUhe the intersection of the principal section VOQ 
by the plane PA U perpendicular to it, and cutting the cone 
in the curve AP. 

Inscribe a sphere in the cone, touching the cone in the 
circle EF and the plane AP in the point S, and let XK be 
the intersection of the planes AP, EF. Then XK is per- 
pendicular to the plane of the paper. 

Taking any point P in the curve, join OP cutting the 
circle EF in R, and join SP. 

Draw through P the circular section QPV cutting the 
plane AP in PN which is therefore perpendicular to ^JV 
and parallel to XK. 

Then, SP and PR being tangents to the sphere, 

SP = PR = EQ; 



and 



Also 



THE CONE. 

EQ : i\^X :: AE : AX 
:: AS : AX. 
NX = PK; 
:. SP : PK :: SA : AX. 
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The curve AP is therefore an Ellipse, Parabola, or Hy- 
perbola, according as SA is less than, equal to, or greater 
than AX. In any case the point iS is a. focus and the cor- 
responding directrix is the intersection of the plane of the 
curve with the plane of contact of the sphere. 

148. (1) li AUhe parallel to OV, the angle 

AXE = OFE= OEF=AEX, 

so that SA = AE=AX ; 

the section is therefore a parabola when the cutting plane 
is parallel to a generating line, and perpendicular to the 
principal section which contains the generating line. 

(2) Let the line A U meet the curve again in the point 
A' on the same side of the vertex as the point A. 
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Then the angle 

AEX^OFX 

^FXA, 

and therefore AE<AX, 

that is SA< AX, 

and the curve is an ellipse. 

In this case another sphere can be inscribed in the cone, 
touching the cone along the circle KF and touching the 
plane AP in /S'. 

It may be shewn as before that (Sf is a focus and that the 
corresponding directrix is the intersection of the planes E'F, 
APA'. 

(3) Let the line UA produced meet the cone on the 
other side of the vertex. The section then consists of two 
separate branches. 

Also the angle AEX = A'FX 

<AXF, 

and therefore AE > AX, 

that is AS>AX, 

and the curve AP is one branch of an hyperbola, the other 
branch being the section A'P". 

Taking P" in the other branch the proof is the same as 
before that 

SF : FK' :: 8A : AX. 

In this case a sphere can be inscribed in the other 
branch of the cone, touching the cone along the circle E'F', 
and the plane UA'P' in S', and it can be shewn that 8' is 
the other focus of the hyperbola, and that the directrix is 
the intersection of the cutting plane with the plane of con- 
tact E'F. 

Hence the section of a cone by a plane cutting in AU 
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the principal section VOQ perpendicular to it is an Ellipse, 
Parabola, or Hyperbola, according as the angle EAX is 
greater than, equal to, or less than, the vertical angle of the 
cone. 




Further, it is obvious that, if any plane be drawn parallel 
to the plane AP, the ratio oiAE to AX is always the same; 
hence it follows that all parallel sections have the same 
eccentricity. 

149. This method of determining the focus and directrix 
was published by Mr Pierce Morton, of Trinity College, in 
the first volume of the Cambridge Philosophical Transactions. 

The method was very nearly obtained by Hamilton, who 
gave the following construction. 

First finding the vertex and focus, A and S, take AE 
along the generating line equal to AS, and draw the circular 
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section through E; the directrix will be the line of inter- 
section of the plane of the circle with the given plane of 
section. 

Hamilton also demonstrated the equality of SP and PR. 

150. Prop. III. To prove that, in the case of an elliptic 
section, 

SP + S'P^AA'. 

Taking the 2nd figure, 

SP = PR and 8'P = PE'; 

.■.8P + 8'P = RR'='EE 

= AE-¥AE' 

= AS+AS'. 

But A'S' = A'F = FF-A'F 

= EE-A'8, 

also A'S' + 8S'=A'S; 

.■.2A'S' + 8S' = EE'. 

Similarly 2A8 + 88' = EE; 

.•.A'S' = A8, 

and A^ = A'8. 

Hence 8P+S'P = AA'. 

and the transverse, or major axi8 = ^^'. 

In a similar manner it can be shewn that in an hyper- 
bolic section 

S'P-SP = AA'. 

1.51. Prop. IV. To shew that, in a paraholic section, 

PN' = iAS.AN. 

Let A be the vertex of the section, and let ADE be the 
diameter of the circular section through A. 
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From D let fall BS perpendicular to AN 
then PN' = QN.NQf 

= QN.AE 

= 4>NL.AD, 

if AL be perpendicular to 
NQ. 

But the triangles ANL, 
ADS being similar, 

NL:AK::AS:AD; 

.-.NL.AD^AN .AS, 
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and 



PN' = 4A.S.AK 




152. Prop. V. To shew that, in an elliptic section, PN' 
is to AN . NA' in a constant ratio. 



Draw through P the circular 
section QPQ', bisect AA' in G, 
and draw through G the circu- 
lar section EBE'. 

Then 
QN : AN :: GE : AG. 
and NQ':NA'::GE':A'G; 
.-.QN.Nq -.AN.NA' 



EG . GE' : AG\ 



or 




PN':AN.NA'::EG.CE:AC^; 

and, the transverse axis being AA', the square of the semi- 
minor axis = BC^ = EG . GE'. 

■RPR 10 
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Again, if ADF be perpendicular to the axis, AD = DF, and, 
AG being equal to vA', CD is parallel to AF, 

and therefore CE' = FD = AD. 

Similarly, CE=A'D', the perpendicular from A' on the 
axis ; 

.■.BC' = AD.A'D', 

that is, the semi-minor axis is a mean proportional between 
the perpendiculars from the vertices on the axis of the cone. 

Cor. If H, H' are the centres of the focal spheres, the 
angles HAH", HA'H' are right angles, so that H, A, H', A' 
are concyclic. 




It follows that the triangles ASH, A'H'D' are similar, as 
are also the triangles A'S'H', AHD, so that 

SH : A'D' :: AH : A'H' :: AD : S'H' ; 

and SH . S'H' = AD . A'D' = BC ; 

.". the semi-minor axis is a mean proportional between the 
radii of the focal spheres. 
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The fact that H, A, W, A' are concyclic also shews that 
the sphere of which HH' is a diameter intersects the plane 
of the ellipse in its auxiliary circle. 

153. In exactly the same manner it can be shewn that, 
for an hyperbolic section, 



and that 



PJV' : AN . NA' :-. CE . CK : AC, 
CE=AD, and CE = A'U. 




Also, as in the case of the ellipse, BG is a mean pro- 
portional between AD and A'ly, and is also a mean pro- 
portional between the radii of the focal spheres. 

154. Pkop. VI. The two straight lines in which a cone 
is intersected by a plane through the vertex parallel to an 
hyperbolic section are parallel to the asymptotes of the 
hyperbola. 

Taking the preceding figure, let the parallel plane cut 

10—2 
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the cone in the lines OG, OG', and the circular section 
through C in the line GL6', which will be perpendicular to 
the plane of the paper, and therefore perpendicular to US' 
and to OL. 



Hence 


GU = EL.E 


'L. 


But 


EL : EC :: OL 


■.A'C. 


and 


E'L : EC :: OL 


:AG; 




:. GL' :EC .JEC:: OL' 


■.AC, 


or 


GL : OL :: BC 


■.AC; 



therefore, (Art. 102),0(? and OG'are parallel to the asymptotes 
of the hyperbola. 

Hence, for all parallel hyperbolic sections, the asymptotes 
are parallel to each other. 

If the hyperbola be rectangular, the angle GOG' is a 
right angle ; but this is evidently not possible if the vertical 
angle of the cone be less than a right angle. 

When the vertical angle of the cone is not less than a 
right angle, and when GOG' is a right angle, LOG is half 
a right angle, and therefore 

OL = LG, 

and 1.0U = 0G^=0E', 

and the length OL is easily constructed. 

Hence, placing OL, and drawing the plane GOG' per- 
pendicular to the principal section through OL, any section 
by a plane parallel to GOG' is a rectangular hyperbola. 

It will be observed that the eccentricity of the section is 
greatest when its plane is parallel to the axis of the cone. 

155. Prop. VII. The sphere which passes throtigh the 
circles of contact of the focal spheres with the surface of the 
cone intersects the plane of the section in its director circle. 

Let Q, Q be the points in which the straight line AA' 
is intersected by the sphere which passes through the circles 
EF and EF. 
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Then the sphere intersects the plane of the ellipse in the 
circle of which QQf is the diameter. 




Also 



CQ'- 



CA* = AQ.Aq = AE.AE' 

= AS.AS' = BG^; 

:.CQ' = AC* + BC\ 

so that CQ is the radius of the director circle. 

Changing the figure the proof is exactly the same for the 
typerbola. 

156. Prop. VIII. If two straight lines be drawn 
through any point, parallel to two fixed lines, aiid intersecting 
a given cone, the ratio of the rectangles formed by the segments 
of the lines will be independent of the position of tlie point. 

Thus, if through E, the lines EPQ, EFQ' be drawn, 
parallel to two given lines, and cutting the cone in the 
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points P, Q and P', Q', the ratio of EP.EQ to EF.EQf is 
constant. 




Through draw OK parallel to the given line to which 
EPQ is parallel, and let the plane through OK, EPQ, 
which contains the generating lines OP, OQ, meet the 
circular section through E in R and S, and the plane base 
in the straight Une DFK, cutting the circular base in D 
and P. 

Then DFK and ERS being sections of parallel planes 
by a plane are parallel to each other. 

Also, EPQ is parallel to OK; 

Therefore ERP, ODK are similar triangles, as are also 
ESQ, OFK; 

:. EP : ER :: OK : DK, 
and EQ:E8::0K:FK; 

.: EP . EQ : ER . ES :: OK' : DK . FK 
::0K': KT', 
if KT be the tangent to the circular base from K. 

If a similar construction be made for EP'Qf, we shall 
have 

EP' . EQf : ER' . ES' :: OK'^ : K'T''. 
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But ER.ES = ER' .ES'; 

therefore the rectangles EP . EQ and EP" . EQ^ are each 
in a constant ratio to the same rectangle, and are therefore 
in a constant ratio to each other. 

Since the plane through EPQ, EP'Q' cuts the cone in 
an ellipse, parabola, or hyperbola, this theorem includes as 
particular cases those of Arts. 51, 58, 82, 92, 96, 124 and 
134. 

The proof is the same if the point P be within the cone, 
or if one or both of the lines meet opposite branches of the 
cone. 

If the chords be drawn through the centre of the 
section PEP', the rectangles become the squares of the 
semi-diameters. 

Hence the parallel diameters of all parallel sections of a 
cone are proportional to each other. 

If the lines move until they become tangents the rect- 
angles then become the squares of the tangents ; therefore 
if a series of points be so taken that the tangents from 
them are parallel to given lines, these tangents are always 
in the same proportion. The locus of the point E will be 
the line of intersection of two fixed planes touching the 
cone, that is, a fixed line through the vertex. 



EXAMPLES. 



1. Shew how to cut from a cylinder an ellipse of given eccentricity. 

2. What is the locus of the foci of all sections of a cylinder of a 
given eccentricity ? 

3. Shew how to cut from a cone an elUpse of given eccentricity. 

4. Prove that all sections of a cone by parallel planes are conies 
of the same eccentricity. 

5. What is the locus of the foci of the sections made by planes 
inclined to the axis at the same angle i 
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6. Find the least angle of a cone from \rhich it is possible to cut 
an hyperbola, whose eccentricity shall be the ratio of two to one. 

7. The centre of a spherical ball is moveable in a vertical plane 
which is equidistant from two candles of the same height on a table ; 
find its locus when the two shadows on the ceiling are always just in 
contact. 

8. Through a given point draw a plane cutting a given cone in a 
section which has the given point for a focus. 

9. If the vertical angle of a cone, vertex 0, be a right angle, P 
any point of a parabolic section, and PN perpendicular to the aiis of 
the parabola, 

OP='iAS+AJ^, 
A being the vertex and S the focus. 

10. Prove that the directrices of all parabolic sections of a cone lie 
in the tangent planes of a cone having the same axis. 

11. If the curve formed by the intersection of any plane with a 
cone be projected upon a plane perpendicular to the axis ; prove that 
the curve of projection will be a conic section having its focus at the 
point in which the axis meets the plane of projection. 

12. Prove that the latera recta of parabolic sections of a right 
circular cone are proportional to the distances of their vertices from 
the vertex of the cone. 

13. The shadow of a ball is cast by a candle on an inclined plane 
in contact with the ball ; prove that as the candle bums down, the 
locus of the centre of the shadow will be a straight line. 

14. The vertex of a right cone which contains a given ellipse lies 
on a certain hyx>erbola, and the axis of the cone will be a tangent to 
the hyperbola. 

15. Find the locus of the vertices of the right circular cones which 
can be drawn so as to peiss through a given fixed hyperbola, and prove 
that the axis of the cone is always tangential to the locus. 

16. An ellipse and an hyperbola are so situated that the vertices 
of each ciirve are the foci of the other, and the curves are in planes at 
right angles to each other. K P be a point on the ellipse, and a 
point on the hyperbola, S the vertex, and A the interior focus of that 
branch of the hyperbola, then 

AS^OP = AO + SP. 

17. The latus rectum of any plane section of a given pone is pro- 
portional to the perpendicular from the vertex on the plane. 

18. If a sphere is described about the vertex of a right cone as 
centre, the latera recta of aU sections made by tangent planes to the 
sphere are equal. 
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19. Different elliptic sections of a right cone are taken such that 
their minor axes are equal ; shew that the locus of their centres is the 
surface formed by the revolution of an hyperbola about the axis of the 
cone. 

20. If two cones be described touching the same two spheres, the , 
eccentricities of the two sections of them made by the same plane bear 
to one another a ratio constant for all positions of the plane. 

21. If elliptic sections of a cone be made such that the volume 
between the vertex and the section is always the same, the minor axis 
will be always of the same length. 

22. The vertex of a cone and the centre of a sphere inscribed within 
it are given in position : a plane section of the cone, at right angles to 
any generating line of the cone, touches the sphere : prove that the 
locus of the point of contact is a surface generated by the revolution of 
a circle, which touches the axis of the cone at the centre of the sphere. 

23. Given a right cone and a point within it, there are two sections 
which have this point for focus ; and the planes of these sections make 
equal angles with the straight line joining the given point and the 
vertex of the cone. 

24. Prove that the centres of all plane sections of a cone, for which 
the distance between the foci is the same, lie on the surface of a right 
circular cylinder. 



CHAPTER VII. 

The Similarity of Conics, the Areas of Conics, and 
THE Curvatures of Conics. 

SIMILAR CONICS. 

157. Def. Conics which have the same eccentricity are 
said to be similar to each other. 

This definition is justified by the consideration that the 
character of the conic depends on its eccentricity alone, 
while the dimensions of all parts of the conic are entirely 
determined by the distance of the focus from the directrix. 

Hence, according to this definition, all parabolas are 
similar curves. 

Prop. I. If radii be drawn from the vertices of two 
parabolas making equal angles with the axis, these radii are 
always in the same proportion. 

Let AP, ap be the radii, PN and pn the ordinates, the 
angles PAN, pan, being equal. 

Then AP* : ap' :: PN* : pn" :: AS . AN : as . an. 

But AP : ap :: AN : an ; 

.'. AP : ap :: AS : as. 

It can also be shewn that focal radii making equal 
angles with the axes are always in the same proportion. 
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158. Prop. II. If two ellipses be similar their axes are 
in the same proportion, and any other diameters, making 
equal angles with the respective axes, are in the proportion of 
the axes. 

Let CA, GB be the semi-axes of one ellipse, ca, cb of the 
other, and GP, cp two radii such that the angle PGA =pca. 

Then, since the eccentricities are the same, we have, if 
S, s be foci, 

AG : 8G :: ac : sc; 
.: AG" : AG'-SG" :: ad> : ad'-sc\ 
or AG' : BG^ :: ad' : be'. 

Hence it follows, if PN, pn be ordinates, that 
PF' : AG' - GJSr ■.■.pn' : ac' - en' ; 
but, by similar triangles, 

PK : pn :: GN : en, 
therefore CN' : AG'-GN' :: en' : ac' - en' ; 
and GJT : AG' :: en' : ac'. 

Hence GP : cp :: GN : en 

:: AG : ac. 

So also lines drawn similarly from the foci, or any other 
corresponding points of the two figures, will be in the ratio 
of the transverse axes. 

Exactly the same demonstration is applicable to the 
hyperbola, but in this case, if the ratio of 8G to AG in 
two hyperbolas be the same, it follows from Art. (102) 
that the angle between the asymptotes is the same in both 
curves. 

In the case of hyperbolas we have thus a very simple test 
of similarity. 



156 



AREAS. 



The Areas bounded hy Conies. 

159. Prop. III. 1/ AB, AG be two tangents to a para- 
bola, the area between the curve and the chord BC is two-thirds 
of the triangle ABC. 

Draw the tangent DPU parallel to BG; then 

AP = PN, 

and BG=2.I)E; 

therefore the triangle BPG= 2ADE. 




Again, draw the diameter DQM meeting BP in M. 

By the same reasoning, FQO being the tangent parallel 
to BP, the triangle PQB = 2FDQ. 

Through F draw the diameter FRL, meeting PQ in L, 
and let this process be continued indefinitely. 

Then the sum of the triangles within the parabola is 
double the sum of the triangles without it. 
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But, since the triangle BPG is half ABC, it is greater 
than half the parabolic area BQPG ; 

Therefore (Euclid, Bk. xii.) the difference between the 
parabolic area and the sum of the triangles can be made 
ultimately less than any assignable quantity ; 

And, the same being true of the outer triangles, it follows 
that the area between the curve and BO is double of the 
area between the curve and AB, AG, and is therefore two- 
thirds of the triangle ABG. 

CoK. Since PN bisects every chord parallel to BG, it 
bisects the parabolic area BPG; therefore, completing the 
parallelogram PNBU, the parabolic area BPN ia two-thirds 
of the parallelogram UN. 

160. Pkop. IV. The area of an ellipse is to the area of 
the atuciliary circle in the ratio of the conjugate to the trans- 
verse axis. 

Draw a series of ordinates, QPN, QP'N',... near each 
other, and draw PR, QR' parallel to AG. 




Then, since 

PN : QN :: BG : AG. 

the area PN' : QN' :: BG : AG, 

and, this being true for all such areas, the sum of the 
parallelograms PN' is to the sum of the parallelograms 
QN' as BG to AG. 

But, if the number be increased indefinitely, the sums of 
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these parallelograms ultimately approximate to the areas of 
the ellipse and circle. 

Hence the ellipse is to the circle in the ratio of BC to 
AG. 

.\> ' The student will find in Newton's 2nd and 3rd Lemmas 
■ ■ (Prindpia, Section i.) a formal proof of what we have here 
assumed as sufiBcientlj obvious, that the sum of the paral- 
lelograms PN is ultimately equal to the area of the ellipse. 

161. Pkop. Y. If P, Q be two points of an hyperbola, 
and if PL, QM parallel to one asymptote meet the other in L 
and M, the hyperbolic sector CPQ is equal to the hyperbolic 
trapezium PLMQ. 




For the triangles GPL, GQM are equal, and, if PL meet 
CQ in R, it follows that the triangle GPR = the trapezium 
LRQM; hence, adding to each the area RPQ, the theorem 
is proved. 

162. Pkop. YI. If points L, M, N, K be taken in an 
asymptote of an hyperbola, such that 

GL : CM :: CN : CK, 

and if LP, MQ, NR, KS, parallel to the asymptote, meet the 
curve in P, Q, R, S, the hyperbolic areas CPQ, CR8 will be 



Let QR and PS produced meet the asymptotes in F, F', 
G.Q'; 
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then RF= QF and SG = PG' (Art. 121), 

.-. FF= CM and KG = CL. 
Hence IfF:KG::CM:CL 

GK :GN 
RN-.SK, 
and therefore SP is parallel to QR. 



%i 






<?rN 




The diameter GUV conjugate to PS bisects all chords 
parallel to PS, and therefore bisects the area PQRS; 

also the triangle GPV= GSV, 

and GQU^GUR; 

therefore, taking from GPV and GSV the equal triangles 
CQU, GRIT, and the equal areas PQUV, SRUV, the re- 
maining aieas, which are the hyperbolic sectors CPQ, GRS, 
are equal. 

Cor. Hence if a series of points, L, M, N,... be taken 
such that GL, GM, CN, GK,... are iu continued proportion, it 
follows that the hyperbolic sectors GPQ, GQR, GRS, &c. will 
be all equal. 

It will be noticed in this case that the tangent at Q will 
be parallel to PR, the tangent at R parallel to QS, and so 
also for the rest. 
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The Curvature of Conies. 

163. Def. If a circle touch a conic at a point P, and 
pass through another point Q of the conic, and if the point 
Q move near to, and ultimately coincide with P, the circle 
in its ultimate condition is called the circle of curvature 
at P. 

Prop. VII. The chord of intersection of a conic with the 
circle of curvature at any point is inclined to the oasis at the 
same angle as the tangent at the point. 

It has been shewn that, if a circle intersect a conic in 
four points P, Q, R, V, the chords FQ, RV are equally 
inclined to the axis. 

Let P and Q coincide with each other ; then the tangent 
at P and the chord MV are equally inclined to the axis. 

Let the point V now approach to and coincide with P ; 
the circle becomes the circle of curvature at P, and the 
chord VR becomes PR the chord of intersection. 

Hence PR and the tangent at P are equally inclined to 
the axis. 

1G4. Prop. VIII. If the tangent at any point P of a 
parabola meet the axis in T, and if the circle of curvature at 
P meet the curve in Q, 

PQ = 4>.PT. 

Draw the ordinate RNP"; then taking the figure of the 
next article, TP' is the tangent at P", 

and the angle FTF= PTF== PFT ; 

therefore PQ is parallel to TP", and is bisected by the 
diameter FE. 

Hence PQ = 2 . PE = 4P'T = 4<PT. 

165. Prop. IX. To find the chord of curvature through 
the focus and the diameter of curvature at any point of a 
parabola. 

Let the circle meet PS produced in V, and the normal 
PO produced in 0. 



CUBVATURE. 

The angle PFS = PTS = 8PT 

= PQV, 
since PT is a tangent to the circle. 

Therefore QVis parallel to the axis, 
and PV : SP :: PQ : PF. 

Hence PV=4 . SP. 

Again, the angle POQ = PVQ = PSN; 
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.-. PO : PQ :: SP : Pi\r, 
or PO : SP :: iPT : PN 

r.^SP: SY. 
if ST be perpendicular to PT. 

Cor. 1. Since the normal bisects the angle between SP 
and the diameter through P, it follows that the chord of 
curvature parallel to the axis is iSP. 
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Cor. 2. The diameter of curvature, PO, may also be 
expressed as follows : 

Let GL be the perpendicular from G on SP; 
then PL = the semi-latus rectum = 2A8. 

Also PVO being a right angle, 

PO : PG :: PV : PL 

4>SP : PL 

iSP . PL : PL' ; 

but iSP.PL = 8SP.AS=887* = 2PG'; 

.: PO : PG :: 2P(?' : PL". 



166. Prop. X. If the chord of intersection, PQ, of an 
ellipse, or hyperbola, with the circle of curvature at P, meet 
CD, the semidiameter conjugate to CP, in K, 

PQ.PK=2CD'. 




Drawing the ordinate PNP', the tangent at P' is parallel 
to PQ, as in the parabola, and PQ is therefore bisected in V, 
by the diameter CP". 

Let PQ meet the axes in U and U'; then, U'G being 
parallel to PF, 



CURVATURE. 

PV:PU' :: VF : GF 
:: UT : CT, 
since PTJ, P'T are parallel. 

Also 

UT: GT::PU:PK; 
.: PV : PU' :: PU : PK. 

Hence 

PV.PK = PU.PU' 

= PT.PT' = CB', 

observing that PU = PT, and T' 
PU' = PT, by the theorem of 
Art. 163, 

and :.PQ.PK=2CD\ 
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167. Prop. XI. If the chord of curvature PQ', of an 
ellipse or hyperbola in any direction, meet CD in K', 

Pi^ .PK' = 2CJy. 




Let PO be the diameter of curvature meeting CB in F: 

11—2 
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then PQO, PQO are right angles, and a circle can be drawn 
through QK'FO; 

.■.PQ'.PK' = PF .PO 

= PK.PQ = 2.CD\ 

Cor. 1. Hence PO being the diameter of curvature, 
PF.P0 = 2. CD'. 

Cor. 2. If PQ' pass through the focus, 
PK' = AG, 
and PQ'.ylC=2. CD^ 

Cor. 3. li PQf pass through the centre, 
PQ .GP = 2.GPP. 

168. We can also express the diameter of curvature as 
follows : 

PG being the normal, let GL be perpendicular to SP, 
and let PR be the chord of curvature through S. 

Then GL is parallel to OR, 

and PO : PG :: PR : PL 

:: PR. PL: PL". 

But PR. AC =2. CD"; 

.: PR: AC:: 2. CD' : AC 

::2.PG^:BC\ 

and PR.PL:AC.PL::2.PG':BG\ 

But, PL being equal to the semi-latus rectum, 
PL.AC = BC'; 
:.PR.PL = 2.PG\ 
and PO : PG :: 2PG' : PL\ 

Hence, in any conic, the radius of curvature at any point 
is to the normal at the point as the square of the normal to the 
square of the semi-latus rectum. 
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169. Prop. XII. The chord of curvature through the 
focus at any point is equal to the focal chord parallel to the 
tangent at the point. 

Since P(^ .AG=2CI)\ 

it follows that PQ' .AA' = DD'\ 

But, iipp' is the focal chord parallel to the tangent at P, 

^'.^^' = DD"(Art. 81), 

.■.PQ=PP'. 



EXAMPLES. 

1. The radius of curvature at the end of the latus rectum of a 
parabola is equal to twice the normal. 

2. The circle of curvature at the end of the latus rectum intersects 
the parabola on the normal at that point. 

3. If P Vis the chord of curvature through the focus, what is the 
locus of the point V ? 

4. An eUipse and a parabola, whose axes are parallel, have the 
same curvature at a point P and cut one another in ^ ; if the tangent 
at P meets the axis of the parabola in T prove that PQ=i . PT. 

5. In a rectangular hyperbola, the radius of curvature at P varies 
asCi". 

6. If P be a point of an ellipse equidistant from the axis minor 
and one of the directrices, the circle of ciuT^ature at P will pass through 
caie of the foci. 

7. If the normal at a point P of a parabola meet the directrix in 
L, the radius of curvature at P is equal to 2 . PL. 

8. The normal at any point P of a rectangular hyperbola meets 
the curve again in Q ; shew that PQ is equal to the diameter of curva- 
ture at P. 

9. In the rectangular hyperbola, if CP be produced to Q, so that 
PQ= CP, and QO be drawn perpendicular to CQ to intersect the normal 
in 0, is the centre of curvature at P. 
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10. At any point of aa ellipse the chord of curvature PV through 
the centre is to the focal chord 'pp\ parallel to the tangent, as the major 
axis is to the diameter through the point. 

11. If the common tangent of an ellipse and its circle of curvature 
at P be bisected by their common chord, prove that 

Cm=AC.BC. 

12. The tangent at a point P of an ellipse whose centre is C meets 
the axes in T and t ; if CP produced meet in L the circle described 
about the triangle TCt, shew that PL is half the chord of curvatiu-e at 
P in the direction of C, and that the rectangle contained by CP, CL, is 
constant. 

13. If f be a point on a conic, Q a point near it, and if QE, per- 
pendicular to PQ, meet the normal at P in E, then ultimately when Q 
coincides with P, PE is the diameter of curvature at P. 

14. If a tangent be drawn from any point of a parabola to the 
circle of curvature at the vertex, the length of the tangent will be equal 
to the abscissa of the point measured along the axis. 

15. The circle of curvature at a point where the conjugate diameters 
are equal, meets the ellipse again at the extremity of the diameter. 

16. The chord of curvature at P perpendicular to the major axis is 
to PM, the ordinate at /», : : 2 . CD^ : BC 

IT. Prove that there is a point P on an ellipse such that if the 
normal at P meet the ellipse in Q, PQ is a chord of the circle of curva- 
ture at P, and find its position. 

18. The chord of curvature at a point /" of a rectangular hyper- 
bola, perpendicular to an asymptote, is to CD : : CD : 2 . PJV^, where 
PiV is the distance of P from the asymptote. 

19. If & be the foot of the normal at a point P of an ellipse, and 
GK, perpendicular to P6, meet CP in E, then KE, parallel to the axis 
minor, will meet PG in the centre of curvature at P. 

20. The chord of curvature through the vertex at a point of a para- 
bola is to iPY :: PF : AP. 

21. Prove that the locus of the middle points of the common 
chords of a given parabola and its circles of curvature is a parabola, and 
that the envelope of the chords is also a parabola. 

22. The circles of curvature at the extremities P, D of two con- 
jugate diameters of an ellipse meet the ellipse again in Q, R, respec- 
tively, shew that PB, is parallel to DQ. 

23. The tangent at any point P in an ellipse, of which S and H 
are the foci, meets the axis major in T, and TQR bisects HP in Q and 
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meets SP in It ; prove that PR is one-fourth of the chord of curvature 
at P through S. 

24. An ellipse, a parabola, and an hyperbola, have the same vertex 
and the same focus ; shew that the curvature, at the vertei, of the 
parabola is greater than that of the hyperbola, and less than that of 
the ellipse. 

25. The circle of curvature at a point of an ellipse cuts the curve 
in Q ; the tangent at P is met by the other common tangent, which 
touches the curves at E and F,inT; if PQ meet TEF in 0, TEOF is 
cut harmonically. 

26. If E is the centre of curvature at the point P of a parabola, 

SE^ + S . SP^=^PEK 

27. Find the locus of the foci of the parabolas which have a given 
circle as circle of curvature, at a given point of that circle. 

28. Two parabolas, whose latera recta have a constant ratio, and 
whose foci are two given points A, B, have a contact of the second 
order at P. Shew that the locus of i* is a circle. 

29. If the fixed straight line PQ is the chord of an ellipse, and is 
also the diameter of curvature at P, prove that the locus of the 
centre of the ellipse is a rectangular hyperbola, the transverse axis of 
which is coincident in direction with PQ, and equal in length to one- 
half of P^. 



CHAPTER VIII. 
Orthogonal Projections. 

170. Def. The projection of a point on a plane is the 
foot of the perpendicular let fall from the point on the plane. 

If from all points of a given curve perpendiculars be let 
fall on a plane, the curve formed by the feet of the perpen- 
diculars is the projection of the given curve. 

The projection of a straight line is also a straight line, 
for it is the line of intersection with the given plane of a 
plane through the line perpendicular to the given plane. 

Parallel straight lines project into parallel lines, for the 
projections are the lines of intersection of parallel planes 
with the given plane. 

171. Prop. I. Parallel straight lines, of finite lengths, 
are projected in the same ratio. 

That is, if ab, pq be the projections of the parallel lines 
AB,FQ. 

ab : AB :: pq : PQ. 

For, drawing AC parallel to ab and meeting Bb in C, and 
PR parallel to pq and meeting Qq in .B, .4J5Cf and PQR are 
similar triangles ; therefore 

AC : AB :: PR : PQ, 

and AG = ab, PR = pq. 

172. Prop. II. The projection of the tangent to a curve 
at any point is the tangent to the projection of the curve at the 
projection of the point. 
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For if p, q be the projections of the two points P, Q of a 
curve, the line pq is the projection of the line PQ, and when 
the line PQ turns round P until Q coincides with P, pq 
turns round p until q coincides with p, and the ultimate 
position oipq is the tangent a.tp. 

173. Prop. III. The projection of a circle is an ellipse. 
Let aba' be the projection of a circle ABA '. 




Take a chord PQ parallel to the plane of projection, then 
its projection pq = PQ. 

Let the diameter ANA' perpendicular to PQ meet in F 
the plane of projection, and let aa'F be the projection of 
AA'F. 

Then aa' bisects pq at right angles in the point n, and 

an : AN :: aF : AF, 

a'n : A'N :: aF : AF; 

.: AN . NA' : an . na' :: AF" : aF'; 

but AN . NA' = FN' = pn\ 

:. pr^ : an . na' :: AF* : aF*, 
and the curve apa' is an ellipse, having its axes in the ratio 



of 



aF : AF,oro{aa' : AA'. 
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Moreover, since we can place the circle so as to make the 
ratio of oua^ to AA' whatever we please, an ellipse of any 
eccentricity can be obtained. 

In this demonstration we have assumed only the pro- 
perty of the principal diameters of an ellipse. Properties of 
other diameters can be obtained by help of the preceding 
theorems, as in the following instances. 

174. Pkop. IV. The locus of the middle points of parallel 
chords of an ellipse is a straight line. 

For, projecting a circle, the parallel chords of the ellipse 
are the projections of parallel chords of the circle, and as the 
middle points of these latter lie in a diameter of the circle, 
the middle points of the chords of the ellipse lie in the pro- 
jection of the diameter, which is a straight line, and is a 
diameter of the ellipse. 

Moreover, the diameter of the circle is perpendicular to 
the chords it bisects ; hence 

Perpendicular diameters of a circle prefect into conjugate 
diameters of an ellipse. 

175. Prop. V. If two intersecting chords of an ellipse 
he parallel to fixed lines, the ratio of the rectangles contained 
hy their segments is constant. 

Let OPQ, ORS be two chords of a circle, parallel to fixed 
lines, and opq, ors their projections. 

Then OP . OQ is to op . oq in a constant ratio, and OR . OS 
is to or .OS in & constant ratio ; but 

OP.OQ = OR.OS. 

Therefore op . oq is to or .os in a constant ratio ; and 
opq, ors are parallel to fixed lines. 

176. Prop. VI. If qvq' be a double ordinate of a diameter 
cp, and if the tangent at q meet cp produced in t, 

cv.ct = cp*. 

The lines qvq^ and cp are the projections of a chord QVQ 
of a circle which is bisected by a diameter CP, and t is the 
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projection of T the point in which the tangent at Q meets 
CP produced. 

But, in the circle, 

CV . GT=Cr, 

or GV : CP :: GP : GT; 

and, these lines being projected in the same ratio, it follows 
that 

CV : cp :: cp : ct, 

or CV . ct = cp'. 

Hence it follows that tangents to an ellipse at the ends 
of any chord meet in the diameter conjugate to the chord. 

The preceding articles will shew the utility of the method 
in dealing with many of the properties of an ellipse. 

The student will find it useful to prove, by orthogonal 
projections, the theorems of Arts. 58, 69, 74, 75, 78, 79, 80, 
82, 83, 89, 90, and 92. 

177. Prop. VII. An ellipse can be projected into a 
circle. 

This is really the converse of Art. 173, but we give a 
construction for the purpose. 

Draw a plane through AA', 
the transverse axis, perpendicular 
to the plane of the ellipse, and in 
this plane describe a circle on 
AA' as diameter. Also take the 
chord AB, equal to the conjugate 
axis, and join A'D, which is per- 
pendicular to AB. 

Through AD draw a plane 
perpendicular to A'B, and pro- 
ject a principal chord PNP' on 
this plane. 

Then PN' : AN . NA' :: BG' : AG\ 

















I 


\. ^^ 


A 


V 

P. 


p 



But 



PN=pn, 
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: AN :: AD : 


AA' 




:: BC 


AC, 


Dn 


: A'N :: BC 


AC. 


nD : 


AN . NA' :: 


BC 
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and 

Hence An . nD : AN . NA' :: BC : AC, 

and therefore pi' = An . nD, 

and the projection ApD is a circle. 

This theorem, in the same manner as that of Art. 173, 
may be employed in deducing properties of oblique diameters 
and oblique chords of an ellipse. 

178. If any figures in one plane be projected on another 
plane, the areas of the projections will all he in the same ratio 
to the areas of ilte figures themselves. 




Let BAD be the plane of the figures, and let them be 
projected on the plane CAD, C being the projection of the 
point B, and BAD being a right angle. 

Taking a rectangle EFOH, the sides of which are parallel 
and perpendicular to AD, the projection is efgh, and it is 
clear that the ratio of the areas of these rectangles is that 
oiACioAB. 

Now the area of any curvilinear figure in the plane BAD 
is the sum of the areas of parallelograms such as EFGH, 
which are inscribed in the figure, if we take the widths, 
such as EF, infinitesimally small. 
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It follows that the area of the projection of the figure is 
to the area of the figure itself in the ratio oi AC to AB. 

As an illustration, let a square be drawn circumscribing 
a circle, and project the figure on any plane. The square 
projects into tangents parallel to conjugate diameters of the 
ellipse which is the projection of the circle. 

The area of the parallelogram thus formed is the same 
whatever be the position of the square, and we thus obtain 
the theorem of Art. 87. 

179. It follows that maxima and minima areas project 
into maxima and minima areas. For example, the greatest 
triangle which can be inscribed in a circle is an equilateral 
triangle. 

Projecting this figure we find that the triangle of maxi- 
mum area inscribed in an ellipse is such that the tangent at 
each angular point is parallel to the opposite side, and that 
the centre of the ellipse is the point of intersection of the 
lines joining the vertices of the triangle with the middle 
points of the opposite sides. 

180. Peop. VII. The prcfjection of a parabola is a 
parabola. 

For if PNP' be a principal chord, bisected by the axis 
AN, the projection pnp' will be bisected by the projection an. 

Moreover pn : PN will be a constant ratio, as also will 
be an : AN. 

And PN* = 4>AS . AN. 

Hence pn' will be to 4>AS . an in a constant ratio, and 
the projection is a parabola, the tangent at a being parallel 
to pn. 

181. Prop. VIII. An hyperbola can be always projected 
into a rectangular hyperbola. 

For the asymptotes can be projected into two straight 
lines cl, cV at right angles, and if PM, PN be parallels to 
the asymptotes from a point P of the curve, PM . PN is 
constant. 
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But pm : PM and pn : PN are constant ratios ; 

.". pm . pn is constant. 

And since pm and pn are perpendicular respectively to 
cl and cl', it follows that the projection is a rectangular 
hyperbola. 

The same proof evidently shews that any projection of 
an hyperbola is also an hyperbola. 



EXAMPLES. 

1. A parallelogTam is inscribed in a given ellipse; shew that its 
sides are parallel to conjugate diameters, and find its greatest area. 

2. TP, TQ are tangents to an ellipse, and CP', CQ' are parallel 
semidiameters ; PQ is parallel to P'Q'. 

3. If a straight line meet two concentrie similar and similarly 
situated ellipses, the portions intercepted between the curves are equal. 

4. Find the locus of the point of intersection of the tangents at the 
extremities of pairs of conjugate diameters of an ellipse. 

5. Find the locus of the middle points of the lines joining the 
extremities of conjugate diameters. 

6. If a tangent be drawn at the extremity of the major axis meeting 
two equal conjugate diameters CP, CD produced in T and t; then 
PJP=2AT^. 

7. If a chord AQ drawn from the vertex be produced to meet 
the minor axis in 0, and CP be a semidiameter parallel to it, then 
AQ . A0=2CP^. 

8. OQ, 0^ are tangents to an ellipse from an external point O, 
and OR is a diagonal of the parallelogram of which 0§, OQ are adjacent 
sides ; prove tluit if £ be on the ellipse, will lie on a similar and 
similarly situated concentric ellipse. 

9. ABi'&i. given chord of an ellipse, and C any point in the ellipse ; 
shew that the locus of the point of intersection of lines drawn from 
J, 5, C to the middle points of the opposite sides of the triangle ABC 
is a similar ellipse. 

10. CP, CD are conjugate semidiameters of an ellipse ; if an ellipse, 
similar and similarly situated to the given ellipse, be described on PD 
as diameter, it will pass through the centre of the given ellipse. 
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11. Parallelograms are inscribed in an ellipse and one pair of 
opposite sides constantly touch a similar, similarly situated and con- 
centric ellipse ; shew that the remaining pair of sides are tangents to a 
third ellipse and the square on a principal semi-axis of the original 
ellipse is equal to the sum of the squares on the corresponding semi- 
axes of the other two ellipses. 

12. Find the locus of the middle point of a chord of an ellipse 
which cuts off a constant area from the curve. 

13. Find the locus of the middle point of a chord of a parabola 
which cuts off a constant area from the curve. 

14. A parallelogram circumscribes an ellipse, touching the curve 
at the extremities of conjugate diameters, and another parallelogram 
is formed by joining the points where its diagonals meet the ellipse : 
prove that the area of the inner parallelogram is half that of the outer 
one. 

If four similar and similarly situated ellipses be inscribed in the 
spaces between the outer parallelogram and the curve, prove that their 
centres lie in a similar and similarly situated ellipse. 

15. About a given triangle PQR is circumscribed an elUpse, having 
for centre the point of intersection (C) of the lines from P, Q, R 
bisecting the opposite sides, and PC, QC, RC are produced to meet the 
curve in i", §*, R'; shew that, if tangents be drawn at these points, 
the triangle so formed will be similar to PQR, and four times as great. 

16. The locus of the middle points of all chords of an ellipse which 
pass through a fixed point in an ellipse similar and similarly situated 
to the given ellipse, and with its centre in the middle point of the line 
joining the given point and the centre of the given ellipse. 

17. PT, pt are tangents at the extremities of any diameter Pp of 
an ellipse; any other diameter meets PTin 2^ and its conjugate meets 
pt in t; also any tangent meets Py in T' and pt iu t' ; shew that 
PT :PT' ■.-.pf -.pt. 

18. From the ends P, B of conjugate diameters of an ellipse lines 
are drawn parallel to any tangent line ; from the centre C any line is 
drawn cutting these lines and the tangent in p, d, t, respectively ; prove 
tha.t Cp^+C(P=Ct^ 

19. If CP, CD be conjugate diameters of an ellipse, and if BP, BD 
be joined, and also AD, A'P, these latter intersecting in 0, the figure 
BDOP will be a paraUelogram. 

20. 7 is a point on the tangent at a point P of an elUpse, so that 
a perpendicular from T on the focal distance SP is of constant length ; 
shew that the locus of 2* is a similar, similarly situated and concentric 
ellipse. 
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21. Q is a point in one asymptote, and q in the other. If Qq move 
parallel to itself, find the locus of intersection of tangents to the 
hyperbola from Q and q. 

22. Tangents are drawn to an ellipse from an external point T. 
The chord of contact and the major axis, or these produced, intersect 
in K, and T'JV is drawn perpendicular to the major axis. Prove that 

CJf. CK=CA\ 

23. Q is a variable point on the tangent at a fixed point F of an 
ellipse and R is taken so that PQ=QR. If the other tangent from Q 
meet the ellipse in K, prove that RK passes through a fixed point. 

24. If through any point on an ellipse there be drawn lines con- 
jugate to the sides of an inscribed triangle they will meet the sides in 
three points in. a, straight line. 

25. PCP" is a diameter of an ellipse, and a chord PQ meets the 
tangent at i* in R. Prove that FQ, FR have the parallel diameter for 
a mean proportional. 

26. If AOA', BOE are conjugate diameters of an ellipse, and if 
AP and BQ are parallel chords, A!Q and BF are parallel to conjugate 
diameters. 

27. If the tangents at the ends of a chord of an hyperbola meet in 
T, and TM, TM' te drawn parallel to the asymptotes to meet them in 
M, M", then MM' is parallel to the chord. 

28. If a windmill in a level field is working uniformly on a sunny 
day, the speed of the end of the shadow of one sail varies as the length 
of the shadow of the next sail; 

29. Spheres are drawn passing through a fixed point and touching 
two fixed planes. Prove that the points of contact lie on two circles, 
and that the locus of the centre of the sphere is an ellipse. 

If the angle between the planes is the angle of an equilateral 
triangle, prove that the distance between the foci of the ellipse is half 
the major axis. 



CHAPTER IX. 
Of Conics in Genekal. 

The Construction of a Conic. 

182. The method of construction, given in Chapter I., 
can be extended in the following manner. 

Let ySn be any straight line drawn through the focus 
S, and draw Ax from the vertex parallel to j^, and meeting 
the directrix in x. 




Divide the line^n in a and a' so that 

Sa : af :: Sa' : a'f :: SA : Ax; 

then a and a are points on the curve, for, if ak be the 
perpendicular on the directrix, 

ak : af :: AX : Ax, 

and therefore Sa : ak :: SA : AX. 

12 
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Take any point e in the directrix, draw the lines eSl, ea 
through S and a, and draw SP making the angle PSl equal 
to ISn. 

Through P draw FPl parallel to fS, and meeting eS 
produced in I, 

then Pl = SP, 

and PI : PF :: Sa : af; 

:. SP : PF :: Sa : af, 

and SP ■ PK :: Sa : ak; 

therefore P is a point in the curve. 

183. The construction for the point a gives a simple 
proof that the tangent at the vertex is perpendicular to the 
axis. For when the angle ASa is diminished, Sa approaches 
to equality with SA, and therefore the angle a AS is ulti- 
mately a right angle. 

184. Prop. I. To find the points in which a given 
straight line is intersected by a conic of which the focus, the 
directrix, and the eccentricity are given. 
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Let FPP' be the straight line, and draw Aw parallel to 
it Join FS, and find the points D and E such that 

SD : DF :: SE : EF :: SA :. Ax. 

Describe the circle on DE as diameter, and let it inter- 
sect the given line in P and P*. 

Join DP, EP and draw SG, FH at right angles to EP. 

Then DPE, being the angle in a semicircle, is a right 
angle, and DP is parallel to SG and FH. 



Hence SG : FH 



SE : EF 
SD : DF 
PG : PH; 



therefore the angles SPG, FPH are equal, and therefore 
PD bisects the angle SPF. 

Hence SP : PF :: SD : DF :: SA : Ax, 
and P is a point in the curve. 

Similarly P" is also a point in the curve, and the per- 
pendicular from 0, the centre of the circle, on FPP' meets 
it in V, the middle point of the chord PP. 

Since SE : EF :: SA : Ax 

and SD : DF :: SA : Ax; 

.-. SE-SD : DE :: SA : Ax, 

or SO : OD :: SA : Ax, 

a relation analogous to 

SG : AC :: SA : AX. 

We have already shewn, for each conic, that the middle 
points of parallel chords lie in a straight line ; the following 
article contains a proof of the theorem which includes all 
the three cases. 

185. Prop. II. To find the locus of the middle points 
of a system of parallel chords. 

12—2 
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Let PT one of the chords he produced to meet the 
directrix in F, draw Ax parallel to FP, and divide FS so 
that 

SD : DF :: SE : EF :: SA : Ax; 

then, as in the preceding article, the perpendicular OV 
upon PP' from 0, the middle point of DE, hisects PP'. 

Draw the parallel focal chord aSa' ; then Oc parallel to 
the directrix hisects aa' in c. Also draw SG perpendicular 
to the chords, and meeting the directrix in 0. 




Then, if F meet aa in n, 

Vn : nO :: SF : SO, 

:: Sf : Sc. 

and, since ncO, SG/ are similar triangles, 

nO : nc :: SG : Sf; 

.-. Vn : nc :: SG : Sc, 

and the line Vc passes through G. 

The straight line Gc is therefore the locus of the middle 
points of all chords parallel to aSa'. 

The ends of the diameter GC may he found hy the 
construction of the preceding article. 
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186. 


When the conic is a parabola, SA = AX 


and 


Sa : af :: AX : Ax 




:: 8X : Sf. 


So 


Sa' : a'/ :: SX : Sf; 




.-. Sc : fflc :: SX : Sf, 


and 


ac : cf :: SX : Sf 


Hence 


Sc : cf :: SX^ : Sf 




:: GX .Xf: Gf.fX 




:: GX : Gf; 
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and therefore Gc is parallel to SX, that is, the middle points 
of parallel chords of a parabola lie in a straight line parallel 
to the axis. 

187. Prop. III. To find the hcus of the middle points 
of all focal chords of a conic. 

Taking the case of a central conic, and referring to the 
figure of the preceding article, let Oc meet SO in N ; 



then 


cN : NS 


■.fX : SX, 


and 


cN : NO 


: GX : CX; 




.: cN^ : SN-.NG : 


-.fX.GX-.SX.CX 
: SX' : SX . GX. 



Hence it follows that the locus of c is an ellipse of 
which 80 is the transverse axis, and such that the squares 
of its axes are as SX : GX, or (Cor. Art. 63) as BC" : AG\ 

Hence the locus of c is similar to the conic itself 
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1. If an ordinate, PiVT', to the transverse axis meet the tangent 
at the end of the latus rectum in T, 

SP=TI^, and TP . TF = SNK 

2. A focal chord PSQ of a conic section is produced to meet the 
directrix in E, and KM, KN are drawn through the feet of the 
ordinates PM, QN of P and Q. If KN produced meet PN produced 
in R, prove that 

PR=PM. 

3. The tangents at P and Q, two points in a conic, intersect in T; 
if through P, Q, chords be drawn parallel to the tangents at § and P, 
and intersecting the conic in p and q respectively, and if tangents at ' 
p and q meet in T, shew that Tt is a diameter. 

4. Two tangents TP, TP" are drawn to a conic intersecting the 
directrix in F, F'. 

If the chord PQ cut the directrix in R, prove that 

SF : SF' :: RF : RF" 

5. The chord of a conic PP" meets the directrix in K, and the 
tangents at P and P' meet in 7"; if RKR', parallel to ST, meet the 
tangents in R and R', 

KR=KR'. 

6. The tangents at P and P', intersecting in T, meet the latua 
rectum in D and /)'; prove that the lines through D and /)', re- 
spectively perpendicular to SP and SP', intersect in ST. 

7. If P, Q be two points on a conic, and p, a two points on the 
directrix such that pq subtends at the focus half me angle subtended 
by PQ, either Pp and Qq or Pq and Qp meet on the curve. 

8 A chord PP' of a conic meets the directrix in F, and from 
any point T in PP", TLL' is drawn parallel to SF and meeting SP, 
SP' in L and L' ; prove that the ratio of 8L or SL' to the distance of 
T from the directrix is equal to the ratio of SA : AX. 

9. If an ellipse and an hyperbola have their axes coincident and 
proportional, points on them equidistant from one axis have the sum 
of the squares on their distances from the other axis constant. 

10. If Q be any point in the normal PQ, QR the perpendicular on 
SP, and QM the perpendicular on PN, 

QR : PM :: SA : AX. 
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11. Given a focus of a conic section inscribed in a triangle, find 
the points where it touches the sides. 

12. PSQ is any focal chord of a conic section ; the normals at F 
and Q intersect in K, and KN is drawn perpendicular to PQ; prove 
that PJV is equal to SQ, and hence deduce the locus of iV. 

13. Through the extremity P, of the diameter PQ of an ellipse, 
the tangent TPT' is drawn meeting two conjugate diameters in T, T' 
From P, Q the lines PR, QR are drawn parallel to the same conjugate 
diameters. Prove that the rectangle under the semiaxes of the ellipse 
is a mean proportional between the triangles PQR and OTT'. 

14. Shew that a conic may be drawn touching the sides of a. 
triangle, having one focus at the centre of the circumscribing circle, 
and the other at the orthocentre. 

15. The perpendicular from the focus of a conic on any tangent, 
and the central radius to the point of contact, intersect on the 
directrix. 

16. A£, AC aie tangents to a conic at S, and C, and DEGF is 
drawn from a point D in AC, parallel to AB and cutting the curve in 
E and F, and BC in Q ; shew that 

BG^=1)E.I)F. 

IV. A diameter of a parabola, vertex F, meets two tangents in D 
and E and their chord of contact is G, shew that 

F(^=ED.FE. 

18. P and Q are two fixed points in a parabola, and from any 
other point R in the curve, RP, RQ are drawn cutting a fixed diameter, 
vertex E, in B and C; prove that the ratio of EB to EC is constant. 

19. If the normal at P meet the conjugate axis in g, and ffk be 
perpendicular to SP, Pk is constant ; and if M, parallel to the trans- 
verse axis, meet the normal at P in I, kl is constant. 

20. A system of conies is drawn having a common focus S and a 
common latus rectum LSL'. A fixed straight line through iS intersects 
the conies, and at the points of intersection normals are drawn. Prove 
that the envelope of each of these normals is a parabola whose fo«us 
hes on LSL', and which has the given line as tangent at the vertex. 



CHAPTER X. 

Ellipses as Roulettes and Gussettes. 



188. If a circle rolls on the inside of the circumference 
of a circle of doiible its radius, any point in the area of the 
rolling circle traces out an ellipse. 

Let C be the centre of the rolling circle, E the point of 
contact. 




Then, if the circle meet in Q a fixed radius OA of the 
fixed circle, the angle ECQ is twice the angle EOA, and 
therefore the arcs EQ, EA are equal. 

Hence, when the circles touch at A, the point Q of the 
rolling circle coincides with A, and the subsequent path of 
Q is the diameter through A. 

Let P be a given point in the given radius CQ, and draw 
RPN perpendicular to OA, and PR' parallel to OA. 

Then, OQE being a right angle, EQ is parallel to RP 
and therefore CR = GP= CR', so that OR and OR' are 
constant. 
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Also PJff : RN" :: PQ : OR; 
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therefore, the locus of R being a circle, the locus of P is 
an ellipse, whose axes are as PQ : OR. 

But OR is clearly the length of one semi-axis, and PQ 
or OR' is therefore the length of the other, OR, OR' being 
equal to 00 + GP and OG - GP. 

189. Properties of the ellipse are deducible from this 
construction. 

Thus, as the circle rolls, the point E is instantaneously 
at rest, and the motion of P is therefore at right angles to 
EP, i.e. producing EP to F, in the direction FO. 

Therefore, drawing PT parallel to OF, PT is the tangent, 
and PF the normal. 




The angles EPT, EQT being right angles, the points 
E, P, Q, T are concyclic ; but the circle through QPE clearly 
passes through R; therefore the angle ERT and consequently 
the angle ORT is a right angle, 



ON : OR :: OR : OT, 
OF. 0T=OR\ 



and 

or 

which is the theorem of Art. 74. 

Again, since EQ't and EPt are right angles, E, Q', t, P 
are concyclic; but the circle through EQ'P clearly passes 
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through R'; therefore the angle ER't and consequently the 
angle ORt is a right angle, and 

FN : OR' :: OK : Ot, 

FN . Ot = OR", 



or 



which is the theorem of Art. 75. 




Further, if FF meet OQ in G, the angles PQG, FFQ are 
equal, being on equal bases EQ, OQ' ; 

.-. FG : FQ :: FQ : FF, 

or FG .FF=FQ*=-OR'^, 

which is the first of theorems of Art. 77. 

And again, if FGF produced meet QO produced in g, 
the angles FQ'g, FFQ are equal, being on equal bases QO, 
EQ ; and the angle QFg is common to the two triangles 
Fgg.FFQ. 

Therefore these triangles are similar, and 

Fg : FQ :: FQ : FF, 

or Fg.FF=FQ\ 

But FQ = ER' = OR ; 

.-. Fg.FF=OR\ 

which is the second theorem of Ai't. 77. 
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190. If the carried point P is outside the circle the line 
PNR, perpendicular to OA, will meet OE produced in R, 
and GB will he equal to GF, so that OR will be constant 
and the locus of R will be a circle. 

Also, the triangles PQN, RON being similar, we shall 
have 

PJV : RN :: PQ : OR, 

so that the locus of P will be an ellipse, the semi-axes of 
which will be GP + 00 and GP - 00. 

191. The fact that a point on the circumference of the rolling 
circle oscillates in a straight line is utilized in the construction of 
Wheatstone's Photometer. 

By help of machinery a metallic circle, about an inch in diameter, 
is made to roll rapidly round the inside of a circle of double this 
diameter, and carries a small bright bead which is fastened to its 
circumference. 

If this machine is held between two candles or other sources of 
light, 80 that the line of oscillation of the bead is equidistant from the 
candles, two bright lines will be seen in close contiguity, and it is easy 
to form an estimate of their comparative brightnesses. 

If bright beads are fastened to points in the area of the rolling 
circle not on the circumference, and the machine be held near sources 
of light, the appearance, when the circle is made to rotate rapidly, will 
be that of a number of bright concentric ellipses. 

192. A given straight line has its ends moveahle on two 
straight lines at right angles to each other; the path of any 
given point in the moving line is an ellipse. 
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Let P be the point in the moving line AB, and G the 
middle point of AB. 

Let the ordinate NP, produced if necessary, meet 00 ia 
Q ; then CQ = CP and OQ = AP, so that the locus of Q is a 
circle. 

Also PN : QN :: PB : OQ 

:: PB : PA; 

therefore the locus of P is an ellipse, and its semi-axes are 
equal to AP and BP. 

193. The theorem of Art. 188 is at once reducible to 
this case, for, taking the figure of Art. 189, QPQ' is a diameter 
of the rolling circle and is therefore of constant length, and 
the points Q and Q' move along fixed straight lines at right 
angles to each other ; the locus of P is therefore an ellipse 
of which Q'P and PQ are the semi-axes. 

194. From this construction also properties of the tan- 
gent and normal are deducible. 

Complete the rectangle OAEB; then, since the direc- 
tions of motion of A and B are respectively perpendicular 
to EA and EB, the state of motion of the line AB may be 
represented by supposing that the triangle EAB is turning 
round the point E. 

Hence it follows that EP is the normal to the locus of P, 
and that PT perpendicular to EP is the tangent. 

Let OF, parallel to PT, meet EP i-a. F; then 0, F, B, E 
are concyclic ; 

.-. the angle PFB = EOB = PBG, 

and the triangles PGB, PFB are similar. 

Hence PG : PB :: PB : PF, 

or PG.PF=PB\ 

where PB is equal to the semi-conjugate axis. 

Similarly, by joining AF, it can be shewn that 

Pg.PF=PA\ 

g being the point of intersection of PC? and A 0. 
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Again, since EPT, EBT are right angles, B, T, P, E are 
concyclic, and Q is clearly concyclic with B, P, E; so that 
TQE is a right angle. 




Hence OQN and OQT are similar triangles, and 
OK : OQ :: OQ : OT, 
or ON.OT=PA\ 

where PA is equal to the semi-transverse axis. 

195. Observing that F, 0, A, E, B are concyclic, we 
have PF.PE=PA.PB; 

.: PE is equal to the semi-diameter conjugate to OP. 

This suggests a construction for the solution of the 
problem, 

Having given a pair of conjugate diameters of an ellipse, 
it is required to determine the position and magnitudes of the 
principal axes. 

Taking OP and OB as the given semi-conjugate diameters, 
draw PF perpendicular to OD, and, in FP produced, take 
PE equal to OD. 

Join OE, bisect it in C, and in CE take CQ equal to CP. 

Then OB, OA, drawn perpendicular and parallel to PQ, 
and meeting CP in B and A, will be the directions of the 
axes, and their lengths will be AP and PB. 
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196. If a given triangle AQB move in its own plane so 
that the extremities A, B, of its base AB move on two fixed 
straight lines at right angles to each other, the path of the 
point Qis an ellipse. 

If be the point of intersection of the 
fixed lines, and G the middle point of AB, 
the angles GOB, CBO are equal, so that, as 
AB slides, the line GB, and therefore also 
the line GQ, turns round as fast as GO, but 
in the contrary direction. 

Produce OG to P, making GP = GQ; 
then the locus of P is a circle the radius of 
which is equal to OG + GQ. 

There is clearly one position oi AB for which the points 
0, G, and Q are in one straight line. 

Let OX be this straight line, 
and let OG, GQ, be any other 
corresponding positions of the 
lines; 

then, if GE is paraUel to OX, GE 
bisects the angle PGQ, and, draw- 
ing PQN and GL perpendicular 





to OX, 



hence 



QN=GL 

QN : PK 



PE, PN=^GL + PE, 

OC-GP : OG+GP 

:: OG-GQ : OG+GQ, 

and .'. the locus of Q is an ellipse of which the semi-axes 
are OG + GQ and OG - GQ. 

If the straight lines through A and B perpendicular to 
OA and OB meet in K, the point K is the mstantaneous 
centre of rotation. The normal to the path of Q is therefore 
QK and the tangent is the straight line through Q perpen- 
dicular to QK. 

197. Elliptic Compaues. If two fine grooves, at right angles to 
each other, he made on the plane surface of a plate of wood or metal, 
and if two pegs, fastened to a straight rod, be made to move in these 
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grooves, then a pencil attached to any point of the rod will trace out an 
ellipse. 

By fixing the pencil at different points of the rod, we can obtain 
elli{)Bea of any eccentricity, but of dimensions limited by the lengths of 
the rod and the grooves. 

Bwrgtmi^s Ettiptograph. 

OE is a groove in a stand which can be fixed to the paper or 
drawing board, and OA, OB are rods jointed at A, so that the end B 
can slip along the groove, while AO turns round the fixed end 0. 

G is the middle point of AB, CD is a rod, the length of which is 
half that of AB, and the end D can slide along the groove. 




It follows that the angle ADB is always a right angle. 

A rod DP is taken of any convenient length, and, by means of a 
chain round the triangle ADC, is made to move so as to be always 
parallel to OA. 

If the end B be moved along the groove, the end P will trace out an 
ellipse of which is the centre, and the lengths of its semi-axes will be 
the length of DP and of the difference between the lengths of OA and 
DP. This can be seen by drawing a line OF perpendicular to OE, and 
producing DP to meet it in F. The motion will be that of a rod of 
length OA sliding between OE and OF. See Dyck, Katalog der 
mathematiscken Instrumente, Munohen, 1892. 
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MISCELLANEOUS PROBLEMS. I. 

1. On a plane field the crack of the rifle and the thud of the ball 
striking the target are heard at the same instant ; find the locus of the 
hearer. 

2. PQ, P'^ are two focal chords of a parabola, and PR, parallel to 
PQ', meets in Ji the diameter through Q ; prove that 

PQ.P'g = PS^. 

3. CP and CJD are conjugate semi-diameters of an ellipse; PQ 
is a chord parallel to one of the axes ; shew that OQ is parallel to one of 
the straight lines which join the ends of the axes. 

4. A line cuts two concentric, similar and similarly situated 
ellipses in P, Q, q, p. If the line move parallel to itself, PQ . Qp is 
constant. 

5. The portion of a tangent to an hyperbola intersected between 
the asymptotes subtends a constant angle at the focus. 

6. If a circle be described passing through any point i* of a given 
hyperbola and the extremities of the transverse axis, and the ordinate 
JS'P be produced to meet the circle in Q, the locus of Q is an hyperbola. 

7. PQ is one of a series of chords inclined at a constant angle 
to the diameter AB oi a circle; find the locus of the intersection of 
AP, BQ. 

8. If from a point T in the director circle of an ellipse tangents 
TP, TF be drawn, the line joining T with the intersection of the 
nonnals at P and P passes through the centre. 

9. The points, in which the tangents at the extremities 'of the 
transverse axis of an ellipse are cut by the tangent at any point of the 
curve, are joined, one with each focus ; prove that the point of intersec- 
tion of the joining lines lies in the normal at the point. 

10. Having given a focus, the eccentricity, a point of the ciu^e, 
and the tangent at the point, shew that in general two conies can b^ 
described. 

11. A }>arabola is described with its focus at one focus of a given 
central conic, and touches the conio; prove that its directrix will 
touch a fixed circle. 

12. The extremities of the latera recta of all conies which have a 
common transverse axis lie on two parabolas. 

13. The tangent at a moveable point P of a conic intersects a 
fixed tangent in Q, and from S a straight line is drawn perpendicular 
to SQ and meeting in R the tangent at P; prove that the locus of R is 
a straight line. 
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14. On all parallel chords of a circle a series of isosceles triangles 
are described, having the same vertical angle, and having their planes 
perpendicular to the plane of the circle. Find the locus of^ their 
vertices ; and find what the vertical angle must be in order that the 
locus may be a circle. 

15. A series of similar ellipses whose major axes are in the same 
straight line pass through two given points. Prove that the major 
axes subtend right angles at four fixed points. 

16. Prom the centre of two concentric circles a straight line is 
drawn to cut them in P and Q; through P and Q straight lines are 
drawn parallel to two given lines at right angles to each other. Shew 
that the locus of their point of intersection is an ellipse. 

17. A circle always passes through a fixed point, and cuts a given 
straight line at a constant angle, prove that the locus of its centre is an 
hyperbola. 

18. The area of the triangle formed by three tangents to a parabola 
is equal to one half that of the triangle formed by joining the points of 
contact. 

19. If a parabola be described with any point on an hyperbola for 
focus and passing through the foci of the hyperbola, shew that its axis 
will be parallel to one of the asymptotes. 

20. S and S being the foci, P a point in the ellipse, if ffP be 
bisected in L, and AL be drawn from the vertex cutting SP in Q, the 
locus of Q is an ellipse whose focus is S. 

21. If the diagonals of a quadrilateral circumscribing an ellipse 
meet in the centre the quadrilateral is a parallelogram. 

22. A series of ellipses pass through the same point, and have a 
common focus, and their major axes of the same length ; prove that 
the locus of their centres is a circle. What are the limits of the 
eccentricities of the ellipses, and what does the ellipse become at the 
higher limit 1 

23. li S, IT he the foci of an hyperbola, ZL' any tangent inter- 
cepted between the asymptotes, SL . BX = CL . ZL'. 

24. Tangents are drawn to an ellipse from a point on a similar 
and similarly situated concentric ellipse; shew that if P, Q be the 
points of contact. A, A' the ends of the axis of the first ellipse, the 
loci of the intersections of AP, A'Q, and of AQ, A'P are two ellipses 
similar to the given ellipses. 

25. Draw a parabola which shall touch four given straight lines. 
Under what condition is it possible to describe a parabola touching 
five given straight lines? 

26. A fixed hyperbola is touched by a concentric ellipse. If the 
curvatures at the point of contact are equal the area of the ellipse is 
constant. 
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27. A circle passes through a fixed point, and cuts off equal chords 
AB, CD from two given parallel straight lines; prove that the en- 
velope of each of the chords AD, BC is a central conic having the fixed 
point for one focus. 

28. A straight line is drawn through the focus parallel to one 
asymptote and meeting the other; prove that the part intercepted 
between the curve and the asymptote is one-fourth the transverse axis, 
and the part between the curve and the focus one-fourth the latus- 
rectmn. 

29. PQ is any chord of a parabola, cutting the axis in Z ; R, R are 
the two points in the parabola at which this chord subtends a right 
angle : if RR be joined, meeting the axis in L', LL' will be equal to the 
latus-rectum. 

30. If two equal parabolas have the same focus, tangents at points 
angularly equidistant from the vertices meet on the common tangent. 

31. A parabola has its focus at ^S*, and PSQ is any focal chord, 
while PR, QQ' are two ckords drawn at right angles to PSQ at its 
extremities ; shew that the focal chord drawn parallel to PR is a mean 
proportional between PR and QQ. 

32. With the orthocentre of a triangle as centre are described two 
ellipses, one circumscribing the triangle and the other touching its 
sides ; prove that these ellipses are sinular, and their homologous axes 
at right angles. 

33. ABCD is a quadrilateral, the angles at A and C being equal ; a 
conic is described about ABCD so as to touch the circumscribing 
circle of ABC at the point B; shew that BD is a diameter of the 
conic. 

34. The volume of a cone cut off by a plane bears a constant 
ratio to the cube, the edge of which is equal to the minor axis of the 
section. 

35. A tangent to an ellipse at P meets the minor axis in t, and tQ 
is perpendicular to SP; prove that SQ is of constant length, and that 
if Pif be the perpendicular on the minor axis, QM will meet the major 
axis in a fixed point. 

36. Describe an ellipse with a given focus touching three given 
straight lines, no two of which are parallel and on the same side of the 
focus. 

37. Prove that the conic which touches the sides of a triangle, 
and has its centre at the centre of the nine-point circle, has one focus 
at the orthocentre, and the other at the centre of the circumscribing 
circle. 

38. From Q, the middle point of a chord PR of an ellipse whose 
focus is S, QG is drawn perpendicular to PR to meet the major axis in 
G; piwe that 2.SG: SP+SR :: SA : AX. 
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39. A straight rod moves in any manner in a plane ; prove that, at 
any instant, the directions of motion of all its particles are tangents to 
a parabola. 

40. If from a point T on the auxiliary circle, two tangents be 
drawn to an ellipse touching it in P and Q, and when produced meeting 
the circle again vap,q; shew that the angles PSp and QSq are together 
equal to the supplement of PTQ. 

41. Tangents at the extremities of a pair of conjugate diameters 
of an ellipse meet in T; prove that ST, S'T meet the conjugate 
diameters in four concycUc points. 

42. From the point of intersection of an asymptote and a directrix 
of an hyperbola a. tangent is drawn to the curve ; prove that the line 
joining the point of contact with the focus is parallel to the asymptote. 

43. If a string longer than the circumference of an ellipse be 
always drawn tight by a pencil, the straight portions being tangents 
to the ellipse, the pencil will trace out a confocal ellipse. 

44. 2) is any point in a rectangular hyperbola from which chords 
are drawn at right angles to each other to meet the curve. If P, Q be 
the middle points of these chords, prove that P, Q, D and the centre of 
the hyperbola are concyclic. 

45. From a point T in the auxiliary circle tangents are drawn to 
an ellipse, touching it in P and §, and meeting the auxihary circle again 
in p and q ; shew that the angle pCq is equal to the sum of the angles 
PSQ and PSQ. 

46. The angle between the focal distance and tangent at any point 
of an ellipse is half the angle subtended at the focus by the diameter 
through the point. 

47. HisSk fixed point on the bisector of the exterior angle A of the 
triangle ABC ; a circle is described upon HA as chord cutting the lines 
AB, AC\a. P and §; prove that PQ envelopes a parabola which has H 
for focus, and for tangent at the vertex the straight line joining the feet 
of the perpendiculars from H on AB and AC. 

48. Tangents to an ellipse, foci iS and H, at the ends of a focal 
chord PHP' meet the farther directrix in Q, Q'. The parabola, whose 
focus is S, and directrix PP, touches PQ, PQ', in Q, Q; it also touches 
the normals at P, P', and the minor axis, and has for the tangent at its 
vertex the diameter parallel to PP'. 

49. <$ is a fixed point, and E a point moving on the arc of a given 
circle ; prove that the envelope of the straight line through E at right 
angles to SE is a conic. 

50. A circle passing through a fixed point S cuts a fixed circle inP, 
and has its centre at 0; the hues which bisect the angle SOP all touch 
a conic of which (S is a focus. 

13—2 
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51. The tangent to an ellipse at P meets the directrix, corresponding 
to jS, in ^: through Z a straight line ZQR is drawn cutting the ellipse 
in §, iJ ; and the tangents at Q, R intersect (on SP) in T. Shew that 
a conic can be described with focus S, and directrix PZ, to pass through 
Q, R and T; and that TZ-mH. be the tangent at T. 

52. TP, TQ are tangents to an ellipse at P and Q; one circle 
touches TP at P and meets TQ in Q and Q ; another touches TQ at 
Q and meets TP in P and P ; prove that PiQ and QP' are divided in 
the same ratio by the ellipse. 

53. If a chord RPQV meet the directrices of an ellipse in R and F, 
and the circumference in P and Q, then RP and §F subtend, each at 
the focus nearer to it, angles of which the sum is equal to the angle 
between the tangents at P and Q. 

54. Two tangents are drawn to the same branch of a rectangular 
hyperbola from an external point; prove that the angles which these 
tangents subtend at the centre are respectively equal to the angles 
which they make with the chord of contact. 

55. If the normal at a point P of an hyperbola meet the minor 
axis in ff, Pg will be to /S'^ in a constant ratio. 

56. An ordinate NP of an ellipse is produced to meet the auxiliary 
circle in Q, and normals to the ellipse and circle at P and Q meet in R ; 
RK, RL are drawn perpendicular to the axes; prove that KPL is a 
straight line, and also that KP=BC and LP=AC. 

57. If the tangent at any point P cut the axes of a conic, produced 
if necessary, in T and T', and if C be the centre of the curve, prove that 
the area of the triangle TCT' varies inversely as the area of the triangle 
PCiV, where PN is the ordinate of P. 

58. The circle of curvature of an ellipse at P passes through the 
focus S, SM is drawn parallel to the tangent at P to meet the diameter 
PCP in M; shew that it divides this diameter in the ratio of 3 : 1. 

59. Prove the following construction for a pair of tangents from 
any external point 7" to an ellipse of which the centre is C: join CT, 
let TPCPT a similar and similarly situated ellipse be drawn, of which 
CT is a diameter, and P, P are its points of intersection with the given 
ellipse; TP, TP' will be tangents to the given ellipse. 

60. Through a fixed point a pair of chords of a circle are drawn at 
right angles: prove that each side of the quadrilateral formed by 
joining their extremities envelopes a conic of which the fixed point and 
the centre of the circle are foci. 

61. Any conic passing through the four points of intersection of 
two rectangular hyperbolas will be itself a rectangular hyperbola. 

62. R is the middle point of a chord PQ of a rectangular hyperbola 
whose centre is C. Through R, RQ, RP' are drawn parallel to the 
tangents at P and Q respectively, meeting CQ, CP in §", P. Prove 
that C, P', R, Q' are concyclic. 
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63. The tangents at two points Q, ^ oi a. parabola meet the 
tangent at P in /J, R' respectively, and the diameter through their 
point of intersection T meets it in K; prove that PR=K£{!, and that, 
if QM, qM, TN be the ordinates of §, q, T respectively to the 
diameter through P, PR is a mean proportional between PM and PiT. 

64. Common tangents are drawn to two psoabolas, which have a 
common directrix, and intersect in P, Q: prove that the chords 
joining the points of contact in each parabola are parallel to PQ, and 
the part of each tangent between its points of contact with the two 
curves is bisected by PQ produced. 

65. An ellipse has its centre on a given hyperbola and touches the 
asymptotes. The area of the ellipse being tdways a maximum, prove 
that its chord of contact with the asymptotes always touches a similar 
hyperbola. 

66. A circle and parabola have the same vertex A and a common 
axis. BA'C is the double ordinate of the parabola which touches the 
circle at A', the other extremity of the diameter which passes through 
A ; PP is any other ordinate of the parabola parallel to this, meeting 
the axis in N and the chord -45 produced in R : shew that the rectangle 
between RP and RP is proportional to the square on the tangent 
drawn from iV to the circle. 

67. Tangents are drawn at two points, P, P on an ellipse. If any 
tangent be drawn meeting those at P, P in R, R', shew that the line 
bisecting the angle RSR' intersects RR' on a fixed tangent to the 
eUipse. Find the point of contact of this tangent. 

68. Having given a pair of conjugate diameters of an ellipse, POP, 
BCD, let PF be the perpendicular from P on CD, in PF take PE 
equal to CD, bisect CE in 0, and on CE as diameter describe a circle ; 
prove that PO will meet the circle in two points § and R such that 
C§, CR are the directions of the semi-axes, and P§, PR their lengths. 

69. A straight line is drawn through the ang^ular point .4 of a 
triangle ABC to meet the opposite side in a ; two points 0, & are taken 
on Aa, and CO, C€f meet AB in c and c', and BO, BO' meet CA in h, V ; 
shew that a conic passing through ahh'cd will be touched by BC. 

70. If TP, TQ are two tangents to a parabola, and any other 
tangent meets them in Q and R, the middle point of QR describes a 
straight line. 

71. Lines from the centre to the points of contact of two parallel 
tangents to a rectangular hyperbola and concentric circle make equal 
angles with either axis of the hyperbola. 

72. A line moves between two lines at right angles so as to sub- 
tend a right angle and a half at a fixed point on the bisector of the 
right angle ; prove that it touches a rectangular hyperbola. 
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73. Two cones, whose vertical angles are supplementary, are placed 
with their vertices coincident and their axes at right angles, and are 
cut by a plane perpendicular to a common generating line; prove that 
the directrices of the section of one cone pass through the foci of the 
section of the other. 

74. The normal at a point P of an ellipse meets the curve again in 
P, and through 0, the centre of curvature at P, the chord ^0^ is 
drawn at right angles to PP ; prove that 

QO.Oq -.PO.OP -.-.i.PO-.PP. 

75. From an external point T, tangents are drawn to an ellipse, 
the points of contact being on the same side of the major axis. If the 
focal distances of these points intersect in M and N, TM, TN are 
tangents to a confocal hyperbola, which passes through M and N. 

76. Two tangents to an hyperbola from T meet the directrix in F 
and F ; prove that the circle, centre T, which touches SF, SF, meets 
the directrix in two points the radii to which from the point T are 
parallel to the asymptotes. 

77. QR, touching the ellipse at P, is one side of the parallelogram 
formed by tangents at the ends of conjugate diameters ; if the normal 
at P meet the axes in O and g, prove that Q& and Rg are at right 
angles. 

78. If PP be a double ordinate of an ellipse, and if the normal at 
P meet CP in 0, prove that the locus of is a similar ellipse, and that 
its axis is to the axis of the given ellipse in the ratio 

AC^-BC^ : AC^+BO. 

79. A chord of a conic whose pole is T meets the directrices in 
R and R' ; if SR and S'R' meet in Q, prove that the minor axis bisects 
TQ. 

80. On a parabola, whose focus is S, three points Q, P, Q are taken 
such that the angles PSQ, PSQ are equal ; the tangent at P meets the 
tangents at q, Q in T,T: shew that TQ : TQ ::SQ: SQ^. 

81. If from any point i* of a parabola perpendiculars PJ^, PL are 
let fall on the axis and the tangent at the vertex, the Une ZiT always 
touches another parabola. 

82. PQ is any diameter of a section of a cone whose vertex is V; 
prove that VP+ VQ is constant. 

83. If SF, SK are the perpendiculars from a focus on the tangent 
and normal at any point of a conic, the straight line F£^ passes through 
the centre of the conic. 

84. If the axes of two parabolas are in the same direction, their 
common chord bisects their common tangents. 
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85. Find the position of the normal chord which cuts off from a 
parabola the least segment 

86. From the point in which the tangent at any point i* of an 
hyperbola meets either asymptote perpendiculars PM, PN are let fall 
upon the axes. Prove that MN passes through P. 

87. If two parabolas whose latera recta have a constant ratio, and 
whose foci are two given points S, S\ have a contact of the second order 
at P, the locus of P is a circle. 

88. Find the class of plane curves such that, if from a fixed point 
in the plane, perpendiculars are let fall on the tangent and normal at 
any point of any one of the curves, the join of the feet of the perpen- 
diculars will pass through another fixed point. 

89. If two ellipses have one common focus aS and equal major axes, 
and if one ellipse revolves in its own plane about S, the chord of 
intersection envelopes a conic confocal with the fixed ellipse. 

90. The tangent at any point P of an ellipse meets the axis minor 
in T and the focal distances SP, HP meet it in R, r. Also ST, HT, 

Produced if necessary, meet the normal at P in Q, q, respectively, 
rove that Qr and qR are parallel to the axis major. 

91. Two points describe the circumference of an ellipse, with 
velocities which are to one another in the ratio of the squares on the 
diameters parallel to their respective directions of motion. Prove that 
the locus of the point of intersection of their directions of motion will 
be an ellipse, confocal with the given one. 

92. If AA' be the axis major of an elliptic section of a cone, vertex 
0, and a AO, A'G' perpendicular to AV, ul'Fmeet the axis of the cone 
in G and Q', and QU, G'Vhe^ the perpendiculars let fall on AA', prove 
that Cand IT are the centres of curvature at A and A'. 

93. By help of the geometry of the cone, or otherwise, prove that 
the sum of the tangents from any point of an ellipse to the circles of 
curvature at the vertices is constant. 

94. If two tangents be drawn to a section of a cone, and from 
their intersection two straight lines be drawn to the points where the 
tangent plane to the cone through one of the tangents touches the focal 
spheres, prove that the angle contained by these lines is equal to the 
angle between the tangents. 

95. If CP, CD are conjugate semi-diameters and if through C 
is drawn a line parallel to either focal distance of P, the perpendicular 
fi\)m D upon this line will be equal to half the minor axis. 

96. The area of the parallelogram formed by the tangents at the 
ends of any pair of diameters of a central conic varies inversely as the 
area of the parallelogram formed by joining the points of contact 
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97. Shew how to draw through a given point a plane which will 
have the given point for (1) focus, (2) centre, of the section it makes 
of a given right circular cone : noticing any limitations in the position 
of the point which may be necessary. 

98. In the first figure of Art. 148, if a plane be drawn inter- 
secting the focal spheres in two circles and the cone in an ellipse, the 
sum or difference of the tangents from any point of the ellipse to the 
circles is constant. 

99. If sections of a right cone be made, perpendicular to a given 
plane, such that the distance between a focus of a section and that 
vertex which lies on one of the generating lines in the given plane be 
constant, prove that the transverse axes, produced if necessary, of all 
sections will touch one of two fixed circles. 

100. A sphere rolls in contact with two intersecting straight wires ; 
prove that its centre describes an ellipse. 



CHAPTER XI. 
Harmonic Properties, Poles and Polars. 

198. Def. a straight line is harmonically divided in 
two points when the whole line is to one of the extreme parts 
as the other extreme part is to the m/iddle part. 

Thus AD\s harmonically divided in G and B, when 

AD : AC :: BD : BC. 

A d S i> 

This definition may also be presented in the following 
form. 

The straight line AB is harmonically divided in C and D, 
when it is divided internally in G, and externally in D, in the 
same ratio. 

Under these circumstances the four points A, G, B, D 
constitute an Harmonic Range, and if through any point 
four straight lines OA, OG, OB, OD be drawn, these four 
lines constitute an Harmonic Pencil. 

Prop. I. If a straight line be drawn parallel to one of 
the rays of an harmonic pencil, its segments made by the other 
three will be equal, and any straight line is divided harmoni- 
cally by the four rays. 

Let AGBD be the given harmonic range, and draw EGF 
through G parallel to OD, and meeting OA, OB in E and F. 

Then AD : AG :: OD : EG, 

and BD : BG :: OD : GF; 
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but from the definition 

AD : AC :: BD : BG; 
.\EC=CF, 

and any other line parallel to ECF is obviously bisected 
by 00. 

Next, let achd be any straight line cutting the pencil, 
and draw ecf parallel to Od ; so that ec = cf. 




Then ad : ac :: Od : ec, 

and hd : he ■.: Od : cf; 

.'. ad : ac :: bd : be; 
that is, acbd is harmonically divided. 

If the line c^Sa be drawn cutting AO produced, 
then aS : ac :: OS : ec, 

and /3S : fie :: 08 : cf; 

.: oS : oc :: fiB : fie, 
or oc : aS :: fie : fiB, 

and similarly it may be shewn in all other cases that the 
line is harmonically divided. 
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199. Prop. II. The pencil formed by two straight lines 
and the bisectors of the angles between them is an harmonic 
pencil. 

For, if OA, OB be the lines, and 00, OD the bisectors, 
draw KPL parallel to 00 and meeting OA, OD, OB. Then 
the angles OKL, OLK are obviously equal, 




and the angles at P are right angles ; therefore KP = PL, 
and the pencil is harmonic. 

200. Prop. III. If AGBD, Acbd be harmonic ranges, 
the straight lines Co, Bb, Dd will meet in a point, as also Cd, 
cD, Bb. 
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For, if Cc, Bd meet in F, join Fb; then the pencil 
F{Acbd) is harmonic, and will be cut harmonically by AD. 

Hence Fb produced will pass through B. 

Similarly, if Gd, cD meet in E, 

JS(Acbd) is harmonic, and therefore bE produced will pass 
through B. 

Harmonic Properties of a Quadrilateral. 

In the preceding figure, let GcdB be any quadrilateral; 
and let dc, DC meet in A, Cd, cD in E, and Cc, Dd in F. 

Then taking b and B so as to divide Acd and AGD har- 
monically, the ranges Acbd and AGBD are harmonic, and 
therefore Bb passes through both E and F. 

Similarly it can be shewn that AF is divided harmonically 
in L and M, by Dc and dG. 

For E(Acbd) is harmonic and therefore the transversal 
ALFM is harmonically divided. 

201. Prop. IV. If AGBD be an harmonio range, and 
E the middle point of GD, 

EA.EB = EG\ 

A C B if D 

For AD : AC :: BD : BC, 

or AE + EC : AE-EG :: EG + EB : EC-EB; 

.: AE : EG :: EG : EB, 
or AE . EB = EC = ED". 

Hence also, conversely, if EC = ED^ = AE . EB, the 
range AGBD is harmonic, (7 and D being on opposite sides 
o{E. 

Hence, if a series of points A, a, B, 6,. ..on a straight line 
be such that 

EA .Ea = EB .Eb = EG. Ec... 
= EP', 
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and a EQ = EP, then the several ranges {APaQ), (BPbQ), 
&c. are harmomc. 

202. Def. a system of pairs of points on a straight 
line such that 

EA.Ea = EB .Eb=... =EP' = EQ', 

is called a system in Involution, the point E being called the 
centre and P, Q the foci of the system. 

Any two corresponding points A, a, are called conjugate 
points, and it appears from above that any two conjugate 
points form, with the foci of the system, an harmonic range. 

It will he noticed that a focus is a point ^t which conju- 
gate points coincide, and that the existence of a focus is only 
possible when the points A and a are both on the same side 
of the centre. 

203. Prop, V. Having given two pairs of paints, A and 
a, B and b, it is required to find the centre and foci of the 
involution. 

If E be the centre, 

EA : EB :: Eb : Ea; 

^ p 

Q :E a B * 6 a 

.: EA : AB :: Eb : ab, 
or EA : Eb :: AB : ab. 

This determines E, and the foci P and Q are given by 
the relations 

EP' = EQ* = EA.Ea. 

We shall however find the following relation usefiil. 

Since 



or 
but 



Again, 



Qb- 



EA 


: Eb : 


: EB 


: Ea; 


EA 


: Ab : 


: EB 


: aB, 


EA 


: EB: 


: Ab 


: aB; 


Eb ; 


■.EA : 


: ab 


■.AB; 


Eb 


: EB : 


: Ab. 


ba : AB.l 


Qb: 


: Pb : 


:QB 


■.PB; 


-Pb ; 


: Pb : 


■.QB- 


-PB : PB, 



Ba. 
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or 2.EP : Pb .: 2.EB : BP; 

:. Pb'' . PB' :: EP' : EB', 
Eb : EB 

Ab.ba : AB . Ba. 
This determines the ratio in which Bb is divided by P. 

204. If QAPa be an harmonic range and E the middle 
point of PQ, and if a circle be described on PQ as diameter, 
the lines joining any point R on this circle with P and Q 
will bisect the angles between AR and aR. 



For 



EA . Ea = EF' = ER* ; 




.: EA : ER :: ER : Ea, 
and the triangles ARE, aRE are similar. 
Hence 

But 



AR 


aR : 


: EA 


ER 






: EA 


EP. 


Ea : 


EP : 


: EP 


EA; 


aP . 


EP 


: AP 


: EA. 


AR 


: aR 


: AP 


:aP, 



Hence 
and ARa is bisected by RP. 

Hence, if A and a, B and b be conjugate points of a 
system in involution of which P and Q are the foci, it follows 
that AB and ah subtend equal angles at any point of the 
circle on PQ as diameter. 

This fact also affords a means of obtaining the relations 
of Art, 203. 
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We must observe that if the points J., a are on one side 
of the centre and B, b on the other, the angles subtended by 
AB, ah are supplementary to each other. 

205. Prop. VI. If four points form an harmonic range, 
their conjugates also form an harmonic range. 

Let A, B, G, I) he the four points, 

a, b, c, d their conjugates. 

d c b a A B C 1) 

e E p 

Then, as in the eighth line of Art. 203, 

EA : Ed :: AD : ad, . 

or ED : Ea :: AB : ad; 

.: AD .Ea = ED . ad. 

Similarly AO.Ea = EG.ac, 

BD.Eb=ED.bd. 

BC.Eb^EC.bc. 

But, ABGD being harmonic, 

AD : AG :: BD : BG; 

.: ED. ad : EG . ac :: ED . bd : EG . be. 

Hence ad : ac :: bd : be, 

or the range of the conjugates is harmonic. 

206. Prop. VII. If a system, of conies pass through four 
given points, any straight line vnll he cut by the system in a 
series of points in involution. 

The four fixed points being C, D, E, F, let the line meet 
one of the conies in A and a, and the straight lines GF, ED, 
in B and b. 

Then the rectangles AB . Ba, GB . BF are in the ratio 
of the squares on parallel diameters, as also are Ah . ha and 
Db . bE. 

But the squares on the diameters parallel to GF, ED 
are in the constant ratio KF . KG : KE . KD ; and, the 
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line Bb being given in position, the rectangles CB . BF and 
Db . bE are given ; therefore the rectangles AB . Ba, Ab . ba 
are in a constant ratio. 




But (Art. 203) this ratio is the same as that of PB' to 
Pb", if P be a focus of the involution A, a, B, b. 

Hence P is determined, and all the conies cut the line 
Bb in points which form with B,b & system in involution. 

We may observe that the foci are the points of contact of 
the two conies which can be drawn through the four points 
touching the line, and that the centre is the intersection of 
the line with the conic which has one of its asymptotes 
parallel to the line. 

207. Prop. VIII. If through any paint two tangents 
be drawn to a conic, any other straight line through the point 
will be divided harmonically by the curve and the chord of 
contact. 

Let AB, AG he the tangents, ADFE the straight line. 

Through D and E draw GBHK, LEMN parallel to BG. 

Then the diameter through A bisects BH, and BG, 
and therefore bisects QK ; hence GD = HK, and similarly 
LE = MK. 

Also LE : EN :: GD : DK; 

:. LE .EN : LE* :: GD . DK : GD", 

or LE.LM : GD . GH :: LE" : GD' 

:: LA' : GA\ 
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But LE . LM : OD . OH :: LB" : BG'; 
hence AL : AG :: BL : BG, 
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and therefore AE : AD :: FE : FD, 
that is, ADFE is harmonically divided. 

208. Prop. IX. If two tangents he drawn to a conic, 
any third tangent is hammnically divided by the two tangents, 
the curve, and the chord of contact. 




14 
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Let DEFG be the third tangent, and through G, the 
point in which it meets AC, draw GHKL parallel to AB, 
cutting the curve and the chord of contact in H, K, L. 

Then GH . GL : GC :: AB' : AC 

:: GK' : GC; 

.'. GH .GL = GK\ 

Hence D(? : BE* :: GK' : EE' 

GH .GL : EBf 

FG' : FE' ■ 

that is, DEFG is an harmonic range. 

209. Prop. X. Jf any straighi line meet two tangents to 
a conic in P and Q, the chord of contact in T and the conic in 
Rand V, 

PR.PV : QR. QV :: P2™ : Qr. 

Taking the preceding figure, draw the tangent DEFG 
parallel to PQ. 

Then 



and 
but 



210. Prop. XI. If chords of a conic be drawn through 
a fixed point the pairs of tangents at their extremities will 
intersect in a fixed line. 

Let B be the fixed point and G the centre, and let CB 
meet the curve in P. 

Take A in CP such that 

CA : GP :: CP : CB; 

then B is the middle point of the chord of contact of the 
tangents AQ, AR. 



PR. 


PV: 


EF* : 


: PB' 


: BE' 
: DE'; 


QR 


QV: 


GF' : 


: QG' 

: Qr 


: GC 
: DG'; 




EF 


: DE : 


: GF : 


DG; 


PR 


.PV 


pr : 


: QR. 


QV : Qr 
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Draw any chord EBF, and let the tangents at E and F 
meet in G : also join CG and draw PN parallel to EF. 




Then if GG meet EF in K and the tangent at P in T, 
GK . GG=GN.GT; 

.: CG : GT 



GN 


GK 


GP 


GB 


GA 


CP; 



hence AG is parallel to PT, and the point G therefore lies 
on a fixed line. 

If the conic be a parabola, we must take AP equal to 
BP: then, remembering that KG and NT are bisected by 
the curve, the proof is the same as before. 

211. If A. be the fixed point, let GA meet the curve in 
P, and take B in CP such that 

GB : CP :: CP : GA; 

then B is the middle point of the chord of contact of the 
tangents AQ, AR. 

14—2 
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Draw any chord AEF, and let the tangents at E and F 
meet in ; also join GG and draw PN parallel to EF. 




Then CK . GQ^CN . CT; 

:. CG : GT :: GN : GK 
:: GP : GA 
:: CB : GP; 

.: BG is parallel to PT and coincides with the chord of 
contact QR. 

Hence, conversely, if from points on a straight line pairs 
of tangents he drawn to a conic, the chords of contact will 
pass through a fixed point. 

Poles and Polars. 

212. Def. The straight line which is the locus of the 
points of intersection of tangents at the extremities of chords 
through a fixed point is called the polar of the point. 

Also, if from points in a straight line pairs of tangents he 
drawn to a conic, the point in which all the chords of contact 
intersect is called the pole of the line. 

If the pole be without the curve the polar is the chord of 
contact of tangents from the pole. 



POLES AND POLARS. 213 

If the pole be on the curve the polax is the tangent at 
the point. 

It follows at once from these definitions that the focus of 
a conic is the pole of the directrix, and that the foot of the 
directrix is the pole of the latus rectum. 

213. Pkop. XII. A straight line drawn through any 
point is divided harmonically by the point, the curve, and the 
polar of the point. 

If the point be without the conic this is already proved 
in Art. 207. 

If it be within the conic, as B in the figure of Art. 210, 
then, drawing any chord FBEV meeting in V the polar of 
B, which is AG, the chord of contact of tangents from V 
passes through B, by Art. 211, and the line VEBF is there- 
fore harmonically divided. 

Hence the polar may be constructed by drawing two 
chords through the pole and dividing them harmonically; 
the line joining the points of division is the polar. 

Or, in the figure of Art. 210, 

GB.GA= GP\ 

so that the polar of B is obtained by taking the point A on 
the diameter through B, at the distance from C given by the 
above relation, and then drawing jIC parallel to the diameter 
which is conjugate to OP. 

Cor. Hence it follows that the centre of a conic is the 
pole of a line at an infinite distance. 

For, if GB is diminished indefinitely, GA is increased 
indefinitely. 

214. PaOP. XIII. The polars of two points intersect in 
the pole of the line joining the two points. 

For, if A, B be the two points and the pole of AB, the 
line AO is divided harmonically by the curve, and therefore 
the polar of A passes through the point 0. 
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Similarly the polar of B passes through ; 

That is, the polars of A and B intersect iu the pole 
o{ AB. 

215. Prop. XIV. If a quadrilateral be inscribed in a 
conic, its opposite sides and diagonals will intersect in three 
points smh that eaxih is the pole of the line joining the other 
two. 

Let ABCD be the quadrilateral, F and G the points of 
intersection of AD, BG, and of DC, AB. 




Let EG meet FA, FB, in L and M. 

Then (Art. 200) FDLA and FCMB are harmonic ranges ; 

Therefore L and M are both on the polar of F (Art. 213), 
and EG is the polar of F. 

Similarly, EF is the polar of G, and therefore E is the 
pole of i'C (Art. 214). 

216. Def. If each of the sides of a triangle be the 
polar, with regard to a conic, of the opposite angular point, 
the triangle is said to be self-conjugate with regard to the 
conic. 

Thus the triangle EGF in the above figure is self-conju- 
gate. 
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To construct a self-conjugate triangle, take a straight 
line AB and find its pole C. 

Draw through G any straight line CD cutting AB in D, 
and find the pole E of CD, which lies on AB : then CDE is 
self-conjugate. 

217. Prop. XV. If a quadrilateral circumscribe a conic, 
its three diagonals form a self-conjtigate triangle. 

Let the polar of F (that is, the chord of contact P'P), 
meet FG in M ; then, since B, is on the polar of F, it follows 
that F is on the polar of R. 

Now F (AEBG) is harmonic (Art. 200), and, if FE meet 
P'P in T, P'TPR is an harmonic range; hence, by the 
theorem of Art. 213, FT, i.e. FE, is the polar of R. 




Similarly, if the other chord of contsict QQ' meet FG in 
R', GE is the polar of R ; 

.: E is the pole of RR', that is, of LK. 

Again, DEBK is harmonic, and therefore the pencil 
C{QEPK) is harmonic. 

Hence, if QP meet AG in S and CK in V, QSPV is 
harmonic, and therefore S is on the polar of V. 
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But S is on the polar of (7; therefore CV, that is, CK, is 
the polar of S. 

Similarly, if P'Q' meet AC in S', AK is the polar of /S'. 

Hence it follows that K is the pole of SS', that is, of EL ; 
ELK is therefore a self-conjugate triangle. 

218. Prop. XVI. If a system of conies have a comvwn 
self-conjugate triangle, any straight line passing through one 
of the angular paints of the triangle is cut in a series of points 
in involution. 

For, if ABC be the triangle, and a line APDQ meet BG 
in D, and the conic in P and Q, APDQ is an harmonic range, 
and all the pairs of points P, Q form with A and D an har- 
monic range. 

Hence the pairs of points form a system in involution, of 
which A and D are the foci. 

219. Prop. XVII. The pencil formed by the polars of 
the four points of an harmonic range is an harmonic pencil. 

Let ABCD be the range, the pole of AD. 

Let the polars Oa, Oh, Oc, Od meet AD in a, h, c, d, and 
let AD meet the conic in P and Q. 

d b c a 



B I> 



Then APaQ, CPcQ, &c. are harmonic ranges ; and there- 
fore (Arts. 201, 202) a, c, b, d are the conjugates of A, G, B, D. 

Hence (Art. 205) the range achd is harmonic, and there- 
fore the pencil (acbd) is harmonic. 
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1. If P<S/" is a focal chord of a conic, any other chord through (S 
is divided harmonically by the directrix and the tangents at P and P'- 

2. If two sections of a right cone be taken, having the same 
directrix, the straight line joining the corresponding foci will pass 
through the vertex. 

3. If a series of circles pass through the same two points, any 
transversal will be cut by the circles in a series of points in involution. 

4. If be the centre of the circle circumscribing a triangle ABC, 
and ffC, C'A', A'B', the respective polars with regard to a concentric 
circle of the points A, B, G, prove that is the centre of the circle 
inscribed in the triangle A'B'C. 

5. OA, OB, OC being three straight lines given in position, shew 
that there are three other straight lines each of which forms with 
OA, OB, OC an harmonic pencil ; and that each of the three OA, OB, OC 
forms with the second thriee an harmonic pencil 

6. The straight line ACBD is divided harmonically in the points 
C, B ; prove that if a circle be described on CD as diameter, any circle 
passing through .1 and B will cut it at right angles. 

7. Three straight lines AD, AE, AF are drawn through a fixed 
point A, and fixed points C, B, D are taken in AD, such that ACBD is 
an harmonic range. Any straight line through B intersects AE and 
AF in E and F, and CE, DF intersect in P; DE, CF in Q. Shew 
that P and Q always lie in a straight line through A, forming with 
AD, AE, AF an harmonic pencil 

8. CA, CB are two tangents to a conic section, a fixed point in 
AB, POQ any chord of the conic; prove that the intersections of 
AP, BQ, and also of AQ, BP lie in a fixed straight line which forms 
with GA, CO, CB an harmonic pencil. 

9. If three conies pass through the same four points, the common 
tangent to two of them is divided harmonically by the third. 

10. Two conies intersect in four points, and through the intersection 
of two of their common chords a tangent is drawn to one of them ; 
prove that it is divided harmonically by the other. 

11. Prove that the two tangents through any point to a conic, any 
line through the point and the line to the pole of the last line, form an 
harmonic pencil. 
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12. The locus of the poles, with regard to the auxiliary circle, of 
the tangents to an ellipse, is a similar ellipse. 

13. The asymptotes of an hyperhola and any pair of conjugate 
diameters form an harmonic pencil. 

14. PSQ and PS'R are two focal chords of an ellipse ; two other 
ellipses are described having P for a common focus, and touching the 
first ellipse at Q and R respectively. The three ellipses have equal 
major axes. Prove that the directrices of the last two ellipses pass 
through the pole of QR. 

15. Tangents from T touch an ellipse in P and Q, and PQ meets 
the directrices in R and R'; shew that PR and QR' subtend equal 
angles at T. 

16. The poles of a given straight hne, with respect to sections 
through it of a given cone, all lie upon a straight line passing through 
the vertex of the cone. 

IT. If from a given point in the axis of a conic a chord be drawn, 
the perpendicidar from the pole of the chord upon the chord will meet 
the axis in a fixed point. 

18. Q is any point in the tangent at a point P of a. conic ; QG per- 
pendicular to CP meets the normal at P in C, and QE perpendicular 
to the polar of Q meets the normal a,t Pin £; prove that £G is con- 
stant and equal to the radius of curvature at P. 

19. The line joining two fixed points A and B meets the two fixed 
lines OP, OQ in P and Q. 

A conic is described so that OP and OQ are the polars of A and B 
with respect to it. Prove that the locus of its centre is the line OR, 
where R divides .^^ so that 

AR : RB :: QR : RP. 

20. If from a point in the normal at a point R of an ellipse 
tangents OP, OQ are drawn, the angles PRO, QRO are equaL 

21. The focal distances of a point on a conic meet the curve again 
in Q, R; shew that the pole of QR will lie upon the normal at the first 
point. 

22. The tangent at any point ^ of a conic is cut by two other 
tangents and their chord of contact in B, C, D; shew that {ABDC) is 
harmonic. 

23. A rectangular hyperbola circumscribes a triangle ABC; if 
D, H, Fhe the feet of the perpendiculars from A, B, C on the opposite 
sides, the loci of the poles of the sides of the triangle ABC are the lines 
EF, FD, BE. 
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24. Two common chords of a given ellipse and a circle pass through 
a given point; shew that the locus of the centres of all such circles is 
a straight line through the given point. 

25. If A BCD is a quadrilateral inscribed in a conic, and if AD, 
BC meet in P, and AC, BD in Q, PQ passes through the pole of AB. 

26. PCP is any diameter of an ellipse. The tangents at the points 
D, E intersect in F, and PE, FD intersect in G. Shew that FG is 
parallel to DCD. 

27. PP' is a chord of a conic, §§" any chord through its pole. 
Prove that lines drawn from P parallel to the tangents at Q and ^ to 
meet PQ, and P^ respectively are bisected by QQf. 

28. If the pencil joining four fixed points on a conic to any one 
point on the conic is harmonic, the pencil joining the fixed points to 
any point on the conic is harmonic. 

29. If PQ is the chord of a conic having its pole on the chord AB 
or AB produced, and if Qq is the chord parallel to AB, then Pq bisects 
AB. 

30. If a quadrilateral circumscribe a conic, the intersection of the 
lines joining opposite points of contact is the same as the intersection 
of the diagonal. 



CHAPTER XII. 
Reciprocal Polars. 

220. The pole of a line with regard to any conic being 
a point and the polar of a point a line, it follows that any 
system of points and lines can be transformed into a system 
of lines and points. 

This process is called reciprocation, and it is clear that 
any theorem relating to the original system will have its 
analogue in the system formed by reciprocation. 

Thus, if a series of lines be concurrent, the corresponding 
points are coUinear; and the theorem of Art. 219 is an 
instance of the effect of reciprocation. 

221. Def. If a point move in a curve (C), its polar will 
always touch some other curve (C); this latter curve is called 
the reciprocal polar of ((7) with regard to the auxiliary conic. 

Prop. I. If a curve C be the polar of G, then will C be 
the polar of C. 

For, if P, P' be two consecutive points of C, the intersec- 
tion of the polais of P and P' is a point Q, which is the pole 
of the line PF. 

But the point Q is ultimately, when P and P" coincide, 
the point of contact of the curve which is touched by the 
polar of P. 

Hence the polar of any point Q of C is a tangent to the 
curve G. 
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222. So far we have considered poles and polars gene- 
rally with regard to any conic ; we shall now consider the 
case in which a circle is the auxiliary curve. 

In this case, if AB be a line, P its pole, and CY the per- 
pendicular from the centre of the circle on AB, the rectangle 
CP . OY is equal to the square on the radius of the circle. 

A simple construction is thus given for the pole of a line, 
or the polar of the point. 

As an illustration take the theorem of the existence of 
the orthocentre in a triangle. 

Let AOD, BOE, COF be the perpendiculars, being the 
orthocentre. 

The polar reciprocal of the line BG is a point A', and of 
the point A a line B'C 

To the line AD corresponds a point P on B'C, and since 
ADB is a right angle, it follows that P>SiJ.' is a right angle, 
S being the centre of the auxiliary circle. 

And, similarly, if SQ, SB, perpendiculars to SB', SC, 
meet G'A' and A'R in Q and R, these points correspond to 
BE and GF. 

But AD, BE, GF are concurrent ; 

.". P, Q, R are collineai. 

Hence the reciprocal theorem, 

If from any point S lines be drawn perpendicular respect- 
ively to SA', SF, SG', and tneeting EG', G'A', A'B' in P, Q, 
and R, these points are collinear. 

As a second illustration take the theorem. 

If A, B be two fixed points, and AG, BG at right angles to 
each other, the locus of G is a circle. 

Taking 0, the middle point of AB, as the centre of the 
auxiliary circle, the reciprocals of A and B are two parallel 
straight lines, PE, QF, perpendicular to AB ; the reciprocals 
of A G, BG are points P, Q on these lines such that POQ is a 
right angle, and PQ is the reciprocal of G. 
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Hence, the locus of G being a circle, it follows that PQ 
always touches a circle. 

The reciprocal theorem therefore is, 

If a straight line PQ, bounded by two parallel straight 
lines, subtend a right angle at a point 0, halfway between the 
lines, the line PQ always Umches a circle, having for its 
centre. 

223. Prop. II. The reciprocal polar of a circle with 
regard to another circle, called the auadliary circle, is a conic, 
a focus of which is the centre of the auxiliary circle, and the 
corresponding directrix the polar of the centre of the recipro- 
cated circle. 

Let S be the centre of the auxiliary circle, and KX the 
polar of G, the centre of the reciprocated circle. 




Then, if P be the pole of a tangent QF to the circle C, 
SP meeting this tangent in F, 

SP.8Y=SX.SC. 

Therefore, drawing SL parallel to QY, 
SP : SG :: SX : QL. 
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But, by similar triangles, 

SP : SO :: SAT : GL; 
.•.SP:SG::NX:CQ, 
or SP : PK :: 80 : GQ. 

Hence the locus of P is a conic, focus S, directrix KX, 
and having for its eccentricity the ratio of SO to CQ. 

The reciprocal polar of a circle is therefore an ellipse, 
parabola, or hyperbola, as the point S is within, \ipon, or 
without the circumference of the circle. 

224. Prop. III. To find the latus rectum and axes of 
the reciprocal conic. 

The ends of the latus rectum are the poles of the tan- 
gents parallel to SO. 

Hence, if 8R be the semi-latus rectum, 
SR.OQ=SE\ 
SE being the radius of the auxiliary circle. 




The ends of the transverse axis A, A' are the poles of the 
tangents at F and Q ; 

■.SA.SG = SE\ 

and 8A'.SF = SE\ 
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Let SU, 8U' be the tangents from 8, then 
8G . 8F=SU'', 
.■.SA'-.SG-.-.SE'-.SU") ,. 

and >Sf^ : SF :: 8E' : SU'] ^"-'' 

Hence A A' : FG :: SE^ : SIT, 

or, if be the centre of the reciprocal, 

AO-.CQ:: SE' : SCP. 
Again, if BOB' be the conjugate axis, 
BO'^SR.AO; 
therefore, since SE' = 8R . CQ, 

BO' : SE" :: AO : CQ 
:: ,Sf^' : SIP 
and B0.SU=8E\ 

The centre 0, it may be remarked, is the pole of UV. 
For, from the relations (a), 

SE' : SIP :: SA + SA' : 8F + SG 
80: SG 

80 .SM:80. SM: 
.•.S0.SM=SE'. 

225. In the figures drawn in the two preceding articles, 
the reciprocal conic is an hyperbola; the asymptotes are 
therefore the lines through perpendicular to 8U a,nd SU', 
the poles of these lines being at an infinite distance. 

The semi-conjugate axis is equal to the perpendicular 
from the focus on the asymptote (Art. 103), i.e. if OD be the 
asymptote, SD is equal to the semi-conjugate axis. 

Further, since OD is perpendicular to SU, and is the 
pole of UU', it follows that I) is the pole of CU, and that 

SD.8U=SE', 

as we have already shewn. 
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Again, D, being the intersection of tLe polars of C and IT, 
is the intersection of SU and the directrix. 

226. If the point S be within the circle, so that the 
reciprocal is an ellipse, the axes are given by similar rela- 
tions. 

Through 8 draw £fF perpendicular to FQ, and let UMV 
be the polar of S with regard to the circle. 




Then SM.8C=SC.CM-S(P = Cr-80* = 8Tr'; 
also, SE being the radius of the auxiliary circle, 

SA.8F=8E' = SA'.8G, 
and SF.SG = 8r'; 

.-. 8A : 8G :: SE* : 8V\ 
8A' : 8F :: SE* : 8ry 
Hence 80 : 80 :: 8E' : 8V, 

and 80.8M:SC. 8M :: 8E* : 8T; 

.■.S0.8M = 8E', 
so that is the pole of UU'. 

Again 8A + SA' : 8F+ 8G :: 8E* : SV\ 

.: AO : CQ :: 8E' : 8V\ 
If B8Bf is the latus-rectum, 

8R.CQ=8E\ 
B. c. s. 15 
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and if BOlff is the minor axis 

SR.AO = BO*; 
.: BO* :SE':: SE' : ST, 
and BO.Sr = SE\ 

227. The important Theorem we have just considered 
enables us to deduce from any property of a circle a cor- 
responding property of a conic, and we are thus furnished 
with a method, which may serve to give easy proofs of 
known properties, or to reveal new properties of conies. 

In the process of reciprocation we observe that points 
become lines and lines points; that a tangent to a curve 
reciprocates into a point on the reciprocal, that a curve 
inscribed in a triangle becomes a curve circumscribing a 
triangle, and that when the auxiliary curve is a circle, the 
reciprocal of a circle is a conic, the latus rectum of which 
varies inversely as the radius of the circle. 

Also, conversely, the reciprocal of a conic with regard to 
a circle having its centre at a focus of the conic is a circle 
the centre of which is the reciprocal of the directrix of the 
conic. 

For an ellipse the centre of reciprocation is within the 
circle, for a parabola it is upon the circle, and for an 
hyperbola it is outside the circle. 

228. We give some transformations of theorems as 
illustrations of the preceding articles. 

Theobeu. Reciprocal. 

The line joining the points of The tangents at the ends of a 

contact of parallel tangents of a focal chord intersect in the direc- 
circle passes through the centre. trix. 

The angles in the same seg- If a moveable tangent of a 

ment of a circle are equal. conic meet two fixed tangents, the 

intercepted portion subtends a 
constant angle at the focus. 
Two of the common tangents If two conies have the same 

of two equal circles are paraUel. focus, and equal latera recta, the 

straight line joining two of their 
common points passes through the 
focua. 
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Theorem. 

The tangent at any point of a 
circle is perpendicular to the 
diameter through the point. 

A chord of a circle is equally 
inclined to the tangents at ite 
ends. 

If a chord of a circle subtend 
a constant angle at a fixed point 
on the curve, the chord always 
touches a circle. 



If a chord of a circle pass 
through a fixed point, the rect- 
angle contained by the segments 
is constant. 

If two chords be drawn from 
a fixed point on a circle at right 
angles to each other, the line 
joining their ends passes through 
the centre. 

If a circle be inscribed in a 
triangle, the lines joining the ver- 
tices with the points of contact 
meet in a point. 

The sum of the reciprocals of 
the radii of the escribed circles of 
a triangle is equal to the reciprocal 
of the radius of the inscribed circle. 



The common chord of two in- 
tersecting circles is x>erpendicular 
to the line joining their centres. 



If circles pass through two 
fixed points, the locus of their 
centres is a straight line. 

Two tangents to a conic at 
right angles to each other inter- 
sect on a fixed circle. 



Hecipbocal. 

The portion of the tangent to 
a conic between the point of con- 
tact and the directrix subtends a 
right angle at the focus. 

The tangents drawn from any 
point to a conic subtend equal 
angles at a focus. 

If two tangents of a conic move 
so that the intercepted portion of 
a fixed tangent subtends a con- 
stant angle at the focus, the locus 
of the intersection of the moving 
tangents is a conic having the 
same focus and directrix. 

The rectangle contained by the 
perpendiculars from the focus on 
two parallel tangents is constant. 

If two tangents of a conic 
move so that the intercepted por- 
tion of a fixed tangent subtends a 
right angle at the focus, the two 
moveable tangents meet in the di- 
rectrix. 

If a triangle be inscribed in a 
conic the tangents at the vertices 
meet the opposite sides in three 
points lying in a straight line. 

With a given point as focus, 
four conies can be drawn circum- 
scribing a triangle, and the latus 
rectum of one is equal to the sum 
of the latera recta of the other 
three. 

If two parabolas have a com- 
mon focus, the hne joining it to 
the intersection of the directrices 
is perpendicular to the common 
tangent. 

If conies have a fixed focus and 
a pair of fixed tangents in common, 
the corresponding directrices all 
pass through a fixed point 

Chords of a circle which sub- 
tend a right angle at a fixed point 
all touch a conic of which that 
point is a focus. 
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229. Prop. IV. A system of coaxal circles can he 
reciprocated into a system ofconfocal conies. 

Let X be the point at which the radical axis crosses thie 
line of centres, and let E and S be the limiting points of the 
system. 

Then XE is equal to the length of the tangent XD to 
any one of the circles, and, therefore, if A is the centre of 
this circle, AD is the tangent at D to the circle whose centre 
is X and radius XE. 

Hence it follows that AE .AS = AD'', shewing that UIF, 
the polar of S with regard to the circle A, passes through E. 

Reciprocating with regard to S, the centre of the re- 
ciprocal curve is the pole of UW, and is consequently fixed; 
and the conies are therefore confocal. 

Hence, if we reciprocate with regard to either limiting 
point, we obtain confocal conies. 

In the particular case in which the circles all touch the 
radical axis, we obtain confocal and coaxial parabolas. 

230. Prop. V. The reciprocal polar of a conic with 
regard to a circle, or with regard to any conic, is a conic. 

Taking any two tangents of the conic, their reciprocal 
polats are points on the reciprocal curve, and the reciprocal 
polar of their point of intersection is the chord joining the 
points. 

Since only two tangents can be drawu from a point to a 
conic, it follows that the reciprocal curve is always intersected 
by a straight line in two points only. 

It follows therefore that the reciprocal curve is a conic. 

In reciprocating a conic with regard to a circle, the 
reciprocal polar is an ellipse, parabola, or hyperbola, according 
as the centre 8 of the circle is inside, upon, or outside the 
conic. 

In the second case the axis of the parabola is parallel to 
the normal at the point S, and in the third case the 
asymptotes are perpendicular to the tangents which can be 
diuwn from the point jS to the conic. 
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When the auxiliary curve is a conic, centre S, the first 
of the preceding statements holds good. 

When the point S is on the conic, the axis of the parabola 
is parallel to the diameter of the auxiliary conic, vrhich is 
conjugate to the tangent at S. 

When the point S is outside the conic, the asymptotes of 
the hjrperbola are parallel to those diameters of the auxiliary 
conic which are conjugate to the straight lines through 8 
touching the conic to be reciprocated. 

The follomng cases will serve to illustrate the theorem 
of this article. 

231. The reciprocal polar of a parabola with regard to a 
point on the directrix is a rectangular hyperbola. 

For the two tangents from the point are at right angles 
to each other, and therefore the asymptotes are at right angles 
to each other. 

232. The reciprocal polar of an ellipse or hyperbola, with 
regard to its centre, is a similar curve turned through a right 
angle about the centre. 

If OY is the perpendicular on the tangent at P, and Q 
the reciprocal of the tangent, CQ . CT is constant. 

But CT . CD is constant ; 

.•. CQ varies as CD, 

and the reciprocal curve is the same as the original curve, or 
similar to it. 

233. The chords of a conic which subtend a right angle 
at a fixed point P of a conic all pass through a fixed point 
in the normal at P. 

Reciprocating with regard to P, the reciprocal curve is a 
parabola, the axis of which is parallel to the normal to the 
conic, and the reciprocal of the chord is the point of inter- 
section of tangents at right angles to each other. 

The locus of this point is the directrix of the parabola, 
and, being at right angles to the normal, it follows, on 
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reciprocating backwards, that the chord passes through a 
fixed point E in the normal. 

To find the position of the point E, 

let C be the centre of the conic, CA, CB its semi-axes, and 
PNP' the double ordinate, and let the normal meet the 
axes in G and g. 

Since GA and CB bisect the angle PGF and its 
supplement, 

G{BPAP') is an harmonic pencil ; 

.•. PGEg is an harmonic range, so that PE is the 
harmonic mean between PG and Pg. 

In the case of an hyperbola EGPg is an harmonic range. 

In the case of a parabola, E is the point of intersection of 
the normal with the diameter through P'. 

234. The chords of a conic which subtend a right angle 
at a fixed point not on the conic all touch a conic of which 
that point is a focus. 

Reciprocating with regard to 0, the reciprocal of the 
envelope of the chords is the director circle of a conic, and 
therefore, reciprocating backwards, it follows that the en- 
velope of the chords is a conic of which is a focus. This 
of course includes the preceding theorem as a particular case, 
the fact being that when is on the conic the envelope of the 
chords is a conic, with a vertex and focus at E, flattened 
into a straight line. 

235, If the sides of a triangle are tangents to a parabola, 
the orthocentre of the triangle is on the directrix of the parabola. 

This theorem is at once obtained by reciprocating, with 
regard to the orthocentre of the triangle, the theorem, proved 
in Art. 143, that, if a rectangular hyperbola passes through 
the angular points of a triangle, it also passes through the 
orthocentre of the triangle. 
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1. If any triangle be reciprocated with regard to its orthocentre, 
the reciprocal triangle will be similar and similarly situated to the 
original one and will have the same orthocentre. 

2. If two conies have the same focus and directrix, and a focal 
chord be drawn, the four tangents at the points where it meets the 
conies intersect in the same point of the directrix. 

3. An eUipse and a parabola have a common focus ; prove that the 
ellipse either intersects the parabola in two points, and has two common 
tangents with it, or else does not cut it. 

4. Prove that the reciprocal polar of the circumscribed circle of a 
triangle with regard to the inscribed circle is an eUipae, the major axis 
of which is equal in length to the radius of the inscribed circle. 

5. Reciprocate with respect to any point S the theorem that, if 
two points on a circle be given, the pole of PQ with respect to that 
circle lies on the line bisecting PQ at right angles. 

6. If two parabolas whose axes are at right angles have a common 
focus, prove that the part of the common tangent intercepted between 
the points of contact subtends a right angle at the focus. 

7. The tangent at a moving point P of a conic intersects a fixed 
tangent in Q, and from S a straight line is drawn perpendicular to SQ 
and meeting in R the tangent at P ; prove that the locus ot R ia a, 
straight line. 

8. Four parabolas having a common focus can be described touching 
respectively the sides of the triangles formed by four given points. 

9. A triangle ABC circumscribes a parabola, focus S; through 
ABG lines are drawn respectively perpendicular to SA, SB, SC ; shew 
that these lines are concurrent. 

10. Prove that the distances, from the centre of a circle, of any 
two poles are to one another as their distances from the alternate 
polars. 

11. Reciprocate the theorems, 

(1) The opposite angles of any quadrilateral inscribed in a 
circle are equal to two right angles. 

(2) If a line be drawn from the focus of an eUipse making a 
constant angle with the tangent, the locus of its intersection 
with the tangent is a circle. 
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12. The locos of the intersection of two tangents to a parabola 
which include a constant angle is an hyperbola, having the same focus 
and directrix. 

13. Two ellipses having a common focus cannot intersect in more 
than two real points, but two hyperbolas, or an ellipse and hyperbola, 
may do bo. 

14. ABC is any triangle and P any point: four conic sections 
are described with a given focus touching the sides of the triangles 
ABC, PBC, PC A, PAB respectively ; shew that they all have a common 
tangent. 

15. TP, TQ are tangents to a parabola cutting the directrix 
respectively in X and T ; ESF is a s^aight line drawn through the 
focus 5 perpendicular to ST, cutting TP, TQ respectively in JE, F; 
prove that the lines ET, XF are tangents to the parabola. 

16. With the orthocentre of a triangle as focus, two conies ore 
described touching a side of the triangle and having the other two sides 
as directrices respectively ; shew that their minor axes are equal 

17. Two parabolas have a common focus S ; parallel tangents are 
drawn to them at P and Q intersecting the common tangent in P" and 
^; prove that the angle PSQ is equsd to the angle between the axes, 
and the angle P'SQ[ is supplementiuy. 

18. ABC is a given triangle, S a given point; on BC, CA, AB 
respectively, points A', ff, C are taken, such that each of the angles 
ASA', BSff, CSC, is a right angle. Prove that A', B, C lie in the 
same straight line, and that the latera recta of the four conies, which 
have S for a common focus, and respectively touch the three sides of 
the triangles ABC, ABC, A' EC, A! EC are equal to one another. 

19. A parabola and hyperbola have the same focus and directrix, 
and SPQ is a line drawn through the focus S to meet the parabola in P, 
and the nearer branch of the hyperbola in Q ; prove that i'Q varies as 
the rectangle contained by SP and SQ. 

20. If two equal parabolas have the same focus, the tangents at 
points angularly equidistant from the vertices meet on the common 
tangent. 

21. If an ellipse and a parabola have the same focus and directrix, 
and if tangents are drawn te the ellipse at the ends of its major axis, 
the diagonals of the quadrilateral formed by the four points where 
these tangents cut the parabola intersect in the focus. 

22. Find the reciprocals of the theorems of Arts. 215 and 217. 

23. If a conic be reciprocated with regard to a point, shew that 
there are only two positions of the point, such that the conic may be 
similar and similarly situated to the reciprocal 



TffYAMPT.TnS , 233 

24. Conies are described having a common focus and equal latera 
recta. Also the corresponding directrices envelope a fixed confocal 
conic Prove that these conies all touch two fixed conies, and that the 
reciprocals of the latera recta of these fixed conies are equal to the sum 
and difference of the latera recta. of the variable conies and of the fixed 
confocaL 

25. Given a point, a tangent, and a focus of a conic, prove that the 
envelope of the directrix is a conic passing through the given focus. 

26. Two conies have a common focus : their corresponding direc- 
trices will intersect on their common chord, at a point whose focal 
distance is at right angles to that of the intersection of their common 
tangents. 

If the conies are parabolas, the inclination of their axes will be the 
angle subtended by the common tangent at the common focus. 

27. If the intercept on a given straight line between two variable 
tangents to a conic subtends a right angle at the focus of the conic, the 
tangents intersect on a conic. 

28. The tangent at P to an hyperbola meets the directrix in Q ; 
another point R is taken on the directrix such that QR subtends at the 
focus an angle equal to that between the transverse axis and an 
asymptote ; prove that RP envelopes a parabola. 

29. S is the focus of a conic; P, Q two points on it such that 
the angle PSQ is constant ; through S, SR, ST are drawn meeting the 
tangents a.t P,Qm R, T respectively, and so that the angles PSR, QST 
are constant ; shew that RT always touches a conic having the same 
focus and directrix as the original conic. 

30. OA, OB are common tangents to two conies having a common 
focus ;Si, CA, CB are tangents at one of their points of intersection, 
BD, AE tangents intersecting CA, CB, in 2), E. Prove that SHE is a 
straight line. 

31. An hyperbola, of which S is one focus, touches the sides of 
a triangle ABC; the lines SA, SB, SC are drawn, and also lines 
SD, SE, SF respectively perpendicular to the former three lines, 
and meeting any tangent to the curve in D, E, F ; shew that the lines 
AD, BE, CF ajB concurrent. 

32. If a conic inscribed in a triangle has one focus at the centre of 
the circumscribed circle of- the triangle, its tran.sverse axis is equal 
to the radius of that circle. 

33. If any two diameters of an ellipse at right angles to each other 
meet the tangent at a fixed point P in Q and R, the other two tangents 
through Q and R intersect on a fixed straight Une which passes through 
a point T on the tangent at P, such that PCT is a right angle. 



CHAPTER XIII. 

The Construction of a Conic from Given Conditions. 

236. It will be found that, in general, five conditions 
are sufficient to determine a conic, but it sometimes happens 
that two or more conies can be constructed which will satisfy 
the given conditions. We may have, as given conditions, 
points and tangents of the curve, the directions of axes or 
conjugate diameters, the position of the centre, or any 
characteristic or especial property of the curve. 

Pkop. I. To construct a parabola, passing through three 
given points, and having the direction of its aans given. 

In this case the fact that the conic is a parabola is one of 
the conditions. 




Let P, Q, R be the given points, and let RE parallel to 
the given direction meet PQ in E. 
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If E be the middle point of PQ, R is the vertex of the 
diameter RE; but, if not, bisecting PQ in V, draw the 
diameter through V and take A such that 

AV : RE :: QV' : QE.EP. 

Then A is the vertex of the diameter A V. 

If the point E do not fall between P and Q, A must be 
taken on the side of PQ which is opposite to R. 

The focus may then be found by taking A U such that 

qV* = 4iAV.AU, 

and by then drawing US parallel to QV and taking AS 
equal to A U. 

237. Prop. II. To describe a parabola through /our 
given points. 

First, let ABGD be four points in a given parabola, and 
let the diameter CF meet AD in F. 




Draw the tangents PT, QT parallel to AD, BC, and the 
diameter QV meeting PT in V. 
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Then 



ED.EA : EG.EB 



TV* : TQ' 
EF' : EC. 

Hence the construction ; in EA take EF such that 
EF* : EC* :: ED.EA : EG.EB, 

then CF is the direction of the axis, and the problem is 
reduced to the preceding. 

If the point F be taken in AE produced, another para- 
bola can be drawn, so that, in general, two parabolas can be 
drawn through four points. 

238. This problem may be treated differently by help 
of the theorem of Art. 52, viz. ; 

If from a point 0, outside a parabola, a tangent OM, 
and a chord OAB he dravm, amd if the diameter ME meet the 
chord in E, 

OE* = OA.OB. 




Let A, B, G, D be the given points, and let E, E', 
F, F', be so taken that 

OE' = OE'*==OA.OB. 
and 0F'=0F'* = OG.OR 
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Then EF and E'F' are diameters, and KL, the polar 
of 0, will meet EF and E'F' in M, N, the points of contact 
of tangents from 0. 

The second parabola is obtained by taking for diameters 
EF' and E'F. 



239. Pbop. III. Any conic passing through four points 
has a pair of conjugate diameters parallel to the axes of the 
two parabolas which can be drawn through the four points. 




Let TP, TQ be the tangents parallel to OAB and OCL, 
and such that the angle PTQ is equal to A OC. 

Then, if OE' = OA . OB, and OF^^OG . OD, 
OE' : OF' :: OA.OB : OC.OD 

.-. EF is parallel to PQ. 

Hence, if R and V be the middle points of EF and PQ, 
OR is parallel to TV; 

But, taking OF' equal to OF, OR is parallel to EF', 

.: TV and PQ are parallel to EF' and EF; 

i.e. the conjugate diameters parallel to TV and PQ are 
parallel to the axes of the two parabolas. 
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240. Peop. IV. Having given a pair of conjugate dia- 
meters, POP", DCiy, it is required to construct the ellipse. 

In CP take E such that PE.PO= CD', draw PF per- 
pendicular to CJ), and take FC equal to FG. 




About CEG' describe a circle, cutting PF in G and G' ; 
then 

PG.PG' = PE.PG=GD', 

and GGG' is a right angle ; therefore CG and CG' are the 
directions of the axes and their lengths are given by the 
relations, 

PG .PF = BC, 

PG'.PF = AG^. 
We may observe that, being the centre of the circle, 
AC* + BG' = PF.PG + PF. PG' 
= 2.PF. PC 
= 2.PG.PN, 
if JV be the middle point of CE, 

'^PC'+PG.PE 
= CP' + ciy. 
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If PE' be taken equal to PE in GP produced, and the 
same construction be made, we shall obtain the axes of an 
hyperbola having GP, GD for a pair of conjugate semi- 
diameters. 

241. This problem may be treated also as follows. 

In PF, the perpendicular on GD, take 

PK =PE'=GD; 
then PK*=PO.PG', 

and therefore K'GKG' is an harmonic range ; and GGG' 
being a right angle, it follows (Art. 199), that GG and GG' 
are the bisectors of the angles between GK and GE'. 

Hence, knowing GP and GD, G and G' are determined. 

242. Prop. V. Having given the/ocua and three points 
of a conic, to find the directrix. 

Let A, B, G, 8 be the three points and the focus. 
Produce BA to D so that 

BD : AD :: SB : SA, 
and GB to E, so that 

BE : CE :: SB : SG; 
then DE is the directrix. 

The lines BA, BG may be also divided internally in the 
same ratio, so that four solutions are generally possible. 

Conversely, if three points A, B, G and the directrix are 
given, let BA, BG meet the directrix in D and E; then 8 
Hes on a circle, the locus of a point, the distances of which 
from A and B are in the ratio of AD to DB. 

8 lies also on a circle, similarly constructed with regard 
to BGE; the intersection of these circles gives two points, 
either of which may be the focus. 
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243. Prop. VI. Having given the centre, the directions 
of a pair of conjugaie diameters, and two points of an ellipse, 
to describe the ellipse. 

If be the centre, GA, CB the given directions, and 




P. Q the points, draw QM^, PLP' parallel to CB and CA, 
and make Q'M= QM and P'i = PL. 

Then the ellipse will evidently pass through P" and Q', 
and if CA, CB be the conjugate radii, their ratio is given by 
the relation 

CA' : CB' :: EP.EF : EQ.EQ, 
E being the point of intersection of P'P and Q'Q. 

Set up a straight line ND perpendicular to GA and such 
that 

ND" : NP' :: EP.EF : EQ. EQ, 

and describe a circle, radius CD and centre G, cutting CA in 
il, and take 

CB : CA :: JVP : ND. 

Then AN.NA''=ND\ 

and PiT : ^iV. NA' :: CF' : GA\ 

Hence CA, CB are determined, and the elhpse passes 
through P and Q. 
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244. Pbop. VII. To describe a conic passing thrc/ugh 
a given point and tofuching two given straight lines in given 
points. 

Let OA, OB be the given tangents, J. and £ the points of 
contact, JV" the middle point of AB. 




1st. Let the given point D be in OJV; then, if ND = OB, 
the curve is a parabola. 

But if i\rD < OD, the curve is an ellipse, and, taking C 
such that DC . CN = GJy, the point G is the centre. 

If ND > OD, the curve is an hyperbola, and its centre 
is found in the same manner. 

2nd. If the given point be E, not in ON, draw GEF 
parallel to AB, and make FL equal to EL. 

Take K such that 

GK'=GE.GF; 

then AK produced will meet ON in D, and the problem is 
reduced to the first case. 

To justify this construction, observe that, if DM be the 
tangent at D, 

GE.GF : GA* :: DM^ : MA' 
:: GK* : GA\ 
so that GE.GF =GIP. 

B. c. s. 16 
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245. Prop. VIII. To draw a conic through five given 
points. 

Let A,B,C,D, E be the five points, and F the inter- 
section of DE, AB. 




Draw CO, CH, parallel respectively to AB and ED, and 
meeting ED, AB in G and H. 

If F and O fall between D and E, and F and H between 
A and B, take GP in C(? produced and HQ in C^ produced, 
such that 

CG.QP : DG. GE :: AF.FB : DF. FE, 
and C7S..ffQ : AH.HB :: DF.FE : AF.FB; 

Then (Arts. 92 and 134) P and Q are points in the 
conic. 

Also PC, AB being parallel chords, the line joining their 
middle points is a diameter, and another diameter is ob- 
tained from GQ and DE. 

If these diameters are parallel, the conic is a parabola, 
and we fall upon the case of Prop. II. ; but if they intersect 
in a point 0, this point is the centre of the conic, and, 
having the centre, the direction of a diameter, and two 
ordinates of that diameter, we fall upon the case of Prop. VI. 
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The figure is drawn for the case in which the pentagon 
AEBGD is not re-entering, in which case the conic may be 
an ellipse, a parabola, or an hyperbola. 

If any one point fall within the quadrilateral formed by 
the other four, the curve is an hyperbola. 

In all cases the points P, Q must be taken in accordance 
with the following rule. 

The points G, P, or 0, Q must be on the same or different 
sides of the points G, or H, according as the points D, E, or 
B, A are on the same or different sides of the points G or H. 

Thus, if the point E be between B and F, and if G be 
between D and E, and H between A and B, the points P 
and G will be on the same side of G, and G, Q on the same 
side of H, but if H do not fall between A and B, G and Q 
will be on opposite sides of H. 

Bemembering that if a straight line meet only one 
branch of an hyperbola, any parallel line will meet only one 
branch, and that if it meet both branches, any parallel will 
meet both branches, the rule may be established by an 
examination of the different cases. 

246. The above construction depends only on the ele- 
mentary properties of Conies, which are given in Chapters 
I, II, III, and IV. For some further constructions we shall 
adopt another method depending on harmonic properties. 

Prop. IX. Hairing given two pairs of lines OA, OA', 
a/nd OB, OB, to find a pair of lines OG, OG', which shall 
make with each of the given pairs an harmonic pencil. 

This is at once effected by help of Art. 203. 

For, if any transversal cut the lines in the points c, a, h, 
c', h', a', the points c, c' are the foci of the involution, in 
which a, a' are conjugate, and also h, h', the centre of the 
involution being the middle point of cc'. 

16—2 
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247. Prop. X. If two points and two tangents of a 
conic he given, Uie chord of contact intersects the given chord 
in one of tuoo fixed points* . 

Let OP, OQ be the given tangents, A and B the given 




points, and G the intersection of AB and the chord of con- 
tact. 

Let OC be the polar of C, and let AB meet OC in D. 

Then (7 is on the polar of D, and therefore DBCA is an 
harmonic range. 

Also, O being on the polar of C, C'QGP is an harmonic 
range. 

Hence if two lines OG, OG' be found, which are har- 
monic with OA, OB, and also with OP, OQ, these lines 
intersect AB in two points G and D, through one of which 
the chord of contact must pass. 

Or thus, if the tangents meet AB in a and h, find the 
foci G and I) of the involution AB, ab; the chord of contact 
passes through one of these points. 

* I am indebted to Mr Wortbington for mach valoabls assistance in this 
chapter, and especially for the constmctions of Aitides 247, 249, 260, 
and 263. 
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248. Prop. XI. Having given, three ■points and two 
tangents, to find the chord ofcoriact. 

In the preceding figure let OP, OQ be the tangents, and 
A, B, E the points. 

Find OG, 00' harmonic with OA, OB, and OP, OQ ; also 
find OF, OG harmonic with OA, OE and OP, OQ. 

Then any one of the four lines joining C or D to F or G 
is a chord of contact, and the chord of contact and points of 
contact being known, the case reduces to that of Art. 244. 

Hence four such conies can in general be described. 

249. Prop. XII. To describe a conic, passing through 
two given points, and touching three given straight lines. 

Let AB, the line joining the given points, meet the given 
tangents QR, RP, PQ, in N, M, 1. 




Find the foci G, D of the involution A, B and L, M; 

Then YZ, the polar of P, passes through G or D, 
Art 247. 

Also find the foci, E, F, of the involution A, B, and 
M, N; then XT, the polar of R, passes through F or E. 

Let ZX meet PR in T; then T is on the polar of Q, and 
QFisthepolar of r. 

Hence TXC/i? is harmonic; 

therefore MEVG is harmonic. 
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This determines V, and, joining QV. -we obtain the point 
of contact F. 

Then, joining 7C and YE, Z and X are obtained, and 
X, T, Z being points of contact, we have five points, and 
can describe the conic by the construction of Art. 245, 
or by that of Art. 252. 

Since either G or D may be taken with B or F, there are 
in general four solutions of the problem. 

250. Prop. XIII. To describe a conic, having given 
four points and one tangent. 

Let A, B, C, D be the given points, and complete the 
quadrilateral. 

1<f 




Then J? is the pole of FG, and if the given tangent KL 
meet FG in K, E is on the polar of K; therefore me other 
tangent through K forms an harmonic pencil with KF, KL, 
KE. 

Hence two tangents being known, and a point E in the 
chord of contact, if we find two points P, J^in A, B, such 
that KP, KF are harmonic with KA, KB, and also with 
KL, KL', we shall have two chords of contact EP, EP", 
and therefore two points of contact for KL and also for KL'. 

Hence two conies can be described. 

We observe that if two conies pass through four points, 
their common tangents meet on one of the sides of the self- 
conjugate triangle EFO. 
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251. Pbop. XIY. Oivenfowr tangents and one point, to 
construct the conic. 

Let ABGD be the given circumscribing quadrilateml, 
and E the given point. Completing the figure, draw LEF 




through E and F, and complete the harmonic range LEFE'; 
then, since F is the pole of HQ (Art. 217), E' is a point in 
the conic. 

Also; since K is the pole of FA (Art. 217), the chord of 
contact of the tangents AB, AB, passes through K. 

Hence the construction is the same as that of Art. 250, 
and there are two solutions of the problem. 

252. Prop. XV. Given five points, to construct the conic. 

Let A, B, G, D, E be the five points, and complete the 
quadrilateral ABGD. 

Then H is the pole of FQ, and FG passes through the 
pointe of contact P, Q of the tangents firom H. 

Join HE, cutting FG in K, and complete the harmonic 
range HEKE' ; then E' via. point in the conic. 

Also AE, BE' will intersect FG in the same point F', 
and E'A, EB will also intersect FG in the same point G'. 
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But OPFQ and G'PF'Q are both harmonic ranges, there- 
fore P and Q are the foci of an involution of which F, Q and 
F', 6' are pairs of conjugate points. 




Hence, finding these foci, P and Q, the tangents HP, HQ 
are known, and the case is reduced to that of Prop. VII. 

Hence only one conic can be drawn through five points. 

253. Phop. XVI. Given five tangents, to find ike points 
of contact. 

Let ABODE be the circumscribing pentagon. Con- 




sidering the quadrilateral FBGB, join FG, BD, meeting 
vaK. 
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Then (Art. 217) K is the pole of the line joining the 
intersections of FB, CD, and of FD, BG; that is, the chords 
of contact of BF, CD, and of BC, FD meet in K. 

Similarly if BG, AG meet in L, the chords of contact of 
AB, GG, and of BC, AG meet in L. 

Hence KL is the chord of contact of AB, CD, and there- 
fore determines M, N the points of contact. 

Hence it will be seen that only one conic can be drawn 
touching five lines. 



CHAPTER XIV. 

The Oblique Cylinder, the Oblique Cone, and the 
Conoids. 

254. Def. If a straight line, which is not perpendicular 
to the plane of a given circle, move parallel to itself, and 
always pass through the circumference of the circle, the 
surface generated is called an oblique cylinder. 

The line through the centre of the circular base, parallel 
to the generating lines, is the axis of the cylinder. 

It is evident that any section by a plane parallel to the 
axis consists of two parallel lines, and that any section by a 
plane parallel to the base is a circle. 

The plane through the axis perpendicular to the base is 
the principal section. 

The section of the cylinder by a plane perpendicular to 
the principal section, and inclined to the axis at the same 
angle as the base, is called a subcontrary section. 

255. Prof. L The svhoontrary section of an oblique 
cylinder is a circle. 

The plane of the paper being the principal plane and 
APB the circular base, a subcontrary section is DPE, the 
angles BAE, BE A being equal. 

Let PQ be the line of intersection of the two sections ; 
then 

PN. NQ or PIT = BN. NA. 



But 



OBLIQUE CTLINDEE. 



251 




and DPE is a circle. 

256. Pkop. II. The section of an oblique cylinder by 
a plane which is not parallel to the base or to a subcontrary 
section is an ellipse. 

Let the plane of the section, DPE, meet any circular 
section in the line PQ, and let AB be that diameter of the 




(nrcular section which is perpendicular to PQ, and bisect PQ 
in the point F. 

Let the plane through the axis and the line AB cut the 
section DPE in the line DFE. 



Then 



Pr = AF.FB. 
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But if DE be bisected in G. and GEO be the circular 
section through C parallel to APB, 

AF : FD :: CG : CD. 

and FB : FE :: CG : CD; 




:.AF.FB : DF.FE :: CG^ : Glf; 
hence, observing that CG = CK, 

Pr : DF.FE :: GK' : CD: 

But, if a series of parallel circular sections be drawn, PQ 
is always parallel to itself and bisected by DE ; 

Therefore the curve DPE is an ellipse, of which CD, GK 
are conjugate semi-diameters. 

257. Def. If a straight line pass always through a fixed 
point and the circumference of a fixed circle, and if the fixed 
point be not in the straight line through the centre of the 
circle at right angles to its plane, the surface generated is 
called an oblique cone. 

The plane containing the vertex and the centre of the 
base, and also perpendicular to the base, is called the principal 
section. 

The section made by a plane not parallel to the base, but 
perpendicular to the principal section, and inclined to the 
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generating lines in that section at the same angle as the 
base, is called a subcontrary section. 

258. Prop. III. The suhcontrary section of an oblique 
cone is a circle. 

The plane of the paper being the principal section, let 




APB be parallel to the base and DPE a subcontrary section, 
so that the angle 

ODE = OAB, 
and OED = DBA. 

The angles DBA, DEA being equal to each other, a 
circle can be drawn through BDAE. 

Hence, if PN^Q be the line of intersection of the two 
planes APB and EPD, 

DK.NE^BN.NA, 
= PN.KQ; 

therefore DPE is a circle. 

And all sections by planes parallel to DPE are circles. 

Planes parallel to the base, or to a subcontrary section, 
are called also Cyclic Planes. 
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259. Pbop. IY. The section of a cone by a plane not 
parallel to a cydic plane is an Ellipse, Parahola, or Hyper- 
bola. 

(1) Let the section, DPS, meet all the generating lines 
on one side of the vertex. 




Let any circular section cut DPE in PQ, and take AB 
the diameter of the circle which bisects PQ. 

The plane OAB will cut the plane of the section in a line 
DNE. 

Draw OK parallel to BE and meeting in K the plane of 
the circular section through D parallel to APB, and join 
DK, meeting OE in F. 

Then AN : ND :: KD : OK, 

and BN : NE :: KF : OK; 

therefore AN.NB : DN.NE :: KD.KF : 0K\ 

or PN" : DN.NE :: KD.KF : 0K\ 

But if a series of circular sections be drawn the lines PQ 
will always be parallel, and bisected by DE ; 
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Therefore the curve BPE is an ellipse, having DE for 
a diameter, and the conjugate diameter parallel to PQ, and 
the squares on these diameters are in the ratio of KD . KF 
to 0K\ 

(2) Let the section be parallel to a tangent plane of the 
cone. 

If OB be the generating line along which the tangent 
plane touches the cone, and BT the tangent line at £ to a 




circular section through B, the line of intersection PQ will 
be parallel to BT,&nA therefore perpendicular to the diameter 
BA through B. 

Let the, plane BOA cut the plane of the section in DN. 

Then, drawing DK parallel to AB, 

BF= KD, 

and AN : ND :: KD : OK ; 

therefore AK.NB : ND.KD :: KD : OK, 

or PN' : ND.KD :: KD : OK, 

and KD, OK being constant, the curve is a parabola having 
the tangent at D parallel to PQ. 

If the plane of the section meet both branches of the 
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cone, make the same construction as before, and we shall 
obtain, in the same manner as for the ellipse. 




FN' : DN.NE :: DK.KF : OK', 

OK being parallel to BE. 

Therefore, since the point iV is not between the points 
D and K, the curve DP is an hyperbola. 

Conoids. 

260. Def. If a conic revolve about one of its principal 
axes, the surface generated is called a conoid. 

If the conic be a circle, the conoid is a sphere. 

If the conic be an ellipse, the conoid is an oblate or a 
prolate spheroid according as the revolution takes place 
about the conjugate or the transverse axis. 

If it be an hyperbola the surface is an hyperboloid of one 
or two sheets, according as the revolution takes place about 
the conjugate or transverse axis, and the surface generated 
by the asymptotes is called the asymptotic cone. 

If the conic consist of two intersecting straight lines, the 
limiting form of an hyperbola, the revolution will be about 
one of the lines bisecting the angles between them, and the 
conoid will then be a right circular cone. 
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261. Pbop. V. A section of a paraboloid hy a plane 
parallel to the aais is a parabola equal to the generating 
parabola, and any other section not perpendicular to the axis 
is an ellipse. 

Let PVN be a section parallel to the axis, and take the 




plane of the paper perpendicular to the section and cutting 
it in VK 

Take any circular section DPE, cutting the section PVN 
in PNP'. 

Then PN is perpendicular to DE, 

and PN^ = DN.NE 

= DG^-NC^ 

= 4iA8.AC-^AS.Au 

= ^A8.VN; 

therefore the curve VP is a parabola equal to EAD. 

Again, let BPF be a section not parallel or perpendicular 
to the axis, but perpendicular to the plane of the paper ; 

Then, BN . NF = iSQ . VN, OG being the diameter 
bisecting BF (Art. 51) ; 

therefore PN* : BN . NF :: AS : 8G, 

and the curve BPN is an ellipse. 

17 
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Moreover if the plane BF move parallel to itself, 8G 
is unaltered, and the sections hy parallel planes are similar 
ellipses. 

In exactly the same manner, it may be shewn that the 
oblique sections of spheroids are ellipses, and those of hyper- 
boloids either ellipses or hyperbolas. 

262. Prop. VL The sections of an hyperboloid and its 
asymptotic cone by a plane are similar curves. 

Taking the case of an hyperboloid of two sheets, let 
BPF, dP"/, be the sections of the hyperboloid and cone, 




P'PN the line in which their plane is cut by a circular sec- 
tion GPK or gPk. 

Through D draw LDl perpendicular to the axis ; then, 
since 

PIP^GN.NK, and FlT^gN.Nk, 

P'N* : dN.Nf :: gN.Nk : dN .Nf, 

:: LD.W : Dd.Df, 

:: BC : CE' 

if CE be the semidiameter parallel to DF; 
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and PIT : DN.JHTF :: GN.NK : DN.NF 

:: BC' : C^» (Art. 134) ; 

therefore the curves DPF, dP"/ have their axes in the same 
ratio, and are similar ellipses. 

In the same manner the theorem can be established if 
the sections be hyperbolic, or if the hyperboloid be of one 
sheet. 



263. Prop. VII. If an hyperboloid of one sheet be cut 
by a tangent plane of the asymptotic cone, the section will 
consist of two parallel straight lines. 

Let AQ, A'Q be a section through the axis, CN the 
generating line, in the plane CAQ, along which the tangent 




plane touches the cone; and PNP" the section with this 
tangent plane of a circular section QPQ'. 

Then PN^ = QN.]!fQ' 

= AC (Alt. 106) = BG*, 

therefore, if BOB' be the diameter, perpendicular to the 
plane CAQ, of the principal circular section, 

PN=BG and P'N^SG; 

therefore PB and P'B' are each parallel to CN; that is, the 
section consists of two parallel straight lines. 

17—2 
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264. Peop. VIII. The section of an hyperboloid of one 
sheet by a plane parallel to its axis, and touching the central 
circular section, consists of two straight lines. 

Let the plane pass through A, and be perpendicular to 
the radius CA of the central section (fig. Art. 263). 

The plane will cut the circular section QPQ in a line 
RLR', and 

Rr = QL.LQf = QM" - AC, 

if M be the middle point of QQ'. 

But QM'-AC : CM' :: AG' : B(P; 

therefore RL : AL •.-.AG : BG; 

hence it follows that ^i2 is a fixed line ; and similarly AR' 
is also a fixed line. 

It will be seen that these lines are parallel to the section 
of the cone by the plane through the axis perpendicular 
to GA. 

265. Prop. IX. If a conoid he cut hy a plane, amd 
if spheres he inscribed in the conoid touching the plane, the 
points of contact of the spheres with the plane will he the foci 
of the section, and the lines of intersection of the planes of 
contact with the plane of section will he the directrices. 

In order to establish this statement, we shall first demon- 
strate the following theorem ; 

If a circle touch a conic in two points, the tangent from 
any point of the conic to the circle hears a constant ratio 
to its distance Jrom the chord of contact. 

Take the case of an ellipse, the chord of contact being 
perpendicular to the transverse axis. 

If EME be this chord, the normal EG is the radius of 
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the circle, and if PT be a tangent from a point P of the 
ellipse, 

Pr = PG' - GE' 

= PN' + NG' - EM' - MG\ 




But EAP-PN' : CN'-CM' :: BG' : AC, 
and CN' - CilP = il/iV (CM + (7iV"). 

Let the normal at P meet the axis in G' ; 
then XG' : CN :: BC : AC^, 

and 2IG : CM :: BC : AC ; 

therefore NG' + MG : GN+CM :: BC : AC. 

Hence EiM' - PN^ = MK (NG' + MG). 

Also NG'^ - M(? = MN (NG + MG) ; 

therefore Pr = MN (NG + MG) - MN(NG' + MG) 
= MN.GG'. 



But 
and 
therefore 



CG : CM 
CG' : CN 
GG' : MN 



SC : AC\ 
SC -.AC; 
SC : AC. 
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Hence PT : PU :: 80* : AG*, 

PL being equal to MN. 

This being established let the figure revolve round the 
axis AC, and let a plane section ap of the conoid, perpen- 
dicular to the plane of the paper, touch the sphere at S and 
cut the plane of contact JEE" in lie. 

From a point p of the section let fall the perpendicular 
pm on the plane EE', draw mk perpendicular to Ik, and 
join pk. 

Then pm : pk is a, constant ratio. 

Also taking the meridian section through p, pS is equal 
to the tangent from p to the circular section of the sphere, 
and is therefore in a constant ratio to pm ; 

Hence 8p is ix> pk in a. constant ratio, 

and therefore 8 is the focus and kl the directrix of the 
section ap. 

266. If the curve be a parabola focus 8', the proof is as 
follows : 

PT* = PG' - ECP 

= PN* + NGP'-EM*-MG' 

= MN (NG + MG) -^AS.MN 

= MN {NO + MG) - 2MG . MN 

= MN\ 

It will be found that the theorem is also true for an 
hyperboloid of two sheets, and for an hyperboloid of one 
sheet, but that in the latter case the constant ratio of PT to 
PL is not that of 8C to AC. 

267. The geometrical enunciation of the theorem also 
requires modification in several cases. To illustrate the 
difficulty, take the paraboloid, and observe that if the normal 



coKoms. 263 

at E cuts the axis in O, and if be the centre of curvature 
at^, 

A6>A0, 
and the radius of the circle is never less than AO. 

This shews that a circle the radius of which is less than 
AO cannot be drawn so as to touch the conic in two points. 

We may mention one exceptional case in which the 
theorem takes a simple form. 

In general 

EG' = EM* + MQ^ = 4^<Sf' {AM+AS') 
= 4iAS.8'0. 

Taking the point g between 8' and 0, describe a circle 
centre g and such that the square on its radius = ^AS' . Sg. 

Also take a point F in the axis produced such that 

AF=Og; 

it will then be found that the tangent from P to the circle 
will be equal to NF. 

When g coincides with 8', the circle becomes a point, 

and AF=AS'; 

we thus fall back on the fiindamental definition of a parabola. 

It will be found that if the plane section of the conoid 
pass through ^, the point ^ST is a focus of the section. 



CHAPTER XV. 
Conical Projection. 

268. If from aaj fixed point straight lines are drawn 
to all the points of a figure, the section by any plane of the 
lines thus drawn is the conical projection of the figure upon 
that plane. 

The fixed point is called the vertex of projection, and the 
plane is called the plane of projection. 

Taking the eye as the vertex of projection, the conical 
projection of any figure upon a plane is a perspective drawing 
of diat figure as seen by the eye. 

A straight line is projected into a straight line, for the 
plane through the vertex and the straight line intersects the 
plane of projection in a straight line. 

A tangent to a curve is projected into a tangent to the 
projection of the curve, for two consecutive points of a curve 
project into two consecutive points. 

Hence it follows that a pole and polar project into a pole 
and polar. 

Again, the degree of a curve is unaltered by projection, for 
any number of coUinear points project into the same number 
of collinear points. 

In particular, the projection of a conic on any plane is a 
conic. 

269. Any straight line in a figure can be projected to an 
infinite distance. 

This is effected by taking the plane of projection parallel 
to the plane through the vertex of projection and the straight 
line. 
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270. A system of concurrent straight lines in a plane can 
be projected into a system of parallel straight lines, and a 
system of parallel straight lines can be projected into a system 
of concurrent straight lines. 

The first of these is effected by taking for plaue of pro- 
jection any plane parallel to the straight line joining the 
vertex of projection and the point of concurrence. 

The second is effected by taking for plane of projection 
any plane not parallel to the direction of the parallel straight 
lines. 

271. A7iy angle in a plane can be projected, on any other 
plane, into any other angle. 

Let AGB be the angle to be projected, and let DEFhe 
the plane upon which it is to be projected. 

Take any plane parallel to DEF, intersecting iu A and B 
the lines forming the angle ACB, and take any point in 
the plane. 




Then, if CA, OB, CO, meet the plane of projection in 
o, b, c, the angle acb is the projection of the angle ACB from 
the vertex upon the plane DEF. 
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Now OA, OB are parallel to ca, c& ; therefore the angle 
acb is equal to the angle AOB. 

If then we describe on AB an arc of a circle containing 
an angle equal to any given angle, and take any point on 
the arc as vertex of projection, the angle ACB will be pro- 
jected into the given angle. 

It will be seen that the arc of a circle may be described 
on the other side of the plane GAB, so that the locus of 
on the plane OAB consists of two equal arcs on the same 
base. 

If the plane of projection be assigned, it follows, since 
the plane OAB may be taken at any distance from C, that 
the locus of O consists of portions of two oblique cones 
having their common vertex at C. 

If the plane of projection be not assigned, but if the line 
AB be assigned, the locus of will be the surface generated 
by the revolution, about AB, of the arc of the circle. 

If the angle ACB is to be projected into a right angle, 
the locus of will be the sphere described upon AB as 
diameter. 

If the assigned plane, DEF, be parallel to OA, the locus 
of on the plane OB A will be the straight line BO making 
with BA the angle OBA equal to the supplement of the 
angle into wbicb ACB is to be projected. 

In the particular case in which this angle is a right angle 
the locus of will be the straight line BO perpendicular to 
BA. 

If it be required to project two given angles in a plane 
into two other given angles in any other plane, we can con- 
struct two arcs of circles in a plane parallel to this other 
plane, and, if these arcs intersect, the position of is de- 
termined. 

272. To project a given quadrilateral into a square. 

Let ABCDhe the quadrilateral, and let AC,BD intersect 
in E, AD, BC in F, and BA, CD in Q. 



CONICAL PBOJECnON. 267 

Then if is the vertex of projection, taken anywhere, 
the quadrilateral will be projected into a parallelogram on 
any plane parallel to OFQ. 

If be taken on the sphere of which FG is diameter, 
the projection on any plane parallel to OFG will be a 
rectangle, for the angles subtended by FG aX A, B, G, D 
project into right angles. 

If AC and BD meet FG in L and M, and if be taken 
on the circle which is the intersection of the spheres on FG 
and LM as diameters, the angle LEM will be projected into 
a right angle, so that the projection of ABCD will be a 
rectangle, the diagonals of which are at right angles, and 
therefore will be a square. 

273. The projection of an harmonic range is an harmonic 
range. 

This is proved in Art. 198. 

The projection of a circle is a conic. 
This is proved in Art. 259. 

As an illustration it is easily shown for a circle that, if a 
diameter ^P passes through an external point T and intersects 
in V the polar of T,pVPT is an harmonic range. 

By projection we at once obtain the theorems of Art. 78 
andof Art. 117. 

274. To project a conic into a circle, so that the projection 
of a given point inside the conic shall be the centre of the 
projection. 

Let E be the given point, AEB the chord bisected at 
E and PEp the diameter passing through E. 

Then, if we project the polar of E to an infinite distance, 
and the angles AEP, APB into right angles, the projection 
of the conic will be a circle, the centre of which is the pro- 
jection of the point E. 

For the centre is the pole of a line at an infinite distance, 
and, the projection of AEP being a right angle, the projec- 
tions of AB and Pp are the principal axes of the projection. 
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Also, the projection of APB being a right angle, it foUows 
that the projection of the conic is a circle. 

Another method will be to take points C, C, D, D' on the 
polar of E, such that CED, CEIf are self-conjugate triangles, 
and then to project CD to an infinite distance and the angles 
CED, C'EU into right angles. 

The projection will be a conic, having the projection of E 
for its centre, and also having two pairs of conjugate diameters 
at right angles to each other ; that is, it will be a circle. 

In a subsequent article this question will be treated in a 
different manner. 

If the point E is outside the conic, we can project the 
conic into a rectangular hyperbola, of which the projection of 
E is the centre. 

For, if PQ is the chord of contact of tangents from E, all 
we have to do is to project PQ to an infinite distance, and 
PEQ into a right angle. 

We can also project the conic into an hyperbola of any 
given eccentricity. 

For, if the eccentricity is given, the angle between the 
asymptotes is given, and we can project PQ to an infinite 
distance and PEQ into the given angle. 

275. To project a cordo on a given plane so that the 
projection of a point S inside the conic shaU be a focus of the 
projection. 

Let the tangent at any point P and any stra^ht line 
through ;Si meet the polar of S in .F and X. 

Then, if we project the angles 8XF, FSP into right 
angles, the projections of S and FX are the focus and 
directrix of the projection. 

If at the same time we project to an infinite distance the 
polar of any point E on XS, the projection of E will be the 
centre of the projection of the conic. 
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276. If tvM comics in different plames have two points 
in convmon, two cones of the second order can be drawn passing 
through them, or, in other words, each can be projected into 
the other. 

Let AB be the common chord, F and D its poles with 
regard to the conies. 

Take any point j^in AB, and let the plane FED meet the 
conies in the points P, p, Q, q, and let pq intersect DF in 0. 




If from the conic BPAp be projected on to the plane 
of the other conic, the projection will be a conic touching the 
conic BQAq at A and B, so that it will have four points in 
common with BQAq, and will also have the point q in 
common with BQAq. 

Now it is proved in Art, 252, that only one conic can be 
drawn through five points. 

Hence the projection, having five points in common with 
BQAq, coincides with it entirely. 

It will be observed that OPQ is a straight line, Pp being 
projected into Qq. 
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The point is therefore the vertex of a quadric cone 
which passes through the two conies. 

The vertex of another such cone is obtained by producing 
qP orpQ to meet DF* 

277. A conic can be projected into a circle so that the 
projection of any point inside the conic shall be the centre of 
the circle. 




Let E be the point inside the conic and let AB he the 
chord of which E is the middle point. 

Describe a circle on AB as diameter in any plane passing 
through AB. 

Observing that the pole of AEB with regard to the circle 
is at an infinite distance, draw through F, the pole of AB 
with regard to the conic, the line FL parallel to that diameter, 
QEq, of the circle which is perpendicular to AB. 

* I am indebted to Mr H. F. Baker, Fellow and Lecturer of St John's 
College, for having called my attention to this theorem and to the mode of 
proof which is here given. The theorem is given in Foncelef s Treatise, and 
also in the article on Projections in the last edition of the Encyclopaedia 
Bntatmiea. 
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The plane EFL will cut the conic in the diameter Pp, and 
the circle in the diameter Qq. 

If pg, qP intersect FL in and 0', these two points will 
be vertices from which the conic can be projected into a 
circle, the centre of which is the projection of the point E. 

Since FO : Fp :: Eq : Ep :: EA : Ep, 

it follows that, for different positions of the plane through 
AB, FO is constant, so that may be taken anywhere on 
the circle, centre F, in the plane through F perpendicular to 
the chord AEB. 

Further, FO : FP :: EQ : EP :: EA : EP, 

.: FO* iFP.Fp :: EA* : EP . Ep :: Olf : OF', 

DGd being the semidiameter of the conic which is conju- 
gate to GP. 

The length FO is thus 'determined when the position of 
the point E, inside the conic, is given, and, if we take as the 
vertex of projection any point on the circle, centre F, as 
described above, the projection of the conic on any plane 
parallel to AEB and FO will be a circle. 

If the conic is an ellipse, it follows that FO is equal to 
the ordinate FR, conjugate to Pp, of the hyperbola in the 
plane of the ellipse which has the same conjugate diameters 
PCp and DCd. 




If the conic is an hyperbola, FO is equal to the ordinate 
Fit of an ellipse in the plane of the hyperbola which has the 
same conjugate diameters PGp and DCd. 

This hyperbola or this ellipse constructed outside the 
given conic may be called the associated conic. 
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If the conic is a parabola, the points and 0' are obtained 
by drawing Hnes through q and Q parallel to the axis of the 
parabola. 

In this case, 

FO^ = E^ = EA*= *8P . PE= 4>SP . PF, 

80 that the associated conic is a parabola. 

If the conic is a circle, the associated conic is a rectangular 
hyperbola. 

If the conic is an ellipse, the axes of which are indefinitely 
small, that is, if it is reduced to a point, the associated conic 
lapses into two straight lines, which are at right angles to 
each other if the point is the limit of a circle. 

278. If the point E be outside the conic, or, in other 
words, if the polar of E intersect the conic, it is not possible 
to project the conic into a circle, so that the projection of E 
shall be the centre of the circle. 

In this case the conic can be projected into a rectangular 
hyperbola, having the projection of the point E for its centre. 

Let RUhe the chord of contact of the tangents from E, 
and take any point on the surface of the sphere of which 
RUis& diameter. 

Then the projection of the conic from the vertex on 
any plane parallel to J20^will be an hyperbola, and, since 
ROUiB a right angle, it will be a rectangular hyperbola. 

279. If two conies in a plame are entirely exterior to each 
other, they can in general be projected, from, the sa/me vertex, 
into circles on the sa/me plane. 

Draw four parallel tangents to the conies, and let ^be the 
point of intersection of the diameters, PGp and QOq, joining 
the points of contact. 

Also, let FR, FR' be the ordinates through F, parallel to 
the tangents, of the associated conies. 

If ^ is so situated that these ordinates are equal, the 
locus of the vertices from which the two conies can be pro- 
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jected into circles will be the same, that is, it will be the 
circle of which F is the centre, and FR the length of the 
radius, in the plane through F perpendicular to FR. 




In this case, taking any point on the circle as the 
vertex, the two conies wUl be projected into circles on any 
plane parallel to the plane 0^22, and the centres of the 
circles will be the projections of E and E', the respective 
poles of FR with regard to the conies. 

280. For different directions of the tangents, the points, 
F,R,R', will take up different positions, and for all directions 
of the tangents the loci of these points will be continuous 
curves. 

The loci of R and R' will, in general, intersect each other; 
that is to say, there will be, in general, positions of F such 
that FR and FR' are equal. 

Taking a particular case, let F be so situated that FR' is 
greater than FR ; then taking F at the point where its locus 
meets the conic 0, FR' vanishes, and therefore, between 
these two positions of F, there must be some position such 
that FR' is equal to FR. 

B. C. s. 18 
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We may observe that the locus of J" passes through G and 
G, the centres of the two conies. 

For, if CG is conjugate to the parallel tangents of the 
conic G, the point F is at G, and, if CG is conjugate to the 
parallel tangents of the conic G, the point F is at G. 

When FR' is equal to FR, the line thus obtained is called 
by Poncelet the Ideal Secant of the two conies. 

281. In a similar manner if one conic is entirely inside 
another they can, in general, be projected into circles, one of 
which will be inside the other. 

Also two conies intersecting in two points may be pro- 
jected into two intersecting circles. 

Two conies intersecting in four points, or having contact 
at two points, cannot be projected into circles, but they can 
be projected into rectangular hyperbolas. 

282. The method of projections enables us to extend to 
conies theorems which have been proved for a circle, and 
which involve, amongst other ideas, harmonic ranges, poles 
and polars, systems of collinear points, and systems of con- 
current lines. 

For instance, the theorems of Arts. 208 and 210 are easily 
proved for a circle, and by this method are at once extended 
to conies. 

Take as another instance Pascal's theorem, that the opposite 
sides of any hexagon inscribed in a conic intersect in three 
collinear points. 

If this be proved for a circle, the method of conical 
projection at once shews that it is true for any conic. 

The following very elementary proof of the theorem for 
a circle is given in Caicdcm's Th&trimes et Problimes de 
OSomitrie EUmentaire. 

Let ABGDEF be the hexagon, and let AB and ED meet 
in G, BG and FE in H, FA and DC in K. 
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Also let ED meet BC in M and AF in N, and let BC 
meet AFm L. 

Then we have the relations, 

LA.LF=LB.LG, MG.MB = MD.ME, 

NE.ND = NF.NA. 

K 




18—2 
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Also, the trian^e LMN being cut by the three tians- 
versals AG, DK, FN, we have the relations, 

LB.MG.NA = LA.MB.MG 
LC . MD.NK = LK.MC.ND 
LH.ME.NF=LF.MH.NE. 

Multiplying together these six equalities, taking account 
of the relations previously stated, and cutting out the factors 
common to the two products, we obtain 

LH.MG.FK=LK.MH.NG; 

.'. G, H, K are coUinear. 

Brianchon's theorem that, if a hexagon circumscribe a 
conic, the three opposite diagonals are concurrent is proved at 
once by observing that it is the 'reciprocal polar of Pascal's 
theorem. 

283. Stereographic and Gnomonic Projections. 

If a point on the surface of a sphere be taken as the 
vertex of projection, and if the plane of projection be parallel 
to the tangent plane at the point, the projection of any 
figure drawn on the surface of the sphere is called its 
stereographic projection. 

If however the centre of 'the sphere be taken as the 
vertex of projection, and any plane be taken as the plane of 
projection, the projection of any figure drawn on the surface 
of the sphere is called its gnomonic projection. 

The stereographic projection of a circle drawn on the 
surface of the sphere is a circle ; for it can be easily shewn 
that it is a subcontrary section of the oblique cone formed by 
the vertex of projection and the circle on the sphere. 

The gnomonic projection of a circle on the sphere is 
obviously a conic. 

These projections are sometimes described in treatises on 
Astronomy, and in these treatises the vertex for stereographic 
projection is taken at the south pole of the earth, and, for 
gnomonic projection, at the centre of the earth ; and, in both 
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cases, the plane of projection is taken parallel to the plane of 
the equator. 

284. It win be seen that the discussions which are given 
in this chapter are confined entirely to cases of real projection. 

The chapter is intended to be simply an introduction to a 
large and important subject. 

The method of conical projections is due to Poncelet, and 
is worked out with great fulness and elaboration in his work 
entitled, TraiU des PropriiMs Projectives des Figures (Second 
edition, 1865, in two quarto volumes). 

In this work Poncelet extends the domain of pure geometry 
by the interpretation and use of the law of continuity, and, 
as one of its applications, by the introduction of the imaginary 
chord of intersection, or, as-it is called by Poncelet, the ideal 
secant of two conies. 

Amongst English writers, the student will find valuable 
chapters on projections in Salmons Conies, and in the large 
work on the Geometry of Conies, by Dr C. Taylor, the Master 
of St John's College, Cambridge. 

There is also an important work by Cremona, on Projective 
Geometry, which has been translated by Leudesdorf (Second 
edition, 1893). 
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1. If two conies have the same directrix, their common points are 
concyclic. 

2. If a focal chord of a parabola is bisected in V and the line 
perpendicular to it through V meets the axis in G, SO is half the 
chord. 

3. If the perpendicular to CP from a point P of an ellipse meets 
the auxiliary circle in Q, PQ varies as PJT. 

4. A A' and Sff are the axes, and 8 is one of the foci of an elUpse ; 
if a parabola is described with <S' as focus and passing through B and £', 
its vertex bisects SA or SA'. 

5. Tangents to an eUipse at P, p intersect on an axis; if the 
perpendicular from p on the tangent at P intersects CP in L, the locus 
of ir is a simiUur ellipse. 

6. The normal to a hyperbola at P meets the axes in O and g 
respectively. Prove that the circle circumscribing SPQ is touched 
^jSg. 

7. If a tangent to an ellipse meets a pair of conjugate diameters in 
points equidistant from the centre, the locus of the points is a circle. 

8. If ellipses are described on AB aa diameter, touching BC, the 
points of contact of tangents from C are on a straight line. 

9. If PI, Pm be drawn perpendicular to CL, CM respectively, shew 
that the centre of the circle Plm lies on a fixed hyperbola. 

10. PSQ, PER are focal chords of an ellipse, QT, RT the tangents 
at Q and R. Shew that PT is the normal at P. 

11. A, B are two fixed points. Through them a system of circles 
is drawn. Through A draw any two lines meeting the circles in the 
points C-iDi, CjZ),, &c. Shew that the lines CD all touch a parabola, 
focus B, which also touches the lines AC, AD. 
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12. From any two points j1, £ on an ellipse four lines are drawn to 
the foci iS^, H. Shew that BA . HB and SB . HA are to one another as 
the squaies of the perpendiculars from a focus on the tangents at A 
andjB. 

13. If two points of a conic and the angle subtended by these points 
at the focus are given, the Une joining the focus with the intersection 
of the tangents always passes through a fixed point. 

14. If normals to an ellipse are drawn at the extremities of chords 
I)arallel to one of the equi-conjugate diameters, pairs of such normals 
intersect on the line through the centre perpendicular to the other 
diameter. 

16. From the point in which the tangent at any point P of a 
hyperbola cuts either asymptote perpendiculars are dropped upon the 
axes. Prove that the line joining the feet of these perpendiculars 
passes through P. 

16. Tangents are drawn to an ellipse parallel to conjugate diameters 
of a second given ellipse. Shew that the locus of their intersection is 
an ellipse similar and similarly situated to the second ellipse. 

17. A focus of a conic inscribed in a triangle being given, find the 
points of contact. 

18. The normals at P and Q, the ends of a focal chord PSQ, intersect 
in K, and KNia perpendicular to PQ ; prove that NP and SQ are equal 

19. If CR, ST, HZ be perpendiculars upon the tangent at a point 
P such that CR=GS, prove that R lies on the tangent at B, and that 
the perpendicular from R on SH will divide it into two parts equal to 
ST, HZ respectively. 

20. If a parabola, having its focus coincident with one of the foci of 
an ellipse, touches the conjugate axis of the ellipse, a common tangent 
to the ellipse and parabola will subtend a right angle at the focus. 

21. Two tangents TP and TQ are drawn to an ellipse, and any 
chord TRS is drawn, F being the middle point of the intercepted part; 
QF meets the ellipse in P" ; prove that PP" is parallel to ST. 

22. \iS, S' are the foci of an ellipse and ST, S' T' the perpendiculars 
on any tangent, XT, X'T' meet on the minor axis, and, if PN is the 
ordinate of P, NT and NT' are perpendicular to XT and X'T' 
respectively. 

23. A circle through the centre of a rectangular hyperbola cuts the 
curve in the points A, B,C, D. Prove that the circle circumscribing 
the triangle formed by the tangents at A, B, C passes through the 
centre of the hyperbola. 
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24. If the tangent at a point P of an ellipse meets any pair of 
parallel tangents in M, N, and if the circle on JUlf as diameter meets 
the normal at P in K, L, then KL is equjJ to BCD', and CK, CL are 
equal to the sum and difference of the semi-axes. 

25. From a point two tangents OA, OB are drawn to a parabola 
meeting any diameter in P, Q. Prove that the lines OP, OQ are similarly 
divided by the points of contact, but one internally, the other externally. 

26. If iSr, ^ be the foci of an ellipse, and SP, HQ be parallel radii 
vectores drawn towards the same parts, prove that the tangents to the 
ellipse at P, Q intersect on a fixed circle. 

27. If an ellipse be inscribed in a quadrilateral so that one focus S 
is equidistant from the four vertices, the other focus must be at the 
intersection H of the diagonals. 

28. P is a point on a circle whose centre is Q; through P a series 
of rectangular hyperbolas are described having Q for their centre of 
curvature at P. Prove that the locus of their centres is a circle with 
diameter of length PQ. 

29. Two cones which have a common vertex, their axes at right 
angles, and their vertical angles supplementary, are intersected by a 
plane at right angles to the plane of their axes. Prove that the dis- 
tances of either focus of the elliptic section from the foci of the 
hyperbolic section are equal respectively to the distance from the 
vertex of the ends of the transverse axis of each, and that the sum of 
the squares on the semi-conjugate axes is equal to the rectangle con- 
tained by those distances. 

30. Two plane sections of a cone which are not parallel are such 
that a focus of each and the vertex of the cone lie on a straight lin& 
Shew that the angle included by any pair of focal chords of one section 
is equal to that contained by the corresponding focal chords of the other 
section, corresponding chords being the projections of each other with 
respect to the vertex. 

31. If PP, §§' be chords normal to a conic at P and Q, and also 
at right angles to each other, then will PQ be parallel to P'Q'. 

32. A system of conies have a common focus S and a common 
directrix corresponding to & A fixed straight line through S intersects 
the conies, and at the points of intersection normals are drawn. Prove 
that these normals are all tangents to a parabola. 

33. If two confocal conies intersect, prove that the centre of 
curvature of either curve at a point of intersection is the pole of the 
tangent at that point with regard to the other curvei 

34 A chord of a conic whose pole is meets the directrices in R 
andJl; if SR and ffR meet in &, prove that the minor axis bisects Off. 
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35. TQ and TR, tangents to a parabola, meet the tangent at P in 
X and T, and TU is drawn parallel to the azia, meeting the parabola in 
U. Prove that the tangent at U passes through the middle point of 
XT, and that, if S is the focus, 

XT^^ASP.TV. 

36. The foot of the directrix which corresponds to S is X, and X7 
meets the minor axis ia T; CV\s the perpendicular from the centre on 
the tangent at P. Prove that, if CP=CS, then CY= VT. 

37. J. is a given point in the plane of a given circle, and ABC a 
given angle. If B moves round the circumference of the circle, prove 
that, for different values of the angle ABC, the envelopes of BC are 
aiinilii.r conics, and that all their directrices pass through one or other 
of two fixed points. 

38. If AA' is the transverse axis of an ellipse, and if T, T' are the 
&et of the perpendiculars let fall from the foci on the tangent at any 
point of the curve, prove that the locus of the point of intersection of 
^yand A'Y' is an ellipse. 

39. The tangent at a point P of an hyperbola cuts the asymptotes 
in L and L', and another hyperbola having the same asymptotes bisects 
PL and PL'. Prove that it intersects CP in a point p such that 

C^:CP^::Z:A. 

The chord QR, joining a point B, on an asymptote with a point Q on 
the corresponding branch of the first hyperbola, intersects the second 
hyperbola in E; if QB move off parallel to itself to infinity, prove that, 
ultimately RE: EQ ■.•.Z:\. 

40. Tangents are drawn to a rectangular hyperbola from a point T 
in the transverse axis, meeting the tangents at the vertices in Q and Q. 
Prove that Q^ touches the auxiliary circle at a point R such that RT 
bisects the angle QTQ^. 

41. Tangents from a point T touch the curve at P and Q; it PQ 
meet the directrices in R and R, PR and QR' subtend equal angles 
atr. 

42. The straight lines joining any point to the intersections of its 
polar with the directrices touch a conic confocal with the given one. 

43. If a point moves in a plane so that the sum or difference of its 
distances from two fixed {>oints, one in the given plane and the other 
-external to it, is constant, it will describe a conic, the section of a right 
cone whose vertex is the given external point. 

44. In the construction of Art. 241 prove that CK' and CK are' 
respectively equal to the sum and difference of the semi-axes. 

45. Given a tangent to an elUpse, its point of contact, and the 
director circle, construct the ellipse. 
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46. If the tangent at any point P of an ellipse meet the auziliaiy 
circle in ^, R\ and if Q, A be the corresponding points on the eUipse, 
the tangents at Q and B. pass through tiie point P on the auxiliary 
circle corresponding to P. 

47. In the ellipse PDPiy, FHCSPX and DCD are conjugate 
diameters ; CH is equal to CS, and the polw of S passes through a 
point X on i*"/" produced. If DX is drawn cutting the ellipse in ©, 
prove that HD is parallel to SQ. 

48. If T is the pole of a chord of a conic, and F the intersection of 
the chord with the mrectrix, TSF is a right angle. 

49. The x>olar of the middle point of a normal chord of a parabola 
meets the focal vector to the point of intersection of the chord with the 
directrix on the normal at the further end of the chord. 

60. OP, OQ touch a parabola at P, Q; the tangent at R meets 
OP, OQ in S, r; if F is the intersection of PT, SQ, 0, R, F are 
collinear. 

61. If from any point A a straight line AEK be drawn parallel to 
an asymptote of an hyperbola, and meeting the polar of ^ in iT and the 
curve in E, shew that AE=EK. 

52. If a chord PQ of a parabola, whose pole is T, cut the directrix 
in F, the tangents from F bisect the angle PFT and its supplement. 

63. A parabola, focus S, touches the three sides of a triangle ABC, 
bisecting the base BO in D ; prove that AS is a fourth proportional to- 
AD, AB, and AC. 

54. A focal chord PSQ is drawn to a conic of which C is the 
centre; the tangents and normals at P and Q intersect in T and K 
respectively; shew that ST, SP, SK, SC form an harmonic penciL 

65. POP is any diameter of an ellipse. The tangents at any two 
points D and E intersect in F. PE, PD intersect in Q. Shew tiiat 
FG is parallel to the diameter conjugate to POP". 

56. A conic section is circumscribed by a quadrilateral ABCD : A 
is joined to the points of contact of CB, CD ; and C to the points of 
contact of AB, AD : prove that BD is a diagonal of the interior quadri- 
lateral thus formed. 

67. A parabola touches the three lines CB, CA, AB in P, Q, R, and 
throv^h R a line parallel to the axis meets RQ in E; shew that ABEG 
is a parallelogram. 

58. If a series of conies be inscribed in a given quadrilateral, shew 
that their centres lie on a fixed straight line. 

Shew also that this line passes through the middle points of the- 
diagonals. 
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69. Four points A, B, C, D are taken, no three of which lie in a 
straight line, and joined in every possible way ; and with another (Miint 
as focus four conies are described touching respectively the sides of the 
triangles BCD, CDA, DAB, ABC; prove that the four conies have a 
common tangent. 

60. If the diagonals of a quadrilateral circumscribing a conic 
intersect in a focus, they are at right angles to one another, and the 
third diagonal is the corresponding directrix. 

61. An ellipse and parabola have the same focus and directrix; 
tangents are drawn to the ellipse at the extremities of the major axis : 
shew that the diagonals of the quadrilateral formed by the four points 
where these tangents cut the parabola intersect in the common focus, 
and pass through the extremities of the minor axis of the ellipse. 

62. Three chords of a circle pass through a point on the circum- 
ference ; with this point as focus and the chords as axes three parabolas 
are described whose parameters are inversely proportional to the chords; 
prove that the common tangents to the parabolas, taken two and two, 
meet in a point. 

63. A circle is described touching the asymptotes of an hyperbola 
and having its centre at the focus. A tangent to thi% circle cuts the 
directrix in F. and has its pole with regard to the hyperbola at T. 
Prove that retouches the circle. 

64. Two conies have a common focus : their corresponding direc- 
trices will intersect on their common chord, at a point whose focal 
distance is at right angles to that of the intersection of their common 
tangents. Also the parts into which either common tangent is divided 
by their common chord will subtend equal angles at the common focus. 

If the conies are parabolas, the inclination of their axes will be the 
angle subtended by the common tangent at the common focus. 

65. The tangent at the point P of an hyperbola meets the directrix 
in Q; another point R is taken on the directrix such that QR subtends 
at the focus an angle equal to that between the transverse axis and an 
asymptote ; prove that the envelope of RP is a parabola. 

66. If an hyperbola passes through the angular points of an 
equilateral triangle and has the centre of the circumscribing circle as 
focus, its eccentricity is the ratio of 4 to 3, and its latus rectum is one- 
third of the diameter of the circle. 

67. An isosceles triangle is circumscribed to a parabola ; prove that 
the three sides and the three chords of contact intersect the directrix in 
five points, such that the distance between any two successive points 
subtends the same angle at the focus. 

68. Tangents are drawn at two points P, P" on an ellipse. If any 
tangent be drawn meeting those at P, P' in R, K, shew that the line 
bisecting the angle RSR intersects RR on a fixed tangent to the 
ellipse. 
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69. The choids of a conic which subtend the same angle at the 
focus all touch another conic having the same focus and directrix. 

70. Two conies have a common focus S and a common directrix, 
And tangents TP, TP' are drawn to one from any point on the other 
and meet the directrix in F and F'. Prove that the angles PSP, 
PSF are equal and constant. 

71. A rectangular hyperbola circumscribes a triangle ABC; if 
D, E, F are the feet of the peipeudiculars from A, B, C on the opposite 
sides, the loci of the poles of the sides of the triangle ABC are the lines 
EF, FD, DE. 

72. If two of the sides of a triangle, inscribed in a conic, pass 
through fixed points, the envelope of the third side is a conic. 

73. If two circles be inscribed in a conic, and tangents be drawn 
to the circles from any point in the conic, the sum or ditiierence of these 
tangents is constant, according as the point does or docs not lie between 
the two chords of contact. 

74. The four common tangents of two conies intersect two and two 
' on the sides of the common s^-conjugate triangle of the conies. 

75. Prove that a right cylinder, upon a given elliptic base, can be 
-cut in two ways so that the curve of section may be a circle; and that 
a sphere can always be drawn through any two circular sections of 
opposite systems. 

76. An ellipse revolves about its major axis, and planes are drawn 
through a focus cutting the surface thus formed. Prove that the locus 
of the centres of the different sections is a surface formed by the 
revolution of an ellipse about CS where C or 8 are respectively the 
centre and focus of the original ellipse. 

77. Given five tangents to a conic, find, by aid of Brianchon'a 
theorem, the points of contact 

78. The alternate angular points of any pentagon ABCDE are 
joined, thus forming another pentagon whose corresponding angular 
points are a, b, e,d,e; Aa, Bb, Cc, Dd, Ee are joined and produced to 
meet the opposite sides of ABCDE in a, S, y,i,t; shew that if .^ be 
joined with the middle point of yS, B with the middle point of it. Sec., 
these five lines meet in a point. 

79. If a conic be inscribed in a triangle, the lines joining the 
angular points to the points of contact of the opposite sides are con- 
current. 

80. If a quadrilateral circumscribe a conic, the intersection of the 
lines joining <n)posite points of contact is the same as the interaection 
of the diagonals. 
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81. ABC is a triangle, and D, E, F the middle points of the sides. 
Shew that any two similar and similarly situated ellipses one circum- 
scribing DEF and the other inscribed in ABC will touch each other. 

82. AB is a chord of a conic. The tangents at A and B meet in T. 
Through B a straight line is drawn meeting the conic in C and ^ 7* in 
P. The tangent to the conic at C meets ATiaQ. Prove that TPQA 
is a harmonic range. 

83. Pp, Qq, Rr, St are four concurrent chords of a conic ; shew that 
a conic can be drawn touching SR, RQ, QP, sr, rq, qp. 

84. If two sections of a right cone have a common directrix, the 
latera recta are in the ratio of the eccentricities. 

85. ABCD is a parallelogram and a conic is described to touch its 
four sides. If •S' is a focus of this conic and if with S as focus a para- 
bola is described to touch AB and BC, the axis of the parabola passes 
through D. 

86. If from a point tangents be drawn to two conies S and S", 
and if the tangents to ^ be conjugate with respect to S', prove that the 
tangents to S' are conjugate with respect to S. 

87. If a triangle is self-conjugate with respect to each of a series 
of parabolas, the lines joining the middle points of its sides will be 
tangents; aU the directrices will pass through 0, the centre of the 
circumscribing circle ; and the focal chords, which are the polars of 0, 
will all touch an ellipse inscribed in the given triangle which has the 
nine-point circle for its auxiliary circle. 

88. If a triangle can be drawn so as to be inscribed in one given 
conic and circumscribed about another given conic, an infinite number 
of such triangles can be drawn. 

89. Prove that the stereographic projection of a series of parallel 
circles on a sphere is a series of coaxal circles, the limiting points of 
which are the projections of the poles of the circles. 

90. Through the six points of intersection of a conic with the sides 
of a triangle straight lines are drawn to the opposite angular points ; if 
three of these lines are concurrent the other three are also concurrent. 

91. Prove that the asymptotes of an hyperbola, and a pair of con- 
jugate diameters form an harmonic range, and that the system of pairs 
of conjugate diameters is a pencil in involution. 

92. If two concentric conies have the directions of two pairs of 
conjugate diameters the same, then the directions are the same for 
every pair. 

93. If two concentric conies have all pairs of conjugate diameters 
in the same directions, and have a common point, they coincide en- 
tirely. 
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94. If two conies have two common self-conjugate triangles with 
the same vertex, which is interior to both, they cannot intersect in any 
point without entirely coinciding. 

95. If two conies in space whose planes intersect in a line which 
does not cut either conic, and if on this line there are four points, 
P, P, Q, §*, such that the polars of P with regard to the conies both 
pass through P, and that the polars of Q both pass through Q', then 
either conic can be projected into the other in two ways. 
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Andria. I Hautontimonimenos. 

Adelphi. I Phonnio. 

THEOCRITUS. With short, critical and explanatory Latin Notes, by 
F. A. PALEY, M.A., LL.D. 2nd edition, revised. Post 8vo, 4?. dd. 

[Pub. Sch. Ser. 
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THUC YDIDES, Book VI. By T. w. dougan, m. a., Fellow of St. John's 
College, Cambridge ; Proressor of Latin in Queen's College, Belfast. 
Edited with English notes. Post 8vo, 3^. dd. [Pub. Sch. Ser. 

— The History of the Peloponnesian War. With Notes and a careful 

Collation of the two Cambridge Manuscripts, and of the Aldine and 
Juntine Editions. By the late RICHARD SHILLETO, M.A., Fellow of 
St. Peter's College, Cambridge. 8vo. Book I. fer. 6rf. Book II. 5^. 6d. 
VIRGIL. By the late professor conington, m.a. Revised by the late 
PROFESSOR NETTLESHIP, Corpus Professor of Latin at Oxford. 8vo. 

[Bib. Class. 

Vol. I. The Bucolics and Georgics, with new Memoir and three Essays 
on Virgil's Commentators, Text, and Critics. 4M edition. lot. 6d. 

Vol. II. The Aeneid, Books l.-VI. 4th edition, los. 6d. 

Vol. III. The Aeneid, Books VII. -XII. yd edition, los. 6d. 

— Abridged from professor conington's Edition, by the rev. j. g. shep- 

PARD, D.C.L., H. NETTLESHIP, late Corpus Professor of Latin at the 
University of Oxford, and w. wagner, ph.d. 2 vols. fcap. 8vo, 
4s. 6d. each. [Gram. ScA. Class. 

Vol. I. Bucolics, Geoi^ics, and Aeneid, Books I. -IV. 
Voh II. Aeneid, Books V.-XII. 
Also the Bucolics and Georgics, in one vol. 3^. 
Or in 9 sejiarate volumes (Grammar School Classics, with Notes at foot of page), 
price IS. 6d, ecuh. 



Bucolics. 
Georgics, I. and II. 
Georgics, III. and IV. 
Aeneid, I. and II. 
Aeneid, IIL and IV. 

Or in 12 separate volumes (Cambridge Texts with Notes at enJ), price 
IS. 6d. each. 



Aeneid, V. and VI. 
Aeneid, VII. and VIIL 
Aeneid, IX. and X. 
Aeneid, XI. and XIL 



Bucolics. 

Georgics, I. and II. 
Georgics, III. and IV. 
Aeneid, I. and II. 
Aeneid, III. and IV. 
Aeneid, V. and VI. (price 2S.) 



Aeneid, VII. 
Aeneid, VIII. 
Aeneid, IX. 
Aeneid, X. 
Aeneid, XI. 
Aeneid, XIL 



— Aeneid, Book I. conington's Edition abridged. With Vocabulary 

by w. F. R. SHILLETO, M.A. Fcap. 8vo, IS. 6d. [Lower Form Ser. 

XENOPHON : Anabasis. With Life, Itinerary, Index, and three Maps. 

Edited by the late J. F. macmichael. Revised edition. Fcap. 8vo, 

3*. bd. [Gram. Sch. Class. 

Or in 4 separate volumes, price is. 6d. each. 

Book I. (with Life, Introduction, Itinerary, and three Maps) — Books 

II. and III Books IV. and V.— Books VI. and VII. 

— Anabasis, macmichael's Edition, revised by j. e. melhiiish, m.a., 

Assistant Master of St. Paul's School. In 6 volumes, fcap. 8vo. With 
Life, Itinerary, and Map to each volume, is. 6d. each. 

[Camb. Texts with Notes. 
Book L— Books II. and III.— Book IV.— Book V.— Book VI.— 
Book VII. 
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XENOPHON. Cyropaedia. Edited by G. m. gorham, m.a., lale Fellow 
of Trinity College, Cambridge. New edition. Fcap. 8vo, y. 6d. 

[Gram. Sch. Class. 
Also Books 1. and II., is. bd. ; Books V. and VI., is. 6d. 

— Memorabilia. Edited by percival FiosT, m.a., late Fellow of St. 

John's College, Cambridge. Fcap. 8vo, y. [Gram. Sch. Class. 

— HeUenica. Book I. Edited by L. D. dowdall, ma., b.d. Fcap. 8vo, 

2s [Carnt/. Texts with Notes. 

— HeUenica. Book II. By L. D. dowdall, m.a., b.d. Fcap. 8vo, 2j. 

{Camb. 'lexis with Notes. 

TEXTS. 

AESCHYLUS. Ex novissiina recens'o.ie F. A. paley, a.m., ll.d. Fcap. 
Svo, 2s. [Camb. Texts. 

CAESAR De Bello Gallico. Kecognovit G. long, a.m. Fcap. Svo, 
Is. dd. \Camb. Texts. 

CATULLUS. A New Text, with Critical Notes and an Introdnction, by 
J. P. POSTGATE, M.A., LITT.D., Fellow of Trinity College, Cambridge, 
Professor of Comparative Philology at the University of London. Wide 
fcap. Svo, 3i. 

CICERO De Senectute et de Atnicitia, et Epistolae Selectae. Recen- 
suit G. LONG, A.M. Fcap. Svo, IS. 6d. [Camb. Texts. 

CICERONIS Orationes in Verrem. Ex recensione G. long, a.m. 
Fcap. Svo, 2J. 6d. [Camb. Texts. 

CORPUS POETARUM LATINORUM, a se aliisque denuo recogni- 
torum et brevi lectionum varietate instructorum, edidit JOHANNES PERCI- 
VAL POSTGATE. Fasc. I. quo continentur Ennius, Lucretius, Catullus, 
Horatius, Vergilius, TibulJus. Large post 4to, 91. net. 

,*, To be completed in 4 parts, making 2 volumes. Part II. will be 
ready shortly. 

CORPUS POETARUM LATINORUM. Edited by walker. Con- 
taining : — Catullus, Lucretius, Virgilius, TibuUus, Propertius, Ovidins, 
Horatius, Phaedrus, Lucanus, Persius, Juvenalis, Martialis, Sulpicia, 
Statius, Silius Italicus, Valerius Flaccus, Calpurnius Siculus, Ausonius, 
and Claudianus. I vol. Svo, cloth, iSj^. 

EURIPIDES. Ex recensione F. a. paley, a.m., ll.d. 3 vols. Fcap. 
Svo, 2J. each. [Camb. Texts. 

Vol. I. — Rhesus — Medea — Hippolytus — Alcestis — Heraclidae — Sup- 
plices — Troades. 

Vol. 1 1. — Ion — Helena — Andromache — Electra— Bacchae — Hecuba. 
Vol. IIL — Hercules Furens — Pboenissae — Orestes — Iphigeniain Tauris 
— Ipbigenia in Aulide — Cyclops. 

HERODOTUS. Recensuit J. G. blakesley, s.t.b. 2 vols. Fcap. Svo, 
21. 6</. each. [Camb. Texts. 

HOMBKl ILIAS I. -XII. Ex novissima recensione F. a. palev, a.m., 
LUD. Fcap. Svo, IS. (td. [Camb. Texts. 

HORATIUS. Ex recensione A. j. macleane. a.m. Fcap. Svo, is. bd. 

[Camb. Ttxts. 

JUVENAL ET PERSIUS. Ex recensione A. j. macleane, a.m. 
Fcap. 8vb, is. bd. '^amb. Texts. 
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LUCRETIUS. Kecognovit H. A. j. munko, a.m. Feap. Svo, 2f. 

[Camb. Texts. 
PROPERTIUS. Sex. Pfopertii Elegiarum Libri IV. recensuit A. 

PALMER, collegii sacrosanctae et individuae Trinitatis juxta Dublinum 

Socius. Fcap. Svo, V. €d, 
SALLUSTI CRISPI CATILINA ET JUGURTHA, Recognovit 

G. LONG, A.M. Fcap. 8vo, \s. 6d. [Camb. 'Texts. 

SOPHOCLES. Ex lecensione F. a. paley, a.m., ll.d. Fcap. Svo, is. bd. 

[Camb. Texts. 
TERENTI COMOEDIAE. gul. wagner relegit et emendavit. Fcap. 

Svo, 2s. [Camb. Texts. 

THUCYDIDES. Recensuit j. G. Donaldson, s.t.p. 2 vols. Fcap. 

Svo, 2s. each. [Camb. Texts. 

VERGILIUS. Ex recensione J. CONINGTON, A.M. Fcap. Svo, 2 j. 

[Cami. Texts. 
XENOPHONTIS EXPEDITIO CYRI. Recensuit j. f. macmichael. 

A.B. Fcap. 8vo, l^. 6f/. [Camb. Texts. 



TRANSLATIONS. 

AESCHYLUS, The Tragedies of. Translated into Knglish Prose. By 
F. A. PALEY, M.A., LL.D., Editor of the Cireek Text. 2nd edition 
revised, Svo, "Js. 6d. 

— The Tragedies of. Translated into English verse by anna swanwick. 

4/A edition revised. Small post Svo, 5^. 

— The Tragedies of. Literally translated into Prose, by T. A. buckley, b. a. 

Small post Svo, 3^. 6d. 

— The Tragedies of. Translated by WALTER HEADLAM, M.A., Fellow of 

King's College, Cambridge. [Preparing. 

ANTONINUS (M. Aurelius), The Thoughts of. Translated by 
GEORGE LONG, M.A. Revised edition. Small post Svo, 3;. bd. 
Fine paper edition on handmade paper. Pott Svo, 6^. 

APOLLONIUS RHODIUS. The Argonautica. Translated by B. p. 
COLERIDGE. Small post Svo, 5^. 

AMMIANUS MARCBLLINUS. History of Rome during the 
Keigns of Constantius, Julian, Jovianus, Valentinian, and Valens. Trans- 
lated by PROF. c. D. YONGE, M.A. With a complete Index. Small post 
Svo, ^s. bd. 

ARISTOPHANES, The Comedies of. Literally translated by w. j. 
HICKIE. With Portrait. 2 vols, small post Svo, Jj. each. 
Vol. I. — Acharnians, Knights, Clouds, Wasps, Peace, and Birds. 
Vol. II. — Lysistrata, Thesmophoriazusae, Frogs, Ecclesiazusae, and 
Plutus. 

— The Acharnians. Translated by w. H. Covington, B. A. With Memoir 

and Introduction. Crown Svo, sewed, \s. 
ARISTOTLE on the Athenian Constitution. Translated, with Notes 
and Introduction, by F; o. kenyon, m.a.. Fellow of Magdalen College, 
Oxford. Pott Svo, printed on handmade paper, ind edition, ^s. bd. 

— History of Animals. Translated by richardcresswell, m.a. ' Small 

posfSvo, 5^. ■.,■■' 
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ARISTOTLE. Organon : or. Logical Treatises, and the Introduction of 
Porphyry. With Notes, Analysis, Introduction, and Index, by the rev. 
o. F. OWEN, M.A. 2 vols. small post 8vo, 31. 6</. each. 

— Rhetoric and Poetics. Literally Translated, with Hobbes* Analysis, 

&c., by T. BUCKLEY, B.A. Small post 8vo, 5^. 

— Nicomachean Ethics. Literally Translated, with Notes, an Analytical 

Introduction, &c., by the Venerable archdeacon browne, late Classical 
Professor of King's College. Small post 8vo, 5^. 

— Politics and Economics. Translated, with Notes, Analyses, and 

Index, by K. walford, m.a., and an Introductory Essay and a Life by 
DR. GILLIES. Small post 8v0, 5^. 

— Metaphysics. Literally Translated, with Notes, Analysis, &c., by the 

REV. JOHN H. m'mahon, M.A. Small post 8vo, 5^. 

ARRIAN. Anabasis of Alexander, together with the Indica. Trans- 
lated by e. J. CHINNOCK, M.A., LL.D. With Introduction, Notes, Maps, 
and Plans. Small post 8vo, Jt. 

CAESAR. Commentaries on the Gallic and Civil Wars, with the Supple- 
mentary Books attributed to Hirtius, including the complete Alexandrian, 
African, and Spanish Wars. Translated by w. A. m'devitte, b.a. 
Small post 8vo, 5r. 

— Gallic War. Translated by w. A. m'devitte, b.a. 2 vols., with Memoir 

and Map. Crown 8vo, sewed. Books I. to IV., Books V. to VII., 

IS. each. 
CALPURNIUS SICULUS, The Eclogues of. The Latin Text, with 

English Translation by E. j. L. scoiT, m.a. Crown 8vo, 3^. &/. 
CATULLUS, TIBULLUS, and the Vigil of Venus. Prose Translation. 

Small post 8vo, 5^. 
CICERO, The Orations of. Translated by prof. c. d. yonge, m.a. 

With Index. 4 vols, small post 8vo, Sj. each. 

— On Oratory and Orators. With Letters to Quintus and Brutus. Trans- 

lated by the rev. j. s. watson, m.a. Small post 8vo, 5^. 

— On the Nature of the Gods. Divination, Fate, Laws, a Republic, 

Consulship. Translated by prof. c. d yonge, m.a., and Francis; 
BARHAM. Small post 8vo, 5r. 

— Academics, De Finibus, and Tusculan Questions. By prof. c. D. 

yonge, m.a. Small post 8vo, 51. 

— Offices ; or, Moral Duties. Cato Major, an Essay on Old Age ; Laelius, 

an Essay on Friendship ; Scipio's Dream ; Paradoxes ; Letter to Quintus 
on Magistrates. Translated by C. R. EDMONDS. With Portrait, y. Id. 

Old Age and Friendship. Translated, with Memoir and Notes, ''y 

g. h. wells, M.A. Crown 8vo, sewed, \s. 
DEMOSTHENES, The Orations of. Translated, with Notes, Arguments, 
a Chronolt^cal Abstract, Appendices, and Index, by c. rann Kennedy. 
5 vols, small post 8vo. 

Vol. I.— The Olynthiacs, Philippics, y. 6d. 

Vol. II. — On the Crown and on the Embassy. 5^. 

Vol. III. — Against Leptines, Midias, Androlicin, and Aristocrates. 5s. 

Vols. IV. and V. — Private and Miscellaneous Orations, y. e.ich. 

— On the Crown. Translated by c. rann Kennedy. Small post 8io, 

sewed, is., cloth, is 6d. 
PIOGBNES LAERTIUS. Translated by prof, c. i). yonge, m.'^ 
Small post 8vo, 5^. 
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EPICTETUS, The Discourses of. With the Encheiridion and 
Fragments. Translated by GEORGE LONG, M.A. Small post 8vo, Sf. 
Fine Paper Edition, 2 vols. Pott 8vo, los. 6./. 
EURIPIDES. A Prose Translation, from the Text of Paley. By 

E. P. COLERIDGE, B.A. 2 vols., 5^. each. 

Vol. I.— Rhesus. Medea, Hippolytus, Alcestis, Heraclidae, Supplices, 
Troades, Ion, Helena. 

Vol. II.— Andromache, Electra, Bacchae, Hecuba, Hercules Furens, 
Fhoenissae, Orestes, Iphigenia in Tauris, Iphigenia in Aulis, Cyclops. 

,*, The plays separately (except Rheius, Helena, Electra, Iphigenia in 
Aulis, and Cyclops). Crown 8vo, sewed, u. each. 

— Translated from the Text of Dindorf. By T. A. BUCKLEY, B.A. 2 vols. 

small post Svo, 5^. each. . . 

GREEK ANTHOLOGY. Translated by george burges, m.a. Small 

post Svo, 5J. 
HERODOTUS. Translated by the rev. henry GARY, m.a. Small post 

Svo, y. dd. 

— Analysis and Summary of. By j. T. wheeler. SmaU post Svo, 5^. 
HESIOD, CALLIMACHUS, and THEOGNIS. Transited by the 

rev. J. banks, m.a. Small post Svo, $s. 
HOMER. The Iliad. Translated by T. A. bucklev, b.a. Small post 
Svo, S-r- 

— The Odyssey, Hymns, Epigrams, and Battle of the Frogs and 

Mice. Translated by T. A. BUCKLEY, B.A. Small post Svo, $s. 

— The Iliad. Books I. -IV. Translated into Enjrlish Hexameter Verse, 

by HENRY SMITH WRIGHT, B.A., late Scholar of Triuity College, Cam- 
bridge. Medium Svo, 5;. 
HORACE. Translated by Smart. Revised edition. By T. A. BUCKLEY, 
B.A. Small post Svo, y. bd. 

— The Odes and Carmen Saeculare. Translated into English Verse by 

the late JOHN CONINGTON, M.A., Corpus Professor of Latin in the 
University of OxTord. wth edition. Fcap. Svo. y. (>d. 

— The Satires and Epistles. Translated into English Verse by PROF. 

JOHN CONINGTON, M.A. %th edition. Fcap. Svo, 3^. (>d. 

— Odes and Epodes. Translated by SIR Stephen e. de vere, bart. 

^rd edition, enlarged. Imperial l6mo. Ts. 6d. net. 
ISOCRATES, The Orations of. Translated by J. H. freese, m.a., late 

Fellow of St. John's College, Cambridge, with Introductions and Notes. 

Vol. I. Small post Svo, 5^. 
JUSTIN, CORNELIUS NEPOS, and EUTROPIUS. Translated 

by the rev. j. s. watson, m.a. Small post Svo, y 
JUVENAL, PERSIUS, SULPICIA, and LUCILIUS. Translated 

by L. EVANS, M.A. Small post Svo, y. 
LIVY. The History of Rome. Translated by dr. spillan, c. edmonds, 

and others. 4 vols, small post Svo, 5;. each. 

— Books I., II., III., IV. A Revised Translation by j. H. freese, m.a., 

late Fellow of St. John's College, Cambridge. With Memoir, and'Maps. 
4 vols., crown Svo, sewed, is. each. 

— Book V. A Revised Translation by E. s. weymouth, m.a., Lond. With 

Memoir, and Maps. Crown Svo, sewed, is. 

— Book IX. Translated by Francis storr, b.a. With Memoir. Crown 

Svo, sewed, is. 
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L,UCAN. The Pharsalia. Translated into Prose by u. T. riley. Small 
post 8vo, 5^. 

— The Pharsalia. Book I. Translated by Frederick con way, m.a. 

With Memoir and Introduction. Crown 8vo, sewed, l.r. 
LUCIAN'S Dialogues of the Gods, of the Sea-Gods, and of the 

Dead. Translated by HOWARD Williams, m.a. Small post 8vo, 5;. 
LUCRETIUS. Translated bv the rev. j. s. watson, m.a. Small post 

Svo, 5f. 

— Literally translated by the late H. A. J. MUNRO, M.A. t/h edition. Demy 

Svo, 6j. 
MARTIAL'S Epigrams, complete. Literally translated into Prose, with 
the addition of Verse Translations selected from the Works of English 
Poets, and other sources. Small post Svo, Ts. 6d. 
OVID, The Works of. Translated. 3 vols., small post Svo, $s. each. 
Vol. I. — Fasti, Tristia, Pontic Epistles, Ibis, and Halieuticon. 
Vol. II. — Metamorphoses. PVil/i /•rontispiece. 

Vol. III. — Ileroides, Amours, Art of Love, Remedy of Love, and 
Minor Pieces. IVith Frotttispitce. 
PINDAR. Translated by dawson w. turner. Small post Svo, f,s. 
PLATO. Gorgias. Translated by the late E. M. cope, m.a., Fellow 
of Trinity College. 3nd edition. Svo, "js. 

— Philebus. Translated by F. a. paley, m.a., ll.d. Small Svo, 41. 

— Theaetetus Translated by F. A. paley, m.a., i.l.d. Small Svo, 4J. 

— The Works of. Translated, with Introduction and Notes. 6 vols, small 

post Svo, Sj. each. 

Vol. I. — The Apology of Socrates — Crito — Fhaedo — Gorgias — Prota- 
goras — Phaedrus — Theaetetus — Eutyphron — Lysis. Translated by the 
REV. H. CARV. 

Vol. II. — ^The Republic — Timaeus — Critias. Translated by HENRY 
DAVIS. 

Vol. III. — Meno— Euthydemus — The Sophist — Statesman — Cratylus 
— Parmenides — The Banquet. Translated by G. SURGES. 

Vol. IV. — Philebus — Charmides — Laches — Menexenus — Hippias — Ion 
— The Two Alcibiades— Theages — Rivals — Hipparchus — Minos — Cli- 
topho — Epistles. Translated by G surges. 

Vol. V. — The Laws. Translated by G. SURGES. 

Vol. VI.— The Doubtful Works. Edited by G. SURGES. With General 
Index to the six volumes. 

— Apology, Crito, Phaedo, and Protagoras. Translated by the rev. h. 

CARY. Small post Svo, sewed, u., cloth, \s. dd. 

— Dialogues. A Summary and Analysis of. With Analytical Index, giving 

references to the Greek text of modern editions and to the above transla- 
tions. By A. day, LL.D. Small post Svo, y. 
PLAUTUS, The Comedies of. Translated by H. T. RILEY, s.A. 2 vols, 
small post Svo, 5^. each. 

Vol. 1. — Trinummus — Miles Gloriosus — Bacchides — Slichus — Pseudolus 
— Menaechmei — Aulularia — Captivi — Asinaria — Ciirculio. 

Vol. 1 1. — Amphitryon — Rudens — Mercator — Cistellaria — Truculentus 
— Persa — Casina — Poenulus — Epidicus — Mostellaria — Fiagments. 

— Trinummus, Menaechmei, Aulularia, and Captivi. Translated by 

H. T. Rii.EY, B.A. Small post Svo, sewed, is., cloth, is. 6d. 
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PLINY. The Letters of Pliny the Younger. Melmoth's Translation, 
revised, by the rev. f. c. t. bosanquet, m.a. Small post 8vo, $s. 

PLUTARCH. Lives. Translated by a. Stewart, ma., late Fellow of 
Trinity College, Cambridge, and George long, m.a. 4 vols, small post 
8vo, 3J. f>d. each. 

— Moials. Theosophical Essays. Translated by c w. king, m.a., late 

Fellow of Trinity College, Cambridge. Small post 8vo, y. 

—Morals. Ethical Essays. Translated by the REV. A. R. SHILLETO, M.A. 
Small post 8vo, 5^. 

PROPERTIUS. Translated by REV. P. J. F. GANTILI.ON, M.A., and 
accompanied by Poetical Versions, from various sources. Small post 8to, 
3s. 6d. 

PRUDENTIUS, Translations from. A Selection from his Worlts, ■with 
a Translation into English Verse, and an Introduction and Notes, by 
FRANCIS ST. JOHN THACKERAY, M.A., F.S.A., Vicar of Mapledurham, 
formerly Fellow of Lincoln College, Oxford, and Assistant-Master at 
Eton. Wide post Svo, Ts. 6d. 

QUINTILIAN : Institutes of Oratory, or. Education of an Orator. 
Translated by the REV. J. S. WATSON, M.A. 2 vols, small post Svo, 
5^. each. 

SALLUST, FLORUS, and VELLEIUS PATERCULUS;. Trans- 
lated by J. s. WATSON, M.A. Small post Svo, 51. 

SENECA: On Benefits. Translated by A. stewart, m.a., late Fellow 
of Trinity College, Cambridge. Small post Svo, 3s. 6d. 

— Minor Essays and On Clemency. Translated by A. Stewart, M.a. 

Small post Svo, 5^. 
SOPHOCLES. Tr.inslated, with Memoir, Notes, etc., by E. P. COLERIDGE, 
B.A. Small post Svo, 5.r. 
Or the plays separately, crown Svo, sewed, is. each. 

— The Tragedies of. The Oxford Translation, with Notes, Arguments, 

and Introduction, Small post Svo, 5^, 

— The Dramas of. Rendered in English Verse, Dramatic and Lytic, by 

sir GEORGE YOUNG, BART., M.A., formerly Fellow of Trinity College, 
Cambridge. Svo, I2s. SJ. 

— The CEdipus Tyrannus. Translated into English Prose. By prof. b. 

H. KENNEDY. Crown Svo, in paper wrapper, Ir. 
SUETONIUS. Lives of the Twelve Caesars and Lives of the 

Grammarians. Thomson's revised Translation, by t. forester. Small 

post Svo, 5r. 
TACITUS, The Works of. Translated, with Notes and Index. 2 vols. 

Small post Svo, 5;. each. 
Vol. I.— The Annals. 

Vol. II.— The History, Germania, Agricola, Oratory, and Index. 
TERENCE and PHAEDRUS. Translated by H. T. kilby, B.A. Small 

post Svo,. 5^. 
THEOCRITUS, BION, MOSCHUS, and TYRTAEUS. Translated 

by the rev. j. banks, m.a. Small post Svo, 5r. 
THEOCRITUS. Translated into Ei^lish Verse by C «. CALVERLSY, 

m.a., late Fellow of Christ's College, Cambridge, /^tiv idition. mited. 

Crown Svo, Ts. 6ii. 
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THUCYDIDES. The P«loponnesian War. Translated by the rev. H. 

DALE. With Portrait. 2 vols., y. 6d. each. 
— Analysis and Summary of. By j. T. wheeler. Small post 8vo, 5X. 
VIRGIL. Translated by A. Hamilton bryce, ll.d. With Memoir and 

Introduction. Small post 8vo, y. bd. 
Also in 6 vols., crown 8vo, sewed, \s. each. 



Georgics. 
Bucolics, 
.^neid I.-III. 



iEneidlV.-VI. 

.Sneid VII.-IX. 

.ffineid X.-XII. 



— Davidson's Translation, revised, by T. A. bucklev, b.a. Small post 8vo, 

XENOPHON. The Works of. In 3 vols. Small post 8vo, sj. each. 

Vol. I. — The Anabasis, and Memorabilia. Translated by the rev. j. s. 
Watson, m.a. With a Geographical Commentary, by w. F. ainsworth, 
F.S.A.. F.R.G.S., etc. 

Vol. II. — Cyropaedia and Hellenics. Translated by the REV. J. s. 
VITATSON, M.A., and the REV. H. DALE. 

Vol. III.— The Minor Works. Translated by the rev. j. s. 

WATSON, M.A. 

SABRINAE COROLLA In Hortulis Regiae Scholae Salopiensis con- 
texuerunt tres viri fioribus legendis. 4/^ edition, revised and re-arranged. 
By the late BENJAMIN HALL KENNEDY, D.D., Regius Professor of Greek 
at the University of Cambridge. Large post 8vo, \os. 6d. 

SERTUM CARTHUSIANUM Floribus Irium Seculorum Contextum. 
Cura gulielmi haig brown, Scholae Carlhusianae Archididascali. 
Demy 8vo, 5^. 

TRANSLATIONS into English and Latin. By c.s. calverley, m.a., 
late Fellow of Christ's College, Cambridge, jrd edition. Crown 8vo, 
7J. 6d. 

TRANSLATIONS from and into the Latin, Greek and English. By 
R. C. jebb, M.A., Regius Professor of Greek in the University of Cam- 
bridge, H. JACKSON, M.A., LITT. D., Fellows of Trinity College, Cam- 
bridge, and w. e. currey, m.a., formerly Fellow of Trinity College, 
Cambridge. Crown 8vo. 2nd edition, revised. Ss. 



GRAMMAR AND COMPOSITION. 

BADDELEY. Auxilia Latina. A Series of Progressive Latin Exercises. 
By M. J. b. BADDELEY, M.A. Fcap. 8vo. Fart I., Accidence. yA 
edition. 2s. Part II. yi edition. 2s. Key to Part II. 2s. 6d. 

BAIRD. Greek Verbs. A Catalogue of Verte, Irregular and Defective ; 
their leading formations, tenses in use, and dialectic inflexions, with : 
copious Appendix, containing Paradigms for conjugation,' Rules for 
formation of tenses, &c., &c. By j. s. baird, t.c.d. Aew edition, re- 
vised. 2s. 6d. 

— Homeric Dialect. Its Leading Forms and Peculiarities. By J. s. baird, 
T.C.D, /few edition, revised. By the REV. w. GUNION RUTHERFORD, 
M.A., LL.D., Head Master at Westminster School. I^. 
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BAKER. Latin Prose for London Students. By Arthur baker, 
M.A., Classical Master, Independent College, Taunton. Wide fcap. Svo^ 

2S. 

This book of ninety pages covers systematically the whole ground of the 

Latin Sentences included in the Matriculation, Pass Intermediate, and 

Pass B.A. course of London University. 
BARRY. Notes on Greek Accents. By the right rev. a. barrv, 

D.D. New edition, re-written, is. 
CHURCH. Latin Prose Lessons. By A. j. church, m.a.. Professor of 

Latin at University College, London, gt/i edition. Fcap. 8vo, 2s. 6d.. 
CLAPIN. Latin Primer. By the rev. a. c. clapin, m a., Assistant 

Master at Sherborne School. $rd edition. Fcap. 8vo, l^. 
COLLINS. Latin Exercises and Grammar Papers. By T. COLLINS, 

M.A., Head Master of the Ijitin School, Newport, Salop. JtA edition. 

Fcap. 8vo, 2s. 6d. 

— Unseen Papers in Latin Prose and Verse. With Examination Questions. 

6tA edition. Fcap. 8vo, 2s. 6d. 

— Unseen Papers in Greek Prose and Verse. With Examination Ques- 

tions, yd edition. Fcap. 8vo, 3^. 

— Easy Translations from Nepos, Caesar, Cicero, Livy, &c., for Retrans- 

lation into Latin. With Notes. 2s. 

COMPTON. Rudiments of Attic Construction and Idiom. An Intro- 
duction to Greek Syntax for Beginners who have acquired some knowledge 
of Latin. By tlie REV. w. cookworthy compton, m.a.. Head Master 
of Dover College. Crown 8vo, y. 

FROST. Eclogae Latinae ; or. First Latin Reading Book. With Notes 
and Vocabulary by the late REV. P. frost, m.a. JVew edition. Fcap. Svo, 
is.6d. 

— Analecta Graeca Minora. With Notes and Dictionary, /few edition. 

Fcap. 8vo, 2s. 

— Materials for Latin Prose Composition. By the late REV. P. frost, 

M.A. JVew edition. Fcap. 8vo. 2y. 
Key (for tutors only). 4s. net. 

— A Latin Verse Book. Aiew edition. Fcap. 8vo, zs. 

Key (for tutors only). 51. net. 

— Materials for Greek Prose Composition, /few edition. Fcap. 8vo, 

2J. 6d. 

Key (for tutors only). S^. net, 

— Greek Accidence, /few edition, is. 

— Latin Accidence, is. 

HARKNESS. A Latin Grammar. By albert harkness. Post 8vo, 

6s. 
KEY. A Latin Grammar. By the late T. h. key, m.a., f.r.s. 6rt tioii- 

sand. Post 8vo, 8j. 

— A Short Latin Grammar for Schools. 16M edition. Post 8vo, y. 6d. 
HOLDEN. Foliorum Silvula. Part I. Passages for Translation into 

Latin Elegiac and Heroic Verse. By H. A. holden, ll.d. i\tk edition. 
Post 8vo, is. 6d. 

— Foliorum Silvula. Part II. Select Passages for Translation into Latin 

Lyric and Comic Iambic Verse, yd edition. Post 8vo, 5j. 

— Foliorum Centuriae. Select Passages for Translation into Latin and 

Greek Prose. lO/A edition. Post 8vo, &. 
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JEBB, JACKSON, and CURRBY. Extracts for TraDslation in 
Greek, Latin, and English. By R. c. jebb, litt.d., ll.d., Regius Pro- 
fessor of Greek in the University of Cambridge ; H. JACKSON, LITT.D., 
Fellow of Trinity College, Cambridge ; and \v. E. CURREY, M.A., late 
Fellow of Trinity College, Cambridge. +f. td. 

Latin Syntax, Principles of. i.r. 

Latin Versiiication. \s. 

MASON. Analytical Latin Exercises By c. F. mason, b.a. 4'A 
edition. Fart I., U. 6d. Part IL, 2s. 6d. 

— The Analysis of Sentences Applied to Latin. Post 8vo, i^. &/. 

NETTLESHIP. Passages for Translation into Latin Prose. Pre- 
ceded by Essays on : — L Political and Social Ideas. II. Range of Meta- 
phorical Expression. III. Historical Development of Latin Prose Style 
in Antiquity. IV. Cautions as to Orthography. By H. nettleship, 
M.A., late Corpus Professor of Latin in the University of Oxford. Crown 
8vo, 3.r. A Key, 4s. 6d. net. 

" The Introduction ought to be studied by every teacher of Latin." — 

Cuardiati. 
Notabilia Quaedam ; or the Principal Tenses of mast of the Irregular 

Greek Verbs, and Elementary Greek, Latin, and French Constructions. 

jVeiv edition, is. 
PALEY. Greek Particles and Iheir Combinations according to Attic 

Usage. A Short Treatise. By F. A. PALEY, M.A., LL.D. 2s. 6d. 
PENROSE. Latin Elegiac Verse, Easy Exercises in. By the rev. j. 

PENROSE. New edition. 2s. (Key, 31. 6</. net.) 
PRESTON. Greek Verse Composition. By G. preston, m.a. StA 

edition. Crown 8vo, 4^. dd. 
PRUEN. Latin Examination Papers. Comprising Lower, Middle, and 

Upper School Papers, and a number of the Woolwich and Sandhurst 

Standards. By c. G. pruen, m.a.. Senior Classical Master in the Modern 

Department, Cheltenham College. Crown 8vo, is. dd. 
SEAGER. Faciliora. An Elementary Latin Book on a New Principle. 

By the REV. j. L. sbager, m.a. zs. 6d. 
STEDMAN (A. M. M.). First Latin Lessons. By A. M. M. stedman, 

M.A., Wadham College, Oxford, ind edition, enlarged. Crown 8vo, zt. 

— Initia Latina. Easy Lessons on Elementary Accidence. 2nd edition. 

Fcap. 8vo, \s. 

— First Latin Reader. With Notes adapted to the Shorter Latin Primer 

and Vocabulary. Crown 8vo, i.r. 6</. 

— Easy Latin Passages for Unseen Translation. 2nd and enlarged 

edition. Fcap. Svo, l.r. (>d, 

— Exempla Latina. First Exercises in Latin Accidence. With Vocabu 

lary. Crown 8vo, I^. td. 

— The Latin Compound Sentence ; Rules and Exercises. Crown Svo, 

IS. 6d. With Vocabulary, 2s. 

— Easy Latin Exercises on the Syntax of the Shorter and Revised Latin 

Primers. With Vocabulary, ^rd editioti. Crown Svo, 2s. 6d. 

— Latin Examination Papers in Miscellaneous Grammar and Idioms. 

jrd edition, ax. 6d. Key (for Tutors only), 6s. net. 

— Notanda Quaedam. Miscellaneous Latin Exercises. On Common 

Rules and Idioms. 2nd edition. Fcap. Svo is. 6d. With Vocabulary, ir. 
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STEDMAN (A.M.M.). Latin Vocabularies for Repetition. Arranged 
according to Subjects, "yd edition. Fcap. 8vo, u. 6t/. 

— First Greek Lessons. \In preparation. 

— Easy Greek Passages for Unseen Translation. Fcap. 8vo, \s. 6d. 

— Easy Greek Exercises on Elementary Syntax. \^In preparation. 

— Greek Vocabularies for Repetition. Fcap. 8vo, \s. dd. 

— Greek Testament Selections for the Use of Schools. 7.nd edition. 

With Introduction, Notes, and Vocabulary. Fcap. 8vo, 2s. td, 

— Greek Examination Papers in Miscellaneous Grammar and Idioms. 

2,»d edition. 2s. 6d. Key (for Tutors only), 6j. net. 
THACKERAY. Anthologia Graeca. A Selection of Greek Poetry, 
with Notes. By F. ST. JOHN thacKeray. s/A edition. i6mo, 4J. 6d. 

— Anthologia Latina. A Selection of Latin Poetry, from Naevius to 

Boethius, with Notes. By rev. f. ST. JOHN Thackeray. 6M edition. 
i6mo, 4J. 6d. 

— Hints and Cautions on Attic Greek Prose Composition. Crown 

8vo, y. 6d. 

— Exercises on the Irregular and Defective Greek Verbs. I^. 6d. 
WELLS. Tales for Latin Prose Composition. With Notes and 

Vocabulary. By G. H. wells, m.a., Assistant Master at Merchant 
Taylor's School. Fcap. 8vo, 3s. 



HISTORY, GEOGRAPHY, AND REFERENCE BOOKS, 

ETC. 

TEUFFEL'S History of Roman Literature. $tM edition, revised by 
PR. schwabe, translated by PROFESSOR c. c. w warr, m a , King's 
College, London. Medium 8vo 2 vols. 30/. Vol. I. (The Republican 
Period), 15^. Vol. II (The Imperial Period), i%s. 

KEICHTLEY'S Mythology of Ancient Greece and Italy. 4/A edition, 
revised by the late LP.oNHARn SCHMITZ, PH.D., ll.d.. Classical Examiner 
to the University of London With 12 Plates from the Antique. Small 
post 8vo, y. 

DON ALDSON'S Theatre of the Greeks, loth edition. Small post 8vo, 

DICTIONARY OF LATIN AND GREEK QUOTATIONS; in- 
cluding Proverbs, Maxims, Mottoes, Law Terms and Phrases. With all 
the Quantities mnrked, and English Translations. With Index Verbonim. 
Smallpost 8vo, 5r. 

BENTLE Y'S Dissertations upon the Epistles of Phalaris, Themis- 
tocles, Socrates, Euripides, and the Fables of Aesop. Edited, with 
an Introduction and Notes, by the late PROF. \l. wagnbr, PH.D. y. 

DOBREE'S Adversaria. With Preface by the late professor W 

WAGNER. 2 vols. lOS. 

A GUIDE TO THE CHOICE OF CLASSICAL BOOKS. Byj. b. 

MAYOR, M.A., Professor of Moral Philosophy at King's College, late 
Fellow and Tutor of St. John's College, Cambridge, yd edition, with 
Supplementary List. Crown 8vo, 4J. bd. Supplement separate, is. 6d. 
PAUSANIAS' Description of Greece. Newly translated, with Notes 
and Index, by A. R. shii.leto, m.a. 2 vols. Small post 8vo, 5x. each. 
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STRABO'S Geography. Tnlislated by w. falconer, u.a., and h. c. 

HAMILTON. 3 voU. Small post 8vo, jr. each. 
AN ATLAS OP CLASSICAL GEOGRAPHY. By w. hughes and 

G. LONG, M.A. Containing Ten selected Maps. Imp. 8vo, 3^. 
AN ATLAS OF CLASSICAL GEOGRAPHY. Twenty-four Maps 

by w. HUGHES and GEORGE LONG, M.A. With coloured outlines. 

Imperial 8vo, 6f. 
ATLAS OF CLASSICAL GEOGRAPHY. 22 large Coloured Maps. 

With a complete Indsx. Imp. Svo, chiefly engraved by the MessiE. 

Walker, ^s. &/. 



MATHEMATICS. 

ARITHMETIC AND ALGEBRA. 

BARRACLOUGH (T.). The Eclipse Mental Arithmetic. By titus 
BARRACLOUGH, Board School, Halifax. Standards I., II., and III., 
sewed, (>d. ; Standards II., HI., and IV., sewed, (td. net ; Book III., 
Part A, sewed, 4a'. ; Book III., Part B, cloth, ix. 6</. 

BEARD (W. S.). Graduated Exercises in Addition (Simple and Com- 
pound). For Candidates for Commercial Certificates and Civil Service 
appointments. By w. s. beard, f.r.g.s., Head Master of the Modem 
School, Fareham. indtditim. Fcap. 4to, \s. 

— 5« PENDLEBURY. 

ELSEE (C). Arithmetic. By the rev. c. elsee, m.a., late Fellow of 
St. John's College, Cambridge, Senior Mathematical Master at Rugby 
School. 14/^ tditim. Fcap. Svo, y. 6d. 

[Camt. School and College Texts. 

— Algebra. By the rev, c. elsee, m.a. itk edition. Fcap. Svo, 4c. 

[Camt. S. and C. 7exts. 

FILIPOWSKI (H. E.). Anti-Logarithms, A Table of. By H. e. 
FILIPOWSKI. 3rd edition. Svo, Ijr. 

GOUDIE (W. P.). See Watson. 

HATHORNTHWAITE (J. T.). Elementary Algebra for Indian 
Schools. By }. t. hathorNTHWAITE, m.a.. Principal and Professor 
of Mathematics at Elphinstone College, Bombay. Crown Svo, 2t. 

[Comb. Math. Ser. 

HUNTER (J.). Supplementary Arithmetic, with Answers. By rev. 
J. HUNTER, M.A. Fcap. Svo, y. 

MACMICHAEL (W. F.) and PROWDE SMITH (R.). Algebra. 
A Progressive Course of Examples. By the rev. w. f. macmichael, 
late Head Master of the Grammar School, Warwick, and R. prowde 
SMITH, M.A. 4/* edition. Fcap. Svo, y. 6d. With answers, 4^. 6d. 

[Cami. S. and C. Texts. 

MATHEWS (G. B.). Theory of Numbers. An account of the Theories 
of Congruencies and of Arithmetical Forms. By G. «. mathews, m.a., 
Professor of Mathematics in the University College of North Wales. 
Part I. Demy Svo, 12s 
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PENDLEBURY (C.)' Arithmetic. With Examinaliou Papers and 
8,000 Examples. By Charles pendlebury, m.a., f.r.a.s., Senior 
Maihematical Master of St. Paul's, Author of " Lenses and Systems of 
L«nses, treated after the manner of Gauss." 7M edilian. Crown 8vo. 
Complete, with or wiihoiit Answers, 4J. ftd. In Two Parts, with or 
without Answers, 2j. fid. each. 

Key to Part II., for.iutors only, Ts. td. net. [Cami. Matk. Ser. 

— Examples in Arithnnetic. Extracted from Pendlebury 's Arithmetic. 

Withorwithout Answers. Stkedi/ion. Crown 8vo, y., or in Two Parts, 
IS. 6d. am', -zs. [Cami. Matk. Ser. 

— Examinat.on Papers in Arithmetic. Consisting of 140 papers, each 

containing 7 questions ; and a collection of 357 more difficult problems. 

ind edition. Ciown 8yo, zt. f>d. Key, for Tutors/only, 51. net. 
PENDLEBURY (C.) and TAIT (T. S.). Arithmetic for Indian 

Schools. By c. rENObEBURV, M.4. and T. & tait, m.a., b.sc. 

Principal of Biroda CoHege. Crown 8vo, y. [Cami. Matk. Ser. 

PENDLEBURY (C.) and BEARD (W. S.). Arithmetic for the 

Standards. By c pendlebury, m.a., f.r.a.s., and w. s. beard, 

F.R.G.S. Standards 1., II , III., 2d. each ; IV., V., VL, 3^. each. VII., 

in tie Press. 

— Elementary Arithmetic, ^rd edition. Crown 8vo, i.r. 6d. 

POHE (L. J.). Lessons in Elementary Algtbra. By L. j. pope, e.a. 
(Loncl.), Assistant Master at the Oratory School, Birmingham. Hirst 
Series, up to and including Simple Equations and Problems. Crown 8vo, 
l^ td. 

PROWDE SMITH (R.). £?« Macmichael. 

SHAW (S. J. D.). Arithmetic Papers. Set in the Cambridge Higher 
Local Examination, from June, 186^, to June, .1887, inclusive, reprinted 
by permission of the Syndicate By s. j D. shaw, Maihematical 
Lecturer of Newnham College. Crown 8vo, zs. dd. ; Key, ^s. 6d. net. 

TAIT (T. S.). See Pendlebury. 

WATSON (J.) and GOUDIE (W. P.). Arithmetic. A Progressive 
Course of Examples 'With Answers. By j. watson, m.a.. Corpus 
Christi College, Cambridge, formerly Senior Mathematical Master of the 
Ordnance School, Carshalton. Jtk edition, revised and enlarged. By W. 
p. GOUDIE, b.a. Lond. Fcap. 8vo, zi. (>d. [Cami. S. and C. Texts. 

WHITWORTH (W. A.). Algebra. Choice and Chance. An Ele- 
mentary Treatise on Permutations, Combinations, and Probability, with 
640 Exercises and Answers. By w. a. whitworth, M.a., Fellow of 
St. John's College, Cambridge. ^th edition, revised and enlarged. 
Crown 8vb, 6s. [Cami. Matk. Ser. 

WRIGLEY (A.) Arithmetic. By A. wrigley, m.a. Si. John's College 
t cap. 8to, y. 6d. [Cami. S. and C. J'exis. 

BOOK-KEEPING. 

CRELLIN (P.). A New Manual of Book-keeping, combining the 
Theory and Practice, with Specimens of a set of Books. By phillip 
CRELLIN, Chartered Accountant. Crown 8vo, y. 6d. 

— Book-keeping for Teachers and Pupils. Crown 8vo, ir. 6d. Key, 

2s. net. 
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FOSTER (B. W.). Double Entry Elucidated. By B. w. foster. 
14/A edition. Fcap. 4to, 3^. &/. 

MEDHURST (j. T.). Examination Papers in Book-keeping;. Com- 
piled by JOHN T. MEnHDRST, A.K.C., F.S.S., Fellow of the Society of 
Accountants and Auditors, and lecturer at the City of London College. 
yd tdilion. Crown 8vo, 3;. 

THOMSON (A. W.). A Text-Book of the Principles and Practice 
of Book-keeping. By professor a. w. Thomson, b.sc, Royal 
Agricultural Collie, Cirencester. Crown 8vo, 5^. 



GEOMETRY AND EUCLID. 

BESANT (W. H.). Geometrical Conic Sections. By w. h. besant, 
sc.D., F.R.S, Fellow of St. John's College, Cambridge. Zth edition. 
Fcap. 8vo, 4.C. 6d. Enunciations, separately, sewed, u. 

[Camb. S. and C. Texts. 

BRAS SB (J.). The Enunciations and Figures of Euclid, prepared for 
Students in Geometry By the rev. j. brasse, d.d. New edition. 
Fcap. 8vo, IS. Without the Figures, 6d. 

DEIGHTON (H.). Euclid. Books I.- VI., and part of Book XI., newly 
translated from the Greek Text, with Supplementary Propositions, 
Chapters on Modem Geometry, and numerous Exercises. By HORACE 
DEIGHTON, M.A., Head Master of Harrison College, Barbados, yd 
edition. 4^. 6d. Key, for tutors only, y. net. [Camh. Math. Ser. 

Also issued in parts :— Book I., u. ; Books I. and II., If. 61/. ; Books 
I. -III., 2J. bd. ; Books III. and IV., is. td. 

DIXON (E. T.). The Foundations of Geometry. By edward t. 
DIXON, late Royal Artillery. Demy 8vo, (>s. 

MASON (C. P.). Euclid. The First Two Books Explained to Beginners. 
By c. p. MASON, B.A. ind edition. Fcap. 8vo, 2s. 6d. 

McDowell (J.) Exercises on Euclid and in Modern Geometry, con- 
taining Applications of the Principles and Processes of Modem Pure 
Geometry. By the late j. Mcdowell, M. a., f.r.a.s., Pembroke College, 
Cambridge, and Trinity College, Dublin. \th edition, bs. 

[Cami. Math. Ser. 

TAYLOR (C). An Introduction to the Ancient and Modem Geo- 
metry of Conies, with Historical Notes and Prolegomena. 15^. 

— The Elementary Geometry of Conies. Jiy c. tavlor, d.d.. Master 
of St. John's College, ^th edition, reiiised. With a Chapter on the Line 
Infinity, and a new treatment of the Hyperbola. Crown 8vo, 4^. (yd. 

[Cami. Math. Ser. 

WEBB (R.). The Definitions of Euclid. With Explanations and 
Exercises, and an Appendix of Exeidses on the First Book by K. WEBB, 
M.A. Crown 8vo, \s. dd. 

WILLIS (H. G.).' Geometrical Conic Sections. An Elementary 
Treatise. By H. c. willis, m.a., Clare College, Cambridge, Assistant 
Master of Manchester Grammar School. Crown 8vo, 5.r. 

[Camb. Math. Ser. 



22 George Bell & Sons' 



ANALYTICAL GEOMETRY, ETC 

ALDIS (W. S.). Solid Geometry, An Elementary Treatise on. By w. 
s. ALDIS, M.A., late Professor of Mathematics in the University College, 
Auckland, New Zealand. 4/A edition, remsed. Crown 8vo, &t. 

[Camb. Math. Ser. 

BBSANT (W. H.). Notes on Roulettes and Glissettes. By w. H. 
BESANT, sc.D., F.R.s. 2nd edition, enlarged. Crown 8vo, y. 

{Camb. Math. Ser. 

CAYLEY (A.). Elliptic Functions, An Elementary Treatise on. By 
ARTHUR CAYLEY, Sadlerian Professor of Pure Mathematics in the Univer- 
sity of Cambridge. Demy 8vo. New tditien in the Press. 

TURNBULL (W. P.). Analytical Plane Geometry, An Introduction 
to. By w. p. TURNBtJLL, M.A., Sometime Fellow of Trinity CoU^e. 
Svo, izr. 

VYVYAN (T. G.). Analytical Geometry for Schools. By rev. t. 
VVVYAN, M.A., Fellow of GonviUe and Caius College, and Mathematical 
Master of Charterhouse. 6th edition. Svo, 41. 6d. 

[Camb. S. and C. Texts. 

— Analytical Geometry for Beginners. Part I. The Straight Line and 
Circle. Crown Svo, is. (td. [Camb. Math. Ser. 

WHITWORTH (W. A.). Trilinear Co-ordinates, and other methods 
of Modem Analytical Geometry of Two Dimensions. By w. A. whit- 
worth, M.A., late Professor of Mathematics in Queen's College, Liver- 
pool, and Scholar of St. John's College, Cambridge. Svo, l6s. 



TRIGONOMETRY. 

DYER (J. H.) and WHITCOMBE (R. H.). Elementary TriKono- 
metry. By j. M. dyer, m.a. (Senior Mathematical Scholar at Oxford), 
and REV. K. H. WHITCOMIIE, Assistant Masters at Eton College. 2nJ 
edition. Crown Svo, 4s. 6d. {Camb. Math, Ser. 

VYVYAN (T. G.). Introduction to Plane Trigonometry. By the 
REV. T. G. VYVYAN, M. A., formerly Fellow of GonviUe and Caius College, 
Senior Mathematical Master of Charterhouse, yd edition, revised ank 
augvtenled. Crown Svp, Jr. 6rf. [Camb. Math, ier. 

WARD (G. H.). Examination Papers in Trigonometry. By c. h. 
WARD, M.A., Assistant Master at. St. Paul's School. Crown Svo, is. 6d. 
Key, S^. net. 



MECHANICS AND NATURAL PHILOSOPHY. 

ALDIS (W. S.). Geometrical Optics, An Elementary Treatise on. By 
w. s. ALDIS, M.A. 4th edition. Crown Svo, 41. [Cami. Math. Ser. 

— An Introductory Treatise on Rigid Dynamics. Crown Svo, 4J. 

[Caiiti. Math. Ser, 

— Fresnel's Theory, of Double Refraction, A Chapter .<>n. _2tui_:fdition, 

'revised.' Svo, 2s. 
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BASSET (A. B.). A Treatise on Hydrodynamics, with numerous 
Examples. By a. b. basset, m.a., f.r.s., Trinity College, Cambridge. 
Demy 8vo. Vol I., price lar. (vl. ; Vol. II., \zs. bd. 

— An Elementary Treatise on Hydrodynamics and Sound. Demy 

8vo, ^s. tii. 

— A Treatise on Physical Optics. Demy 8vo, i6j. 

BESANT (W. H.). Elementary Hydrostatics. Bj? w. h. besant, 
SC.D., F.K.s. \f>th edition. Crown 8vo, 4;. 61/. Solutions, 5^. 

\_Camb. Math. Ser. 

— Hydromechanics, A Treatise on. Part I. Hydrostatics. 5M edition 

revised, and enlarged. Crown 8vo, 5^. {Camb. Math. Ser. 

. — A Treatise on Dynamics. 2nd edition. Crown 8vo, los. ful. 

\Camb. Math. Ser. 
CHALLIS (PROF.). Pure and Applied Calculation. By the late 

REV. J. CHALLIS, M.A., F.R.S., &c. Demy 8vo, I5f. 

— Physics, The Mathematical Principle of. Demy 8vo, 5^. 

— Lectures on Practical Astronomy. Demy 8vo, lar. 

EVANS (J. H.) and MAIN (P. T.). Newton's Principia, The First 
Three Sections of, with an Appendix ; and the Ninth and Eleventh 
Sections. By J. H. evans, m.a., St. John's College. The t^h edition, 
edited by P. T. MAIN, M.A., Lecturer and Fellow of St. John's College. 
Fcap. 8vo, 41. \Camb. S. and C. Texts. 

GALLATLY (W.). Elementary Physics, Examples and Examination 
Papers in. Statics, Dynamics, Hydrostatics, Heat, Light, Chemistry, 
Electricity, London Matriculation, Cambridge B. A., Edinburgh, Glasgow, 
South Kensington, Cambridge Junior and Senior Papers, and Answers. 
By W. GALLATLY, M.A., Pembroke College, Cambridge, Assistant 
Examiner, London University. Crown 8vo, 4J. \Camb. Math. Ser. 

GARNETT (W.). Elementary Dynamics for the use of Colleges and 
Schools. By WILLIAM garnett, m.a., d.c. l.. Fellow of St. John's 
College, late Principal of the Durham College of Science, Newcastle-upon- 
Tyne, tjth edition, revised. Crown 8vo, 6s. [Camb. Math. Ser. 

— Heat, An Elementary Treatise on. 6tA edition, revised. Crown 8vo, 

4j. 6d. ICamb. Math. Ser. 

GOODWIN (H.). Statics. By H. Goodwin, d.d., late Bishop of 
Carlisle. 2nd edition. Fcap. 8vo, 3J. [Camb. S. and C. J'exts. 

HOROBIN CI- C.). Elementary Mechanics. Stage I. II. and HI., 
IS. 6d. each. By J. C. HOROBiN, m.a., Principal of Homerton New 
College, Cambridge. 

Theoretical Mechanics. Division I. Crown 8vo, 2s. td. 

* ^ This book covers the ground of the Elementary Stage of Division I. 
of Subject VI. of the " Science Directory," and is intended for the 
examination of the Science and Art Department. 

JESSOP (C. M.). The Elements of Applied Mathematics. In- 
cluding Kinetics, Statics and Hydrostatics. By c. M. jESSOP, M.A., late 
Fellow of Clare College, Cambridge, Lecturer in Mathematics in the 
Durham College of Science, Newcastle-on-Tyne. Crown 8vo, 6j. 

[Camb. Math. Ser. 

MAIN (P. T.). Plane Astronomy, An Introduction to. By P. T. MAIN, 

■- ■■ ■ M.A., Lecturer and Fellow of St.- John's. College, (jth editim, riaised. 
Fcap. 8vo, 4.1. • - , . ^c„„f, s xHiiC.' Texts. 
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PARKINSON (R. M.). Structural Mechanics. By k. m. Parkinson, 
ASSOC. M.I.CE. Crown 8vo, 41. 6rf. 

PENDLEBURY (C). Lenses and Systems of Lenses, Treated after 
the Manner of Gauss. By Charles fendlebury, m.a., F.r.a.s., Senior 
Mathematical Master of St. Paul's School, late Scholar of St. John's 
College, Cambridge. Demy 8vo, 5^. 

STEELE (R. E.). Natural Science Examination Papers. By 
R. E. STEEL, M.A., F.C.S., Chief Natural Science Master, Bradford 
Grammar School. Crown Svo. Part I., Inorganic Chemistry, zs. bd. 
Part II., Physics (Sound, Light, Heat, Magnetism, Electricity), is. td. 

[School Exam. Series. 

WALTON (W.). Theoretical Mechanics, Problems in. By w. Wal- 
ton, M.A , Fellow and Assistant Tutor of Trinity Hall, Mathematical 
Lecturer at Magdalene College, yd edition, revised. Demy Svo, l6x. 

— Elementary Mechanics, Problems in. 2nd edition. Crown Svo, As. 

[Camb. Math. Ser. 

DAVIS (J. F.). Army Mathematical Papers. Being Ten Years' 
Woolwich and Sandhurst Preliminary Papers. Edited, with Answers, by 
J. F. DAVIS, D.LIT., M.A. Lond. Crown Svo, 2s. 6d. 

DYER (J. M.) and PROWDB SMITH (R.). Mathematical Ex- 
amples. A Collection of Examples in Arithmetic, Algebra, Trigono- 
metry, Mensuration, Theory of Equations, Analytical Geometry, .Statics, 
Dynamics, with Answers, Sic For Army and Indian Civil Service 
Candidates. By J. M. DYER, M.A., Assistant Master, Eton College 
(Senior Mathematical Scholar at Oxford), and R. fkowde smith, m a. 
Crown Svo, 6s. [Camb. Math. Ser. 

GOODWIN (H.). Problems and Examples, adapted to "Goodwin's 
Elementary Course of Mathematics." By T. G. vyvyan, M.A. yd 
edition. Svo, 5^. ; Solutions, yd eaition, Svo, 91. 

SMALLEY (G. R.). A Compendium of Pacts and Formulae in 
Pure Mathematics and Natural Philosophy. By G. R. smalley, 
F.R.A.S. New eaition, revised and enlarged. By J. MCDOWELL, M.A., 
F.R.A.S. Fcap. Svo, 2S. 

WRIGLEY (A.). Collection of Examples and Problems in Arith- 
metic, Algebra, Geometry, Logarithms, Trigonometry, Conic Sections, 
Mechanics, &c., with Aruwers and Occasional Hints. By the REV. A. 
WRIGLEY. loth edition, loth thousand. Demy Svo, 8f. 6d. 

A Key. By J. c. FLATrs, m.a. and the rev. a. wkigley. 2nd edition. 
Demy Svo, icj. td. 



MODERN LANGUAGES. 

ENGLISH. 

ADAMS (E.). The Elements of the English Language. By ernest 
ADAMS, PH.D. 26/i edition. Revised by j. F. davis, d.lit., m.A., 
(LOND.). Post Svo, 4J. td. 

— The Rudiments of Baf}ish Grammar and Analysis. By ernest 
ADAMS, PH.D. lith thousand. Fcaj). Svo, u. 
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ALPORD (DEAN). The Queen's English: A Manual of Idiom and 
Usage. By the late henry alford, d.d., Dean of Canterbury. 6tk 
edition. Small post 8vo. Sewed, i^., cloth, \s. 6d. 

ASCH AM'S ScholemastCT. Edited by professor j. e. b. mayoK. Small 
post 8vo, sewed. I.! 

BELL'S ENGLISH CLASSICS. A New Series, Edited for use in 
Schools, with Introduction and Notes. Crown 8vo. 
JOHNSON'S Life of Addison. Edited by f. rylano, Author of "The Students* 
Handbook of Psycholoeyt" etc. as. dd. 

— Life of Siwift. Edited by F. rvland, m.a. m. 

— Life of Pope. Edited by f. rvland, m.a. 25. 6d, 

— Life of Milton. Edited by k. ryland, m.a. 3j. fid. 

— Life of Drydeo. Edited by k. ryland, m.a. \Preparing. 
LAMB'S Essays. Selected and Edited by k. deighton. 31. ; sewed, 21. 
BYRON'S Ctiilde Harold. Edited by h. G. keenb, m.a., c.i e.. Author of " A 

Manual of French Literature," etc. 31. bd. Also Cantos 1. and II. separately ; 
sewed, xr. ^d. 

— Siege of Corinth. Edited by p. hordern, late Director of Public Instruction in 

Burma, is. 6d. ', sewed, ir. 
MACAULAY'S tiays of Ancient Rome. Edited by p. horderh. xs. 6d. ; 

sewed, xs. gd. 
MASSINGEK'S A New Way to Pay Old Debts. Edited byK. deightok. 

fr. ; sewed, as. 
tKE'S Letters on a Regicide Peace. I. and II. Edited by h. i.. keene, 
M.A., CLE. y. ; sewed, ar. 
MILTON'S Paradise Regained. Edited by k. heichtok. is. id. ; sewed, 

SELECTIONS FROM POPE. Containing Essay on Criticism, Rape of the 
Lock, Temple of Fame, Windsor Forest Edited by K. deighton. 21. 6rf. ; 
sewed, ir. qd. 

GOLDSMITH'S Qood-Natured Man and She Stoops to Conquer. Edited 
by K. DEIGHTON. Each, u. cloth ; is. 6d. sewed. 

DE QUINCEY, Selections from. The English Mail-Coach and The 
Revolt of the Tartars. Edited by Cecil m. barrow, m.a., Principal of 
Victoria College, Palghat. l/n tie press. 

MlLtON'S Paradise 'Lost. Books I and II. Edited by R. u. oxenhah, m.a.. 
Principal of Elphinstone College, Bombay. IPrtfarinf. 

— Books III. and IV. Edited by r. g. oxenham. {Preparing. 
SELECTIONS FROM CHAUCER. Edited by j. B. bilpbrbeck, b.a., 

Profe.i.sor of English Literature, Presidency College, Madras. {Preparing. 

MACAULAY'S Essay on Clive. Edited by CECIL barrow. m.a. {Preparing. 
BROWNING'S Strafford. Edited by e. h. hickey. With Introduction by 

S. R. GARDINER, LL.D. 2r. 6d. 

SHAKESPEARE'S Julius Caesar. Edited by t. duff barnett, b.a. (Lond.). 
ar. 

— Merchant of Venice. Edited by t. duff barnett, b.a. (Lond.). 2r. 

— Tempest. Edited by t. duff barnett, b.a, ^Loud.). ax 

Others iofollinv. 

BELL'S READING BOOKS. Post 8vo, cloth, illustrated. 



Infants. 
Infant's Primer. 3>/. 
Tot and the Cat. td. 
The Old Boathouse. 6</. 
The Cat and the Hen. td. 

Standard I. 
School Primer. f>d. 
The Two Parrots. f>d. 
The Three Monkeys. 67. 



The New- bom Lamb. &/. 
The Blind Boy. (>d. 

Standard II. 
The Lost Pigs. f>d. 
Story of a Cat. bd. 
Queen Bee and Busy Bee. ftd. ' 
Gull's Crag. bd. 
Great Deeds in English History. 
\s. 
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BELL'S READING BOOKS. - 

Standard III. 
Adventures of a Donkey, ix. 
Grimm's Tales. \s. 
Great Englishmen. \s. 
Andersen's Tales. \s. 
Life of Columbus. \s. 

Standard IV. 
Uncle Tom's Cabin. \s. 
Great Englishwomen, u. 
Great Scotsmen, u. 
Edgewoith's Tales. \s. 
Gatty's Parables from Nature. 

ij. 
Scott's Talisman. i.r. 

Standard V. 
Dickens' Oliver Twist \s. 



ontinued. 
Dickens' Little Nell. is. 
Masterman Ready, is. 
Marryat's Poor Jack. \s. 
Arabian Nights, is. 
Gulliver's Travels, it. 
Lyrical Poetry for Boysand J irl ; 

IS. 

Vicar of Wakefield, is. 



Standards VI. and VII. 
Lamb's Tales from Shakespeare. 

IX. 

Robinson Crusoe, is. 
Tales of the Coast, is. 
Settlers in Canada, is. 
Southey's Life of Nelson, is. 
Sir Roger de Coverley. is. 



BELL'S GEOGRAPHICAL READERS. 

WARD, MA. (Worcester College, Oxford). 



By M. J. BARRINGTON- 



The Child's Geography. Illus- 
trated. Stiff paper cover, 6d. 

The Map and the Compass. 
(Standard I ) Illustrated. Clolh, 
id. 



The Round World. (Standard II.) 

Illustrated. Cloth, loil. 
About England. (Standard 111.1 

With Illustrations and Coloured 

Map. Cloth, IX. 4^. 



EDWARDS (P.). Examples for Analysis in Verse and Prose from 
well-known sources, selected and arranged by F. EDWARDS. New edition. 
Fcap. 8vo, cloth, ix. 
GOLDSMITH. The Deserted Village. Edited, with Notes and Life, 

by c. P. MASON, B.A., F.C.P. 4/A edition. Crown 8vo, ix. 
HANDBOOKS OF ENGLISH LITERATURE. Edited by j. w. 
HALES, M.A., formerly Clark Lecturer in English Literature at Trinity 
College, Cambridge, Professor of English Literature at King's College, 
London. Crown 8vo, ys. 6d. each. 
The Age of Pope. By john dennis. [Ready. 

In preparation. 
The Age of Chaucer. By professor hales. 
The Age of Shakespeare. By professor hales. 
The Age of Milton. Byj. bass mullinger, m.a. 
The Age of Dryden. By w. garnett, lud. 
The Age of Wordsworth. By professor c. h. herford, litt.d. 
Other volumes to follow. 
H AZLITT ( W.). Lectures on the Literature of the Age of Elizabeth. 
Small post 8vo, sewed, ix. 

— Lectures on the English Poets. Small post 8vo, sewed, ix. 

— Lectures on the English Comic Writers. Small post 8vo, sewed, ix. 
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LAMB (C). Specimens of English Dramatic Poets of the Time of 
Elizabeth. With Notes, together with the Extracts from the Garrick 
Plays. 

MASON (C. P.). Grammars by c. r. MASON, b.a., f.c.p., Fellow of 
University College, London. 

— First Notions of Grammar for Young Learners. Fcap. 8vo. 85M 

thousand. Cloth, \s. 

— First Steps in English Grammar, for Junior Classes. Demy l8mo. S4/A 

thousand, is. 

— Outlines of English Grammar, for the Use of Junior Classes, lyih edition. 

gjth thousand. Crown 8vo, 2s. 

— English Grammar ; including the principles of Grammatical Analysis. 

35/^ edition^ revised, 148/A thousand. Crown 8vo, green cloth, 3J. 6d. 

— A Shorter English Grammar, with copious and carefully graduated 

Exercises, based upon the author's English Grammar, gth edition, tygth 
thousand. Crown 8vo, brown cloth, 3.;. 6d. 

— Practice and Help in the Analysis of Sentences. Price 2s. Cloth. 

— English Grammar Practice, consisting of the Exercises of the Shorter 

English Grammar published in a separate form, yd edition. Crown 8vo, 

IS. 

— Remarks on the Subjunctive and the so-called Potential Mood. 

6rf., sewn. 

— Blank Sheets Ruled and headed for Analysis. I^. per dozen. 
MILTON : Paradise Lost. Books I., II., and III. Edited, with Notes 

on the Analysis and Parsing, and Explanatorv Remarks, by c. F. mason, 
B.A., F.c.r. Cro\('n 8vo. 

Book I. With Life, yh edition. Is. 

Book II. With Life, yd edition, is. 

Book III. With Life. 2nd edition, is. 

— Paradise Lost. Books V.-VIII. With Notes for the Use of Schools. 

By C. M. LUMBY. 2.S. 6d. 

PRICE (A. C). Elements of Comparative Grammar and Philology. 
For Use in Schools. By A. c. price, m.a.. Assistant Master at Leeds 
Grammar School ; late Scholar of Pembroke College, Oxford. Crown 
8vo, zr. 6d. 

SHAKESPEARE. Notes on Shakespeare's Plays. With Introduction, 
Summary, Notes (Etymological and Explanatory), Prosody, Grammatical 
Peculiarities, etc. By T. DUFF barnett, b.a. Ix>nd., late Second 
Master in the Brighton Grammar School. Specially adapted for the Local 
and Preliminary Examinations. Crown 8vo, I.t. each. 

Midsummer Night's Dream. — Julius Caesar. — The Tempest. — 
Macbeth. — Henry V. — Hamlet. — Merchant of Venice. — King 
Richard II. — King John. — King Lear. — Coriolanus. 

"The Notes are comprehensive and concise.'" — Educational Times. 
"Comprehensive, practical, and reliable." — Schoolmaster. 

— Hints for Shakespeare-Study. Exemplified in an Analytical Study of 

Julius Caisar. By MARY GRAFTON MOBERLV. 2nd edition. Crown 8vo, 
sewed, is. 

— Coleridge's Lectures and Notes on Shakespeare and other English 

Poets. Edited by T. ashe, b.a. Small post 8vo, y. (>d. 
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SHAKESPEARE. Shakespeare's Dramatic Art. The History and 
Character of Shakespeare's Plays. By dr. Hermann ulrici. Trans- 
lated by L. DORA SCHMITZ. 2 vols. small post 8vo, y. 6d. each. 

— William Shakespeare. A Literary Biography. By karl elze, PH.D., 

LL.D. Translated by L. DORA SCHMITZ. Small post 8vo, y. 

— HazUtt's Lectures on the Characters of Shakespeare's Plays. Small 

post 8vo, IS. 

See BELL'S ENGLISH CLASSICS. 

SKEAT (W. W.). Questions for Examinations in English Litera- 
ture. With a Preface containing brief hints on the study of English. 
Arranged by the rev. w. w. skeat, litt. d., Elrington and Bosworth 
Professor of Anglo-Saxon in the University of Cambridge, yd edition. 
Crown 8vo, 2s. td. 

SMITH (C.J.) Synonyms and Antonyms of the English Language. 
Collected and Contrasted by the ven. c. j. smith, m.a. 2nd edition, 
revised. Small post 8ro, 51. 

— Synonyms Discriminated. A Dictionary of Synonymous Words in the 

English Language. Illustrated with Quotations from Standard Writers. 
By the late ven. c. J. SMITH, M.A. With the Author's latest Corrections 
and Additions, edited by the REV. H. PERCY SMITH, M.A., of Balliol 
College, Oxford, Vicar of Great Barton, Suffolk. 4/A edition. Demy 
8vo, I4r. 
TEN BRINK'S History of English Literature. Vol. I. Early English 
Literature (to Wiclif). Translated into English by HORACE M. KENNEDY, 
Professor of German Literature in the Brooklyn Collegiate Institute. 
Small post 8vo, y. 6d. 

— Vol. II. (Wiclif, Chaucer, Earliest Drama, Renaissance). Translated by 

W. CLARKE ROBINSON, PH.D. Small post 8vo, y. 6d. 
THOMSON: Spring. Edited by c. P. MASON, B.A., F.C.P. With Life. 
2nd edition. Crown 8vo, l^. 

— Winter. Editedby c. p. mason,b.a., f.c.p. With Life. Crown 8vo, u. 

WEBSTER'S INTERNATIONAL DICTIONARY of the English 
Language. Including Scientific, Technical, and Biblical Words and 
Terms, with their Significations, Pronunciations, Alternative Spellings, 
Derivations, Synonyms, and numerous illustrative Quotations, with various 
valuable literary Appendices, with 83 extra pages of Illustrations grouped 
and classified, rendering the work a Complete Literary and Scientific 
Reference- Book. New edition (1890). Thoroughly revised and en- 
larged under the supervision of noah porter, D.D., LL.D. I vol. (2,118 
pages, 3,500 woodcuts), 4to, cloth, 31^. 6J. ; half calf, £2 zs. ; half rassia, 
£2 5J-. ; calf, £2 8s. ; or in 2 vols, cloth, ;f i 14^. 

Prospectuses, with specimen pages, sent post free on application. 

WEBSTERS BRIEF INTERNATIONAL DICTIONARY. A 
Pronouncing Dictionary of the English Language, abridged from Webster's 
International Dictionary. With a Treatise on Pronunciation, List of 
Prefixes and SufHxes, Rules for Spelling, a Pronouncing Vocabulary of 
Proper Names in History, Geography, and Mythology, and Tables of 
English and Indian Money, Weights, and Measures. With 564 pages 
and 8:c Illustrations. Demy 8vo, 3^. 
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WRIGHT (T.). Dictionary of Obsolete and Provincial Eng^lish. 
Containing Words from the English Writers previous to the 19th century, 
which are no longer in use, or are not used in the same sense, and Words 
which are now used only in the Provincial Dialects. Compiled by THOMAS 
WRIGHT, M.A., F.S.A., etc 2 vols. 5^. each. 



FRENCH CLASS BOOKS. 

BOWER (A. M.). The Public Examination French Reader. With 
a Vocabulary to every extract, suitable for all Students who are preparing 
for a French Examination. By A. M. BOWER, F.K.G.S., late Master in 
University College School, etc. Cloth, 3^. td. 

BARBIER (PAUL). A Graduated French Examination Course. 
By PAUL BARBIEK, Lecturer in the South Wales University College, etc. 
Crown 8vo, y. 

BARRERE (A.) Junior Graduated French Course. Affording Mate- 
rials for Translation, Grammar, and Conversation. By A. barrkre. 
Professor R.M.A., Woolwich. \s. (ui. 

— Elements of French Grammar and First Steps in Idioms. With 

numerous Exercises and a Vocabulary. Being an Introduction to the 
Precis of Comparative French Grammar. Crown 8vo, zs. 

— Pr£cis of Comparative French Grammar and Idioms and Guide to 

Examinations, ^th edition. Js. td. 

— Recits Militaire;:. From Valniy (1792) to the Siege of Paris {1870). 

With English Notes and Biographical Notices. 2nd edition. Crown 
8vo, y. 
CLAPIN (A. C). French Grammar for Public Schools. By the 
REV. A. c. CLAPIN, M.A., St. John's College, Cambridge, and Bachelier- 
te-Ietlres of the University of France. Fcap. 8vo. lyh edition. 2s.6d. 
Key 10 the Exercises. 31. 6J. net. 

— French Primer. Elementary French Grammar and Exercises for Junior 

Forms in Public and Preparatory Schools. Fcap. 8vo. 10/// edition, ts. 

— Primer of French Philology. With Exercises for Public Schools. 

6tA edition. Fcap. 8vo, Is. 

— English Passages for Translation into French. Crown 8vo, 2s. 6J. 

Key (for Tutors only), 4/. net. 
DAVIS (J. F.) Army Exammation Papers in French. Questions set 

at the Preliminary Examinations for Sandhurst and Woolwich, from Nov., 

1876, to June, 1890, with Vocabulary. By J. F. DAVIS, d.lit., m.a., 

Lond. Crown 8vo, zr. 6d. 
DAVIS (J. F.) and THOMAS (F.). An Elementary French 

Reader. Compiled, with a Vocabulary, by J. F. 1>AVIS, M.A., d.lit., 

and FERDINAND THOMAS, Assistant Examiners in the University of 

London. Crown 8vo, 2s. 
DELILLE'S GRADUATED FRENCH COURSE. 



The Beginner'sown French Book. 
2s. Key, 2s. 

Easy French Poetry for Be- 
ginners. 2S. 

French Grammar, y. Key, y. 



Repertoire des Procateurs. y. 6d. 
Modeles de Poe^ie. 3;. 6<i. 
Manuel Etymologique. 2s. td. 
Synoptical Table of French 
Verbs. 6d. 
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GASC (F. E. A.). First French Book; being a New, Practical, and 
Easy Method' of Learning the Elements of the French Language. Jfeset 
and thoroughly revised. 1 16/A thousand. Crown 8vo, is. 

— Second French Book ; being a Grammar and Exercised Book, on a new 

and practical plan, and intended as a sequel to the " First French Book.'' 
$2nd thousand. Fcap. 8vo, is. dd. 

— Key to First and Second French Books. 5/// edition, Fcap. 8vo, y. 6d. net. 

— French Fables, for Beginners, in Prose, with an Index of all the Words 

at the end of the work. 16th thousand. i2mo, is. 6d. 

— Select Fables of La Fontaine, igih thousand. Fcnp. 8vo, is. 6d. 

— Histoires Amusantes et Instructives ; or, Selections of Complete 

Stories from the best French modem authors, who have written for the 
young. With English notes. 17M thousand. Fcap. 8vo, 2s. 

— Practical Guide to Modein French Conversation, containing : — 

I. The most current and useful Phrases in Everyday Talk. II. Every- 
body's necessary Questions and Answers in Travel-Talk, l^h edition. 
Fcap. 8vo, IS. bd. 

— French Poetry for the Young. With Notes, and preceded by a few 

plain Rules of French Prosody. 5M edition, revised. Fcap. 8vo, Is. 6d. 

— French Prose Composition, Materials for. With copious footnotes, and 

hints for idiomatic renderings. 2Ut thousand. Fcap. 8vo, y, 
Yiey. 2Hd edition, 6s. net. 

— Prosateurs Contemporains ; or. Selections in Prose chiefly from con- 

temporary French literature. With notes. 11th edition, izmo, y. td. 

— Le Petit Compagnon ; a French Talk-Book for Little Children. 14/A 

edition, l6mo, is. td. 

— French and English Dictionary, with upwards of Fifteen Thousand 

new words, senses, &c., hitherto unpublished. 5/A edition, with numerous 
additions and corrections. In one vol. 8vo, cloth, lox. 6</. In use at 
Harrow, Rugby, Shrewsbury, &c. 

— Pocket Dictionary of the French and English Languages ; for the every- 

day purposes of Travellers and Students. Containing more than Five 
Thousand modern and current words, senses, and idiomatic phrases 
and renderings, not found in any other dictionary of the two languages. 
New edition. $ist thousand, ibmo, cloth, 2s. 6d. 
COSSET (A.). Manual of French Prosody for the use of English 
Students. By ARTHUR gosset, m.a., Fellow of New College, Oxford. 
Crown 8vo, 3s. 

"This is the very book we have been looking for. We hailed the title 
with delight, and were not disappointed by the perusal. The reader who 
has mastered the contents will know, what not one in a thousand of 
Englishmen who read French knows, the rules of French poetry." — 
Journal of Education. 

LE NOUVEAU TRESOR ; designed to facilitate the Translation of 
English into French at Sight. By M. E. s. i&th edition. Fcap. 8vo, 
is. bd. 

STEDMAN (A. M. M.). French Examination Papers in Miscel- 
laneous Grammar and Idioms. Compiled by A. M. M. stedman, m.a. 
S//< edition. Crown 8vo, 2s. 6d. 
A Key. By G. A. schrumpf. For Tutors only. 6j. net, 

— Easy French Passages for Unseen Translation. Fcap. 8vo, is. 6d. 
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STEDMAN (A. M. M.). Easy French Exercises on Elementary 
Syntax. Crown 8vo, 2s. td. 

— First French Lessons. Crown 8vo, is. 

— French Vocabularies for Repetition. Fcap. 8vo, i.r, 

— Steps to French, iimo, %d. 



FRENCH ANNOTATED EDITIONS. 

BALZAC. Ursule Mirouet. By honors de balzac. Edited, with 
Introduction and Notes, by JAMES BOiELLE, B.-es-L., Senior French 
Master, Dulwich College. 31. 

CLARETIE. Pierrille. By jules clar£tie. With 27 Illustrations. 

Edited, with Introduction and Notes, by James boielle, B.-es-L. 2s. 6d. 
DAUDET. La Belle Nivemaise. Histoire d'un vieux bateau et de son 

equipage. By ALPHONSE daudet. Edited, with Introduction and 

Notes, by James boielle, b. -es-L. With Six Illustrations. 2s. 
FENELON. Aventures de Tilemaque. Edited by c. j. delille. 

4/A edition. Fcap. 8vo, Zf. 6d. 
GOMBERT'S FRENCH DRAMA. Re-edited, with Notes, by F. e. a. 

GASC. Sewed, 6d. each. 

MOLIERE. 



Les Fourberies de Scapin. 
Les Precieuses Ridicules. 
L'Ecole des Femmes. 
L'Ecole des Maris. 
Le Midecin Mal£^£ Lui. 



Le Misanthrope. 

L'Avare. 

Le Bourgeois Gentilhomme. 

Le Tartuffe. 

Le Malade Imaginaire. 

Les Femmes Savantes. 

RACINE. 
La Thibalde, ou Les Frires , Britannicus. 

Ennemis. Phedre. 

Andromaque. Esther. 

Les Plaideurs. Athalie. 

Iphigenie. 

CORNEILLE. 
Le Cid. I Cinna." 

Horace. I Polyeucte. 

VOLTAIRE.— Zaire. 
QRfeVILLE. Le Moulin Frappier. By henry greville. Edited, 

with Introduction and Notes, by james boielle, B.-es-i.. y. 
HUGO. Bug Jargal. Edited, with Introduction and Notes, by james 

BOIELLE, B.-es-L. V. 

LA FONTAINE. Select Fables. Edited by F. e. a. gasc. 19/A 

thousntid. Fcap. 8vo, \$. 6d. 
LAMARTINE. Le Tailleur de Pierres de Saint-Point. Edited with 

Notes by james boielle, B.-es-L. tl/i thousand. Fcap. 8vo, \s. 6</. 
SAINTINE. Picciola. Edited hy dr. dluuc. 161/1 lliousand. Fcip. 

8vo, \!. dd. 
VOLTAIRE. Charles XII. Edited by l. direv. 7/A edition. Fcap. 

8vo, IS. td. 
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GERMAN CLASS BOOKS. 

BUCHHEIM (DR. C. A.). German Prose Composition. Consist- 
ing of Selections from Modem English Writers. With grammatical notes, 
idiomatic renderings, and general introduction. By c. A. buchheim,fh.d.. 
Professor of the German Language and Literature in King's Collie, and 
Examiner in German to the London University. 14/A edition, enlarged and 
revised. With a list of subjects for original composition. Fcap. 8vo, 4J. 6rf. 
A Key to the 1st and 2nd parts, yd edition, y. net. To the 3rd and 
4th parts. 4r. net. 

— First Book of German Prose. Being Parts I. and II. of the above. 

With Vocabulary. Fcap. 8vo, is. dd. 
CLAPIN (A. C). A German Grammar for Public Schools. By the 
REV. A. c. CLAPIN, and F. HOLL-MULLER, Assistant Master at the Bruton 
Grammar School, bth edition. Fcap. 8vo, 2r. bd. 

— A German Primer. With Exercises. 2nd edition. Fcap. 8vo, ir. 
German. The Candidate's Vade Mecum. Five Hundred Easy 

Sentences and Idioms. By an Army Tutor. Cloth, l^. For Army 
Prelim. Exam. 
LANG& (F.). A Complete German Course for Use in Public Schools. 
By F. LANGE, PH.D., Professor R.M.A. Woolwich, Examiner in German 
to the College of Preceptors, London ; Examiner in German at the Victoria 
University, Manchester. Crown 8vo. 
Concise German Grammar. With special reference to Phonology, 
Comparative Philology, English and German Equivalents and Idioms, 
Comprising Materials for Translation, Grammar, and Conversation. 
Elementary, 2s. ; Intermediate, zr. ; Advanced, y. (sd. 
Progressive German Examination Course. Comprising the Elements 
of German Grammar, an Historic Sketch of the Teutonic Languages, 
English and German Equivalents, Materials for Translation, Dictation, 
Extempore Conversation, and Complete Vocabularies. I. Elementary 
Course, 2s. II. Intermediate Course, 2S. III. Advanced Course. 
Second revised edition, is. 6d. 
Elementary German Reader. A Graduated Collection of Readings in 
Prose and Poetry. With English Notes and a Vocabulary. 4/A 
edition, is. td. 
Advanced German Reader. A Graduated Collection of Readings in 
Prose and Poetry. With English Notes by F. LANUE, PH.D., and 
J. F. DAVIS, D.LIT. 2nd edition, y. 
MORICH (R. J ). German Examination Papers in Miscellaneous 
Grammar and Idioms. By R. J. MORICH, Manchester Grammar School. 
2nd edition. Crown 8vo, 2s. bd. A Key, for Tutors only. y. net. 
STOCK (DR.). Wortfolge, or Rules and Exercises on the order of Words 
in German Sentences. With a Vocabulary. By the late Frederick 
STOCK, D.LIT., M.A. Fcap. 8vo, IS. td. 



KLUGB'S Etymological Dictionary of the German Language. 
Translated by J. f. davis, d.lit. (I^Ad.). Crown 410, \%s. 
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GERMAN ANNOTATED EDITIONS. 

AUERBACH (B:). Auf Wache. Novelle von berthold auerbach. 

Der Gefrorene Kuss. Novelle yon otto roquette. Edited by a. a. 

MACDONELL, M.A., PH.D. 2nd edition. Crown 8vo, 2f. 
BENBDIX (J. R.). , Doktor Wespe. Lustspiel in funf AufzUgen von 

JULIUS RODERICK BENEDIX. Edited by PROFESSOR F. LANGE, PH.D. 

Crown 8vo, 2J. 6d. 
EBERS (G.). EineFrage. Idyll von georg ebers. Edited by f. storr, 

B.A., Chief Master of Modern Subjects in Merchant Taylors' School. 

Crown 8vo, 2s. 
FREYTAG (G.). Die Joumalisten. Lustspiel von gustav kreytag. 

Edited by professor F. LANGE, PH.D. '^h revised edition. Crown 8vo, 

2s. bd. 
— SOLL UND HABEN; Roman von gustav freYtag. Edited by 

W. HANBY CRUMF, M.A. Ctown 8vo, 2s. f)d. 

GERMAN BAI.LADS from Uhland, Goethe, and Schiller. With Intro- 
ductions, Copious and Biographical Notices. Edited by c. L. Bielefeld. 
. /^edition. Fcap. 8vo,. u. 6</. 

GERMAN EPIC TALES IN PROSE. I. Die Nibelungen, von 
K.T. c. viLMAR. ' II. Walther und Hildegund, von albert richter. 
Edited by karl neuhaus, ph.d., the International College, Isleworth. 
Crown 8vo, 2s. 6d. 

GOETHE. Hermann und Dorothea. With Introduction, Notes, and 
Arguments. By E. BELL, M.A., and E. WOLFEL. 2nd edition. Fcap. 
8vo, l^. (>d. 

GOETHE. .FAUST. Part I. German Text with Hay ward's Prose 
Translation and Notes. Revised, With Introduction by c. A. buchheim, 

. - PH.D., Professor of German Language and Literature at King's College, 

' '■ ■ London. Small post Svo, $s. 

GUTZKOW . (K.). Zopf und Schwert. Lustspiel von karl gutzkow. 
Edited by PROFESSOR F. LANGE, PH.D. Crown Svo, 2x. 6(/. 

KEY'S FABELN FUR KINDER. Illustrated by o. speckter. 

Edited, with an Introduction, Grammatical Summary, Words, and a com- 
plete Vocabulary, by PROFESSOR F. langb, ph.d. Crown Svo, is. 6d. 
-^ The same. WUth a Phonetic Introduction, and Phonetic Transcription of 

•the Text. By professor f. lange, ph.d. Crown Svo, 2s. 
HEYSE (P.). Hans Lange. Schauspiel von Paul heyse. Edited by 

jv. A. MACDONELL, .M. A., PH.D., Taylorian Teacher, Oxford University. 

Cro\vn 8vo, 2s. ' 

HOFFMAN^ (E. T. A,). M^ister Martin, der Kiifner. Erzahlung 

von E. T. A. HOFFMANN. , Edited' by F. lange, PH.D. 2nJ edition. 

Crown Svo, is. 6d. 
MdSE'R \&. VON), ber fiibliothekar. Lustspiel von G. voN moser. 

Edited by F. lange, ph.d. ^/A- edition. Crown Svo, 2^. 
ROQUETTE (0.).&« Auerbach. 

SCHEFFEL (V: VON). Ekkehard. Erzahlung des zehnten Jahr- 

.■ . - ' hundects, von VICTOR voN scheffeu Abridged edition, with Intro- 

'ductioh'ahd Notes' by HERMAN HAGER, PH.D., Lecturer in the German 

Language and Literature .in The Owens College, Victoria University, 

Manchester. Crown Svo, 3j-. 

B 
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SCHILLER'S Wallenstein. Complete Text, comprising the Weimar 
Prologue, Lager, Piccolomini, and WaUenstein's Tod. Edited by dr. 
BUCHHEIM, Professor of German in King's College, London. 6M edition. 
Fcap. 8vo, Sf. Or the i^ger and Piccolomini, is. 6d. Wallenstein s 
Tod, 2s. 6tf. 

— Maid of Orleans. With English Notes by DR. wilhblm wagner. 3r</ 

edition. Fcap. 8vo, is. 6d. ■,- v 

— Maria Stuart. Edited by v. kastner, B.-es-L., Lecturer on French 

Language and Literature at Victoria University, Manchester, yd edition. 
Fcap. 8vo, IS. 6d. 



ITALIAN. 

CLAPIN (A. C). Italian Primer. With Exercises. By the REV. A. C. 

CLAPIN, M.A., B.-es-L. yd^ditioH. Fcap. 8vo, is. 
DANTE. The Inferno. A Literal Prose Translation, with the Text of the 

Original collated with the best editions, printed on the same page, and 

Explanatory Notes. By John a. carlyle, m.D. With Portrait. 3t$d 

edition. Small post 8vo, $s. 
— The Purgatorio. A Literal Prose Translation, with the Text of Bianchi 

printed on the same page, and Explanatory Notes. By w. s. dugdale. 

Small post 8vo, $s. 



BELL'S MODERN TRANSLATIONS. 

A Seria of Translations from Modern languages, with. Memoirs , 
Introductions, etc. Crown ivo, is. tcuh. 

GOETHE. Egmont. Translated by anna swanwick. With Memoir. 

— Iphigenia in Tauris. Translated by anna swanwick. With Memoir, 
HAUFP. The Caravan. Translated by s. mendel. With Memoir. 
LESSING. Laokoon. Translated by E. c. beaslev. With Memoir. 

— Nathan the Wise. Translated by R. dillon boylaN. With Memoir. 

— Minna von Bamhelm. Translated by.BRNEST bbll, m.a. With 

Memoir. 
MOLI^RE. The Misanthrope. Translated by c. heron WALL. With 
Memoir. 

— The Doctor in Spite of Himself. (LeM^dednmalgnS Ini). Trans- 

lated by c. HERON WALL. With Memoir. 

— Tartuffe ; or. The Impostor, TransUUed by c. heron WALL. With 

Memoir. 

— The Miser. (L'Avare). Translated by C. MBROM WALL. With Memoir. 

— The Shopkeeper turned Gentleman, ' (Le Bourgeois Geittilhomme). 

Translated by C. heron Wall. With Memoir. 
RACINE. Athalie. Translated by R. Bruce boswblL, M.A. With 
Memoir. 

— Esther. Translated by R. BRUCB BOSWELL, M.A. With Memoir. 
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SCHILLER. William Tell. Translated by sir Theodore martin, 
K.C.B., LL.D. New edition, entirely revised. With Memoir. 

— The Maid of Orleans. Translated by anna swanwick. With Memoir. 

— Mary Stuart. Translated by J. MELLISH. With Memoir. 

,*, For other Translations of Modem Languages, see the Catalogue of 
Bohn's Libraries, which will be forwarded on application. 



SCIENCE, TECHNOLOGY, AND ART. 

CHEMISTRY. 

STOCKHARDT (J. A.). Experimental Chemistry. Founded on the 
work of J. A. STOCKHARDT. A Handbook for the Study of Science by 
Simple Experiments. By c. w. heaton, f.i.c, f.c.s., Lecturer in 
Chemistry in the Medical School of Charing Cross Hospital, Examiner in 
Chemistry to the Royal College of Physicians, etc. New revised edition. 
$s. 

WILLIAMS (W. M.). The Framework of Chemistry. Part L Typical 
Facts and Elementary Theory. By w. M. WILLIAMS, M.A., St. John's 
Collie, Oxford ; Science Master, King Henry VIII. 's School, Coventry. 
Crown 8vo, paper boards, 91/. net. 



BOTANY. 

EGERf ON-WARBURTON (G.). Names and Synonyms of British 
Plants. By the rev. g. egerton-warburton. Fcap. 8vo, y. bd. 
{Uniform with Haywaris Botanist's Pocket Book.) 

HAYWARD (W. R.). The Botanist's Pocket-Book. Containing in 
a tabulated form, the chief characteristics of British Plants, with the 
botanical names, soil, or situation, colour, growth, and time of flowering 
of every plant, arranged under its own order ; with a copious Index. 

■n ^ ^. ....... nn f.*U dV«V4/i« ventiefit 17/.«m Rvo rlnfh limn. .U. (id. 
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By w. R. HAYWARD. Uh edition, revised. Fcap. 8vo, cloth limp, 4;. &r. 

MASSEE (G.). British Fungus-Flora. A Classified Text-l!ook of 
Mycology. By george massee. Author of " The Plant World." With 
numerous IllusUations. 3 vols, post 8vo. Vols. I., II., and III. ready, 
•js. dd. each. Vol. IV. in the Press. 

SOWERBY'S English Botany. Containing a Description and Life-size 
Drawing of every British Plant. Edited and brought up to the present 
standard of scienti6c knowledge, by t. boswell (late svme), Ll.p., 
F.L.S., etc. ird edition, entirely revised. With Descriptions of all the 
Species by the Editor, assisted by N. E. BROWN. 12 vols., vfith 1,937 
coloured plates, £n y. in cloth, £2^ \\s. in half-morocco, and £3fy9s. 
in whole morocco. Also in 89 parts, 5^., except Part 89, containing 
an Index to the whole work, "Js. 6d. 

* A Supplement, to be completed in 8 or 9 parts, is now publishing. 
Parts I., IL, and III. ready, S^. each, 01 bound together, makiM; 
Vol. XIII. of the complete work, ijs. 
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TURNBULL (R.). Index of British Plants, according to the London 
Catalogue (Eighth Edition), including the Synonyms used by the principal 
authors, an Alphabetical List of English Names, etc. By ROBERT 
TURNBULL. Paper cover, 2s. 6d., cloth, 3^. 



GEOLOGY. 

JUKES-BROWNE (A. J.). Student's Handbook of Physical Geo- 
logy. By A. J. JUKES-BROWNE, B.A., F.G.S., of the Geological Survey of 
England and Wales. With numerous Diagrams and Illustrations, xnd 
edition, much enlarged, Js. bd. 

" Should be in the hands of every teacher of geology. "—^«>->«a/ 0/ 
Sdiuation. 

" A very useful book dealing Vfilh geology from its physical side." — 
Athemeum. 
— Student's Handbook of Historical Geology. With numerous Diagrams 
and lUustratiops. 6^. 

" An admirably planned and well executed ' Handbook of Historical 
Geology.' "—Journal of Education. 
~ The Building of the British Isies. A Study in Geographical Evolution. 
With Maps. 2nd edition revised, ys. 6d. 

MEDICINE. 

CARRINQTON (R. E.), and LANE (W. A.). A Manual of Dissec- 
tions of the Human Body. For the use of Students, and particularly 
for those preparing for the Higher Examinations in Anatomy. By the 
late R. E. CAKRINGTON, M.D. (Land.), F.R.C.P., Senior Assistant Physi- 
cian, Guy's Hospital. 2nd edition. Revised and enlarged by w. 
ARBUTHNOT LANE, M.S., F.R.C.S., Assistant Surgeon to Guy's Hospital, 
and the Hospital for Sick Children, Great Ormond Street, etc. Crown 
8vo, 9^. 

" As solid a piece of work as ever was put into a book ; accurate from 
beginning to end, and unique of its kind." — British Medical Journal. 

'HILTON'S Rest and Pain. Lectures on the Influence of Mechanical and 
Fhysiolc^ical Rest in the Treatment of Accidents and Surgical Diseases, 
and the Diagnostic Value of Pain. By the late JOHN HILTON, F.R.s. ' 
F.R.C.S., etc. Edited by w. H. a, jacobson, m.a., m.ch. tOxon.), 
F.R.C.s. $th edition. 9s. 

" Mr. Hilton's work is facile princeps of its kind in our own or any 
other laiiguage." — Lancet. 

HOBLYN'S Dictionary of Terms used in Medicine and the Collateral 
Sciences. 12th edition. Revised and enlarged byj. a. p. price, b.a., 
M.D. (Oxon.). 10s. 6d. 

-LANE (W. A.). Manual of Operative Surgery. For Practitioners and 
Students. By w. arbuthnot lane, m.b., m.s., f.r.cs.. Assistant 
Surgeon to Guy's Hospital, and to the Hospital for Sick Children. Crown 
8vo, 8j. 6d. 

SHARP (W.) Therapeutics founded on Antipraxy. By william 
SHARP, M.D., F.R.S. Demy 8vo, 6s. 
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BELL'S AGRICULTURAL SERIES. 
In crmon %vo. Illustrated, i6o pages, cloth, 2S. dd. each 

CHEAL(J.). Fruit Culture. A Treatise on Planting, Growing, Storage 
of Hardy Fruits for Market and Private Growers. By j. cheal, f. r. h.s., 
Member of Fruit Committee, Royal Hort. Society, etc. 

FREAM (DR.). Soils and their Properties. By dr. william fream, 
B.SC. (Lond.)., F.L.S., F.G.S., F.S.S., Associate of the Surveyor's Institu- 
tion, Consulting Botanist to the British Dairy Farmers' Association and 
the Royal Counties Agricultural Society ; Prof, of Nat. Hist, in Downton 
College, and formerly in the Royal Agric. Coll., Cirencester. 

GRIFFITHS (DR.). Manuresand their Uses. By dr. A. B. Griffiths, 
F.R.S.E., F.C.S., late Principal of the School of Science, Lincoln ; Membre 
de la Soci^te Chimique de Paris ; Author of " A Treatise on Manures," 
etc. , etc. In use at Downton College. 

— The Diseases of Crops and their Remedies. 

MALDEN (W. J.). Tillage and Implements. By w. j. mAlden, 
Prof, of .^riculture in the College, Downton. 

SHELDON (PROF.). The Farm and the Dairy. By professor; 
J. p. SHELDON, formerly of the Royal Agricultural College, and of th& 
Downton College of Agriculture, late Special Commissioner of the 
Canadian Government; Author of "Dairy Farming," etc. In use at 
Downton College. 

Specially adapted for Agricultural Classes. Crown 8vo. Illustrated. \s. each. 
Practical Dairy Farming. By professor Sheldon. Reprinted from the 

Author's larger work entitled " The Farm and the Dairy." 
Practical Fruit Growing. By j. cheal, f.r.h.s. Reprinted from the 

author's larger work, entitled " Fruit Culture." 



TECHNOLOGICAL HANDBOOKS. 

Edited by Sir H. Trueman Wood. 
Specially adapted for candidates in the examinations of the City Guilds 

Institute. Illustrated and uniformly printed in small post IJvo. 
"The excellent series of technical handbooks." — Textile Manufacturer. 
" The admirable series of technological handbooks. " — British Journal of 
Commerce. 

"Messrs. Bell's excellent technical series." — Manchester Guardian. 
BEAUMONT (R.). Woollen and Worsted Cloth Manufacture. By 
ROBERTS BEAUMONT, Professor of Textile Industry, Yorkshire College, 
' Leeds ; Examiner in Cloth Weaving to the City and Guilds of London 

Institute. 2nd edition. Js. 6d. 
BENEDIKT (R), and KNECHT (E.). Coal tar Colours. The 
Chemistry of. With special reference to their application to Dyeing, etc. 
By DR. r; BENEDIKT, Professor of Chembtry in the University of Vienna. 
L Translated by E. knecht, ph.d. of the Technical College, Bradford. 
2m/ and enlarged edition, 6s. 6d. 
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CROOKES(W.). Dyeing and Tissue-Printing. By William crookes, 

F.R.S., V.P.G.S. 5J. 

GADD (W. L.). Soap Mauufacture. By w. Lawrence gadd, f.i.c, 
F.C.S., Registered Lecturer on Soap-Making and Che Technology of Oils 
and Fats, also on Bleaching, Dyeing, and Cedico Printing, to the City and 
Guilds of London Institute. 51. 

HELLYER (S. S.). Plumbing: Its Principles and Practice. By 
s. STEVENS heli.yer. With numerous Illustrations. 5;. 

HORNBY (J.). Gas Manufacture. By j. hornby, f.i.c. Lecturer 
under the City and Guilds of London Institute. \Fnparing. 

HURST (G.H.). Silk-Dyeing and Finishing. By G. H. hurst, F.cs., 
Lecturer at the Manchester Technical School, Silver Medallist, City and 
Guilds of London Institute. With Illustrations and numerous Coloured 
Patterns, ^s. bd. 

JACOBI (C. T.). Printing. A Practical Treatise. By c. T. jacobi, 
Manager of the Chiswick Press, Examiner in Typography to the City and 
Guilds of London Institute. With numerous Illustrations. ^. 

MARSDEN (R.). Cotton Spinning: Its Development, Principles, 
and Practice, with Appendix on Steam Boilers and Engines. By R. 
MARSDEN, Editor of the "Textile Manufacturer." ^h edition, fts.ftd. 

— Cotton Weaving With numerous Illustrations. [/» the press. 
POWELL (H.), CHANCE (H.), and HARRIS (H. G.}. Glass 

Manufacture. Introductory Essay, by 11. fowell, b.a. (Whitefriars 
Glass Works) ; Sheet Glass, by henry chance, m.a. (Chance Bros., 
Birmingham) : Plate Glass, by H. G. HARRIS, Assoc. Memb. Inst. 
C.E. 3J. 6rf. 
ZAEHNSDORP (J. W.) Bookbinding. By J. w. zaehnsdorf. 
Examiner in Bookbinding to the City and Guilds of London Institute. 
With 8 Coloured Plates and numerous Diagrams. 2nd edition^ revises' 
mid enlarged. ^. 

*,* Complete List of Technicaf Books on Application. 

MUSIC. 

BANISTER (H. C). A Text Book of Music : By h. c. banister. 
Professor of Harmony and Composition at the R.A. of Music, at the Guild- 
hall School of Music, and at the Royal Normal Coll. and Acad, of Music 
for the Blind. 15M edition. Fcap. 8vo. 5x. 

This Manual contains chapters on Notation, Harmony, and Counterpoint ; 
Modulation, Rhythm, Canon, Fugue, Voices, a;nd Instruments ; together 
with exercises on Harmony, an Appendix of Examination Papers, and a 
copious Index and Glossary of Musical Terms. 

— Lectures on Musical Analysis. Embracing Sonata Form, Fugue, 

eta. Illustrated by the Works of the Classical Masters, znd tdition^ 
revised. Crown 8vo, "js. dd. 

" It is beyond comparison the best book on the subject in our langu^e." 
— Athenceum. 

— Musical Art and Study : Papers for Musicians. Fcap. 8vo, is. . . 
CHATER (THOMAS). Scientific Voice, Artistic Singing, and 

Effective Speaking. A Treatise on the Organs of the Voice, their 
Natural Functions, Scientific Development, Proper Training, and Artistic 
Use. By thomas chater. With Diagrams. Wide fcap. «. fiaf. 
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HUNT (H. G. BON AVIA). A Concise History of Music, from the 
Commencement of the Christian era to the present time. For the use of 
Students. By rev. h. g. bonavia hunt, Mus. Doc. Dublin ; Warden 
of Trinity College, London ; and Lecturer on Musical History in the same 
College. I2ih edition, revised to date (\9^'^. Fcap. 8vo, 3*. 6flf. ' 

ART. 

BARTER (S.) Manual Instruction — Woodwork. By s. barter 
Organizer and Instructor for the London School Board, and to the Joint 
Committee on Manual Training of the School Board for London, the City 
and Guilds of London Institute, and the Worshipful Company of Drapers. 
With over 300 Illustrations. Fcap. 4to, cloth. Ts. 6d. 

BELL (SIR CHARLES). The Anatomy and Philosophy of Expres- 
sion, as connected with the Fine Arts. By sir charles bell, k.h. 
JtA edition, revised. $s. 

BRYAN'S Biographical and Critical Dictionary of Painters and 
Engravers. With a List of Ciphers, Monograms, and Marks. A new 
Edition, thoroughly Revised and Enlarged. By R. E. graves, British 
Museum, and Walter Armstrong. 2 volumes. Imp. 8vo, buckram, 

3/. y- 

CHEVREUL on Colour. Containing the Principles of Harmony and Con- 
trast of Colours, and their Application to the Arts, yd edition, with 
Introduction. Index and several Plates. Sj. — With an additional series 
of 16 Plates in Colours, ^s. 6d. 

DELAMOTTE. (P. H.). The Art of Sketching from Nature. By P. 
H. DELAMOTTE, Piofessor of Drawing at King's College, London. Illus- 
trated by Twenty-four Woodcuts and Twenty Coloured Plates, arranged 
progressively, from Water-colour Drawings by prout, e. w. cooke, r.a., 
GIRTIN, varley, de wint, and the Author. New edition. Imperial 
4I0, 2ls. 

FLAXMAN'S CLASSICAL COMPOSITIONS, reprinted in a cheap 
form for the use of Art Students. Oblong paper covers, 2s. bd. each. 
The Iliad of Homer. 39 Designs. 
The Odyssey of Homer. 34 Designs. 
The Tragedies of ^scfaylus. 36 Designs. 
The "Works and Days" and "Theogony"of Hesiod.. .37 

Designs. 
Select Compositions from Dante's Divine Drama. 37 Designs. . 

FLAXMAN'S Lectures on Sculpture, as delivered before the President 
and Members of the Royal Academy. With Portrait and 53 plates. 6s. 

HEATON (MRS.). A Concise History of Painting. By the late mrs. 
CHARLES HEATON. New edition. Revised by cosMO monkhouse, 5j. 

LELAND (C. G.). Drawing and Designing. In a series of Lessons 
for School use and Self Instruction. By Charles g. leland, m.a., 
F.R.us. Paper cover, is. ; or in cloth, is. &/. 

Leather Work : Stamped, Moulded, and Cut, Cuir-Bouille, Sewn, etc. 

With numerous Illustrations. Fcap. 4to, 5^. 

Manual of Wood Carving. By charles g. leland, m.a., f.r.l.s. 

Revised by J. J. holtzapffel, a.m. inst.c.e. With numerous Illustra- 
tions. Fcap. 4to, 51. 

Metal Work. With numerous Illustrations. Fcap. 410, 51. 
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LEONARDO DA VINCI'S Treatise on Painting. Translated from 
the Italian by j. F. rigauu, s.a. With a Life of Leonardo and an' 
Account of his Works, by j. w. brown. New edition. With numerous 
Plates, y. 

MOODY (F. W.). Lectures and Lessons on Art. By the late f. w. 
MOODY, Instructor in Decorative Art at South Kensington Museum. With 
Diagrams to illustrate Composition and other matters. A ne^u and cheaper 
edition. Demy 8vo, sewed, \s. 6d. 

" There are few books that we can more thoroughly recommend to 
every student and thinker on Art than these Lectures. "-^Art Journal. 

WHITE (GLEESON). Practical Designing: A Handbook on the 
Preparation of Working Drawings, showing the Technical Methods em- 
ployed in preparing them for the Manufacturer and the Limits imposed on 
the Design by the Mechanism of Reproduction and the Materials- employed. 
Edited by gl-eeson white. Freely Illustrated. Crown 8vo, 6r. net. 

Contents : — Bookbinding, by H. ORRINSMITH^-Carpets, by ALEXANDER 
MILLAR — Drawing for Reproduction, by the Editor — Pottery, by W. P.: 
Rix — Metal Work, by R. ll. rathbone — Stained Glass, hy selwyn 
IMAGE — Tiles, by owen carter — Woven Fabrics, Printed Fabrics, and 
Floorcloths, by ARTHUR silver — Wall Papers, by g. c. ha[t£. 



MENTAL, MORAL, AND SOCIAL 
SCIENCES. 

PSYCHOLOGY AND ETHICS. 

ANTONINUS (M. Aurelius). The Thoughts of. Translated literally, 
with Notes, Biographical Sketch, Introductory Essay oil the' Philosophy, 
and Index, by george long, m.a. Revised edition. Small post 8vo, 
Jj. (>d. , or new edition on ffandmitde paper, buckram, 6s. 

BACON'S Novum Organum arid Advancement of Learning. Edited, 
with Notes, by J. sevbv, m.a. Small post 8vo, Jx. 

EPICTETUS. The Discourses of. With the Encheiridion and Frag- 
ments. Translated with Notes, a Life of Epictetus, a View of his Philo- 
sophy, and Index, by GEORGE long, m.a.. Small post Svo, $s^,or new 
eaitionon Hatidmade paper, 2 vols., buckram, l6s. (td. 

KANT'S Critique of Pure Reason. Translatedi by J. M. D. msiklejohn. 
Professor of Education at St. Andrew's Upiyerefty. S'mall post 8vo,'5i. 

— Prolegomena and Metaphysical Foundations of Science. With 
Life. Translated by E. BELKORT bax. Small post Svo, y. 

LOCKE'S Philosophical Works, containing Essay on the Human Under- 
standing, Controversy with Bishop of . Worcester,, Examination, of 
Malebranche's Opinions, Elements of Natural ttiilosophj^, ' ■thoughts 
concerning Readmg and Study. Edited by 7. A, gT, ;6hn.' i' vols. 
Small post 8vo, y. bd. each, . ., ' " .'.'^v '. ..; ... 
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RYLAND (P.). The Student's Manual of Psychology and Ethics, 
designed chiefly for the London B.A. and B.Sc. By F. ryland, m.a., 
late Scholar of St. John's College, Cambridge. Cloth, red edges, ^k 
edition, revistd and enlarged. With lists of books for Students, and 
Examination Papers set at London University. Crown 8vo, 3;. 6d. 

— Ethics : An Introductory Manual for the use of University Students. 

With an Appendix containing List of Books recommended, and Exami- 
nation Questions. Crown 8vo, 3^. 6d. 
SCHOPENHAUER on the Fourfold Root of the Principle of Suffi- 
cient Reason, and On the Will in Nature. Translated by Madame 
HILLEBKAND. Small post 8vo, 5r. 

— Essays. Selected and Translated. With a Biographical Introduction 

and Sketch of his Philosophy, by E. belfort bax. Small post 8vo, Ji. 
SMITH (Adam). Theory of Moral Sentiments. With Memoir of the 

Author by DUCALD STEWART. Small post 8vo, y. 6d. 
SPINOZA'S Chief Works. Translated with Introduction, by K. H. M. 
ei.wes. 2 vols. Small post 8vo, 5^. each. 
Vol. I. — Tractatus Theologico-Politicus — Political Treatise. 
II. — Improvement of the Understanding — Ethics — Letters. 



HISTORY OF PHILOSOPHY. 

BAX (E. B.). Handbook of the History of PhUosophy. By B. bel- 
fort bax. 2nd edition, revised. Small post 8vo, Jx. 

DRAPER (J. W.). A History of the Intellectual Development of 
Europe. By JOHN willIam draper, M.d., ll.d. With Index. 2 
vols. Small post 8vo, 5^. each. 

HEGEL'S Lectures on the Philosophy of History. Translated by 
J. sibree, m.a. Small post 8vo, 5^. 



LAW AND POLITICAL ECONOMY. 

KENT'S Commentary on International Law. Edited by j. t. Abdy, 
l,L.D., Judge of County Courts and Law Professor at Gresham College, 
late Regius Professor of Laws in the University of Cambridge. 2nd 
edition, revised and brought down to a recent date. Crown 8vo, lo.t. 6d. 

LAWRENCE (T. J.). Essays on some Disputed Questions in 
Modem International Law. By T. j. i-awrence, m.a., ll.m. 2nd 
tdition, revised and enlarged. Crown 8vo, 6s. 

Handbookof Public International Law. 2nd edition. Fcap. 8vo, 3^. 

MONTESQUIEU'S Spirit of Laws. A New Edition, revised and 
corrected, with D'Alembert's Analysis, Additional Notes, and a Memoir, 
by J. V. pritchard, a.m. 2 vols. Small post 8vo, y. 6d. each. 

RICARDO on the Principles of Political Economy and Taxation, 
Edited by E. c. K. gonner, m.a.. Lecturer in University College, 
Liverpool. Small post 8vo, 5x. 

SMITH (Adam). The Wealth of Nations. An Inquiry into the Nature 
and Causes of. Reprinted from the Sixth Edition, wiih an Introduction 
by ERNEST belfort bax. 2 vols. Small post 8vo, 3^. 6d. each. 

B 2 ~: - 
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HISTORY. 

BOWES (A.). A Practical Synopsis of English History; or, A 
General Summary of Dates and Events for the use of Schools, Families, 
and Candidates for Public Examinations. By ARTHUR bowes. lolh 
edition. Revised and brought down to the present time. Demy 8vo, is. 

COXE (W.). History of the House of Austria, 1218-1792. By 
ARCHDN. COXE, M.A., F.R.s. Together with a' Continuation from the 
Accession of Francis I. to the Revolution of 1848. 4 vols. Small post ■ 
8vo. y. 6rf. each. 

DENTON (W.). England in the Fifteenth Century. By the late 
REV. w. DENTON, M.A., Worcester College, Oxford. Demy 8vo, \2s. 

DYER (Dr. T. H.). History of Modem Europe, from the Taking of 
Constantinople to the Establishment of the German Empire, A.D. 1453- 
1871. By DR. T. H. DYER. A new edition, revised by the Author, and 
brought down to the close of the Franco-German War. In S vols. 
£,2 I2r. td. 

GIBBON'S Decline and Fall of the Roman Empire. Complete and 
Unabridged, with Variorum Notes. Edited by an English Churchman. 
With 2 Maps. 7 vols. Small post 8vo, y. 6d. each. 

CUIZOT'S History of the English Revolution of 1640. Translated by 
WILLIAM HAZLITT. Small post 8vo, y. 6J. 

— History of Civilization, from the Fall of the 'Roman Empire to the 

French Revolution. Translated by William hazlitt. 3 vols. Small 
post 8vo, 3^. 6d. each, 
HENDERSON (B. P.). Select Historical Documents of the Middle 
Ages. Including the most famous Charters relating to England, the 
Empire, the Church, etc., from the sixth to the fourteenth centuries. 
Translated and edited, with Introductions, by ernest f. Henderson, 
A. B., A. M., PH.D. Small post 8vo, 5^. 

— A History of Germany in the Middle Ages. Post 8vo, yi. 6d. net. 
HOOPER (George). The Campaign of Sedan: The Downfall of the 

Second Empire, August-September, 1870. By GEORGE hoofer. With 
General Map and Six Flans of Battle. Demy 8vo, I4r. 

— Waterloo : The Downfall of the First Napoleon : a History of the 

Campaign of 181 5. With Maps and Plans. Small post 8vo, 31. 6d. 
LAMARTIN B'S History of the Girondists. Translated by H. T. ryde. 
3 vols. Small post 8vo, 3^. 6d. each. 

— History of the Restoration of Monarchy in France (a Sequel to his 

History of the Girondists). 4 vols. Small post 8vo, 3;. 6d, each. 

— History of the French Revolution of 1848. Small post 8vo, 3^. 6d. 
LAPPENBERG'S History of England cnder the Anglo-Saxon 

Kings. Translated by the late B. thorfc, f.s.a. New editiOH, revised 
. by E. c. OTTi.. 2 vols. Small post 8vo, 31. 6d. each. 
LONG (G.). The Decline of the Roman Republic : From the 

Destruction of Carthage to the Death of Cssar. By the late GEORGE 

LONG, M.A. Demy 8vo. In 5 vols. 5^. each. 
MACHIAVELLI'S History of Florence, and of the Affairs of Italy 

from the Earliest Times to the Death of Lorenzo the Magnificent : together 

with the Prince, Savonarola, various Historical Tracts, and a Memoir oi- 

Machiavelli. Small post 8vo, y. 6d. 
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MARTINEAU (H.). History of England from 1800-15. By HARRIET 
MARTiNEAU. Small post 8vo, y. 6d. 

— History of the Thirty Years' Peace, 1815-46. 4 vols. Small post 

Svo, 3^. 6d. each. 
MAURICE (C. E.). The Revolutionary Movement of 1848-g in 

Italy, Austria, Hungary, and Germany. With some Examination 

of the previous Thirty-three Years. By c. EDMUND Maurice. With an 

engraved Frontispiece and other Illustrations. Demy Svo, 16s. 
MENZEL'S History of Germany, from the Earliest Period to 1842. 

3 vols. Small post Svo, 3^. (>d. each. 
MICHELET'S History of the French Revolution from its earliest 

indications to the flight of the King in 1791. Small post Svo, 3^. 6d. 
MIGNET'S History of the French Revolution, Irom 1789 to 1814. 

Small post Svo, y. 6d. 
PARNELL (A.). The War of the Succession in Spain during the 

Reign of Queen Anne, 1702-1711. Based on Original Manuscripts 

and Contemporary Records. By COL. THE HON. ARTHUR PARNELL, 

R.E. Demy Svo, i+r. With Map, etc. 
RANKE (L.). History of the Latin and Teutonic Nations, 1494- 

XS14. Translated by P. A. ashworth. Small post Svo, y. 6d. 

— History of the Popes, their Church and State, and especially of their 

conflicts with Protestantism in the 1 6th and 17th centuries. Translated 

by E. foster. 3 vols. Small post Svo, y. 6rf. each. 
History of Servia and the Servian Revolution. Translated by MRS. 

KERR. Small post Svo, y. 6d. 
SIX OLD ENGLISH CHRONICLES: viz., Asser's Life of Alfred 

and the Chronicles of Ethelwerd, Gildas, Nennius, Geoffrey of Monmouth, 

and Richard of Cirencester. Edited, with Notes and Index, by J. A. 

GILES, D.c.L. Small post Svo, 5^. 
STRICKLAND (Agnes). The Lives of the Queens of England; 

from the Norman Conquest to the Reign of Queen Anne. By AGNES 

STRICKLAND. 6 vols. S^. each. 
The Lives of the Queens of England. Abridged edition for the use 

of Schools and Families, Post Svo, 6s. 6J. 
THIERRY'S History of the Conquest of England by the Normans; 

its Causes, and its Consequences in England, Scotland, Ireland, and the 

Continent. Translated from the 7th Paris edition by WILLIAM hazlitt. 

2 vols. Small post Svo, 3s. 6d. each. 
WRIGHT (H. F.). The Intermediate History of England, with 

Notes, Supplements, Glossary, and a Mnemonic System. For Army 

and Civil Service Candidates. By H. F. WRIGHT, M.A., LL.M. Crown 

Svo, 6f. 

For other Works of value to Students of History, see Catalogue of 
Bohn's Libraries, sent post-free on application. 
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DIVINITY, ETC. 

ALFORD (DEAN). Greek Testament. With a Critically revised Text, 
a digest of Various Readings, Marginal References to verbal and idicN 
matic usage. Prolegomena, and a Critical and Exegetical Commentaiy. 
For the use of theological students and ministers. By the late henry 
ALFOKD, D.D., Dean of Canterbury. 4 vols. 8vo. Sold separately. 

Vol. I., ^th edition, the Four Gospels. £\ &. 

Vol. II., 8M edition, the Acts of the Apostles, Epistles to the Romans 
and Corinthians. ^\ \s. 

Vol. III., \oth edition, the Epistles to the Galatians, Ephesians, Philip- 
pians, Colossians, Thessalonians, — to Timotheus, Titus, and Philemon. 
l%s. 

Vol. IV. Part I, 5//4 edition, the Epistle to the Hebrews, the Catholic 
Epistles of St. James and St. Peter. \Zs. 

Vol. IV. Part 2, 4/A edition, the Epistles of St. John and St. Jude, and 
the Revelation. 14;. 

Vol. IV. in one Vol. 32J. 
— The New Testament for English Readers. Containing the Authorized 
Version, vith additional Corrections of Readings and Renderii^, Marginal 
References, and a Critical and Explanatory Commentaiy. In 2 vols, 
£,2 14s. 6d. 

Vol. I. Part I. The first three Gospels, ^rd edition. t2s. 

Vol. I. Part 2. St. John and the Acts. 2nd edition. lor. 6d. 

Vol. II. Part I. The Epistles of St. Paul. 2nd edition. i6s. 

Vol. II. Fart 2. The Epistles to the Hebrews, the Catholic Epistles, 
and the Revelation. 2nd edition. l6s- 
AUGUSTINE de Civitate Dei. Books XI. and KIT. By the REV. 
HENRY D. GEE, B.D., F.S.A. I. Text Only. zs. II. Introduction and 
Translation, y. 
BARRETT (A. C). Companion to the Greek Testament. For the 
use of Theological Students and the Upper Forms in Schools. By the 
late A. c. BARRETT, M.A., Caius College, Cambridge. 5M edition. 
Fcap. 8vo, 5f. 
BARRY (BP.). Notes on the Catechism. For the use of Schools. By 

the RT. REV. BISHOF BARRY, D. U. \oth edition. Fcap. zr. 
BLEEK. Introduction to the Old Testament. By Fribdrich blkkx. 
Edited by johann bleek and adolf kamphausen. Translated from 
the second edition of the German by G. H. venables, under the super- 
vision of the REV. E. venables. Residentiary Canon of Lincoln. 2nd 
edition, with Corrections. With Index. 2 vols, small post 8vo, 51. each. 
BUTLER (BP.). Analogy of Religion. With Analytical Introduction 
and copious Index, by the late RT. rev. dr. steerb. Bishop in Central 
Africa. Fcap. If ew edition, y. (td. 
EUSEBIUS. Ecclesiastical History of Busebius Pamphilus, Bishop 
of Cssarea. Translated from the Greek by rev. c. f. cruse, m.a. 
With Notes, a Life of Eusebius, a Chronological Table of Persons and 
Events mentioned in the History, and an Index. Small post 8vo, 5;. 
GREGORY (DR.). Letters on the Eridences, Doctrines, and Daties 
of the Christian Religion. By dr. olinthvs Gregory, f.k.a.9. 
Small post 8vo, 3^. (id. 
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HUMPHRY (W. G.). Bookof Coimaaa Prayer. Aft HistoricaUntl 
Explanatory Tteatise oii the. By w. c.' Humphry, b.d., late Fellow of 
Trinity College, Cambridge, Prebendary of St. Paul's, arid Vicar o/ .St. 
Martin's-in-the-Fieids, Westminster, bth edilion. Fcap. 8vo, is. dd. 
Cheap Edition; for Sunday School Teachers, is. 

JOSEPHUS (FLAVIUS). The Works of. whiston's Translation. 
Revised by HEV. a. r. shii,leto, m.a. ,. ,Ayuh Topographical and Geo- 
graphical Notes bycoLONELSiR p. aHt. wilso;*, k.cb. 5 vols. is. bd. each. 

LUMBY (DR.). The History of the Creeds. I. Ante-Nicene. • II. 
Nicene and Constantinopolitan. III. The Apostolic Creed. IV. The 
Quicunque, commonly called the Creed of St. Athanasius. ' By J. RAWSON 
I.UMBY, D.J}., Norrisiaa Professor of Divinity, Fellow of St. Catherine's 
College, and late Fellow of Magdalene College, Cambridge, ydedifiun, 
revised. Crown 8vo, Ts. 6d. 

-— Compendium of English Chuicb History, from 1688-1830. With a 
Preface by J. rawson lumby, d.d., Norrisian Professor of Divinity. 
Crown 8vo, 6s. 

MACMICHAEL (J. F.). The New Testament : In Greek. With 
English Notes a,nd Preface, Synopsis, and Chronological Tables. . By the 
late REV. J. F. MACMiCHAEL. Fcap. 8vo (730 pp.), 4J. 6d. 

Also the Four Gospels, and the Acts of the Apostles, separately. 
In paper wrappers, 6d. each. 

MILLER (E). Guide to the Textual Criticism of the New Testa- 
ment. By REV. E MILLER, M.A., Oxon, Rector of Bucknell, Bicester. 
Crown 8vo, 4f. . . • . 

NEAND'ER (DR. A.)- History of the Christian ' Religion arid 
Church. Translated by J. torrey. 10 vols, small post 8vo, y. '6d. each. 

— Life of Jesus Chi ist. Translated by j. mcclintock and c. blumenthal. 

Small post 8vb, ,v. 6d. 

— History of the Planting and Training of the Christian Church by 

the Apostles. Translated by j. s. rylano. 2 vols, small post 8vo, 
3^. 6d. each. 

— Lectures on the History of Christian Dogmas. Edited by dr. 

JACOBI. Translated by j. K. rvland. 2 vols, small post 8vo, 31. 6d. each. 

— Memorials of Christian Life in the Early and Middle Ages. Trans- 

lated by J. E. KViAJiV. Small post 8vo, y. 6d. 
PEARSON (HP.). On the Creed. Carefully printed from an Early 

Edition. With Analysis and Index. Edited by E. walforo, m.a. 

Post 8vo, 51. 
PEROWNE (BP.). The Book of Psalms. A New Translation, with 

Introductions and Notes, Critical and Explanatory. By the RIGHT rev. 

J. J. STEWART PEROWNE, D.D., Bishop of Worcester. 8vo. Vol. I. 

StA edition, revised, lis. ' Vol. II. 7M edition, revised. l6s. 

— The Book of Psalms. Abridged Edition for Schools. Crown 8vo. 

"Jth edition, los. 6d. 
SADLER (M. F.). The Church Teacher's Manual of Christian Instruc- 
tion. Being the Church Catechism, Expanded and Explained in Question 
and Answer. For the use of the Clergyman, Parent, and Teacher. By the 
REV. M. F. SADLER, Prebendary of Wells, and Rector of Honiton. nya 
thousand. 2s. 6J. 
^"^ A Complete List of Prebendary Sadler's Works will be sent on 
application. 
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SCRIVENER (DR.). APlainlntroductionto the Criticism of the New- 
Testament. With Forty-four Facsimiles from Ancient Manuscripts, For 
the use of Biblical Students. By the late r. H. scrivknbr, m.a., d.c.l.. 
LUD., Prebendaiy of Exeter. 4/h tuition, thoroughly revised, by the REV. 
E. MILLER, formerly Fellow and Tutor of New (Allege, Oxford. 2 vols. 
demySvo, 32;. 

— Novum Testamentum Grsce, Textus Stephanie!, 1550. Aocedunt 

variae lectiooes editionum Bezae, Elzeviri, Lachmanni, Tischendorfii, 
Tregellesii, curante F. H. A. scrivener, a.m., d.cl., ll.d. Revised 
eiiiitm,- pving all the leadings of Tregelles and of Tischendorf's eighth 
edition. 4s. 6t/. 

— Novum Testamentum Grsece [Editio Major] textus Stephanici, 

A.D. 1556. Cum variis lectionibus editionum Bezae, Elzeviri, Lachmanni, 
Tischendorfii, Tregellesii, Westcott-Hortii, versionis Anglicanx emendato- 
rum curante F. H. A. scrivener, a.m., D.C.L., LL.D., accedunt paraliela 
3. scripturae loca. Small post 8vo. 2nd edition, ^s. 6d. 
An Edition on writing-paper, with wide marg^nfornotes. 4to, half boUnd^ 

12S. 

This is an enlarged edition of Dr. Scrivener's well-known Greek Testa- 
ment. It contains the readings approved by Bishop Westcott and Dr. 
Hort, and also those adopted by the Revisers — the Eusebian Canons, and 
the Capitula are included. An enlarged and revised series of reference is 
also added, so that the volume affords a sufficient apparatus for the Critical 
Study of the Text. 

WHEATLEY. A Rational Illustration of the Book of Common 
Prayer. Being the Substance of eveiything Liturgical in Bishop Sparrow, 
Mr. L'Estrange, Dr. Comber, Dr. NichoUs, and all former Ritualist 
Commentators upon the same subject. Small post 8vo, 3;. 6d. 

WHITAKER (C). Rufinus and His Times. With the Text of his 
Commentary on the Apostles' Creed (with various readings), and a 
Translation of the same. To which is added a Condensed History of the 
Creeds and Councils. By the rev. charles whitaker, b.a.. Vicar of 
Natland, Kendal. Demy 8vo, 5^. 

Or in separate Parts. — I. tatin Text, with Various Readings, as, fyi. 
2. Summary of the History of the Creeds, is. 6d. 3. Charts of the 
Heresies of the Times preceding Rufinus, and the First Four General. 
Councils, 6d. each. 

— St. Au^stine : De Fide et Symbol© — Sermo ad Catechnmenos. St. Leo 

ad Flavianum Epistola — Latin Text, with Litetal Translation, Notes, and 
History of Creeds and Councils. 5^. 
Also separately. Literal Translation, as. 

— Student's Help to the Piayer-Book. 3;. 
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SUMMARY OF SERIES. 

•, « PACE 

BiBLIOTHECA CLASSICA 47 

Public School Series '. . . i,^ 

Cambridge Greek and Latin Texts 48 

Cambridge Texts with Notes 4S 

Grammar School Classics 48 

Lower Form Series ^9 

Primary Classics 49 

Classical Tables 49 

Bell's Classical Translations 49 

Cambridge Mathematical Series 49 

Cambridge School and College Text Books 50 

Foreign Classics 50 

Modern French Authors 50 

Modern German Authors 50 

Gombert's French Drama 51 

Bell's Modern Translations ... 51 

Bell's English Classics 51 

Handbooks of English Literature 51 

Technological Handbooks 51 

Bell's Agricultural Series 51 

Bell's Reading Books and Geographical Readers 51 

BIBLIOTHECA CLASSICA. 

AESCHYLUS. By dk. palsy. 8r. 
CICERO. By c. long. Vols. I. and II. 8^. each. 
DEMOSTHENES. By k. whiston. 2 Vols. 8i. each. 
EURIPIDES. ByCR-PALEY. Vols. II. and III. Ss. each. 
HERODOTUS. By dh. blakesley. 2 Vols. \is, 
HESIOD. ByUR. PALBV. 51. 
HOMER. BVDR. PALEV. 2 Vols. 14^. 
HORACE. By A. G. HACLEANE. 8j. 

PLrATO. Phaedrus. By dk. THOMPsorf. 5^. 
SOPHOCLES. Vol. I. By F. H. Bi.AVDii6. 51. 

~~ Vol. II. By DR. PALEV. 6f. 

VIRGIL. By conington and nettlesuip. 3 Vols. lof. 6</. each. 

PUBLIC SCHOOL SERIES. 

ARISTOPHANES. Peace. By dr. palev. 4s. dd. 

— Achamians. By dr. paley. ^. dd. 

— Frogs. By dr. palhv. 4r. &/. 

CICERO. Letters to Atticus. Book I. By A. pretor. 4s. dd. 
DEMOSTHENES. De Falsa Legatione. By R. shilleto. 6^. 

— Adv. Leptinem. By b. w. beatson. 3^. dd. 

LIVY. Books XXI. and XXII. By l. d. dowdall. 31. 6rf. each. 
PLATO. Apology of Socrates and Crito. By db. w. waqkek, 3;. id. and 
2f . id. 

— Phaedo. By dr. w. wacner. 5a*. id, 

— Protagoras. By w. wayte. 4s. id. 

— Gorgias. By dr. Thompson. 6;. 

— Euthyphro. By c. h. wells. 3^. 

— Euthydemus. By g. n. wells. \s, 

— Republic. By c. \\. wells. 5s. 
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PUBLIC SCHOOL SERIES— <rff«/i»««/. 

PLAUTUS. Aulularia. By dr. w. wacner. 4s. 6d. 

— Trinummui. By dr. w. wacner. 4s. 6d. 

— Menaechmci. By dr. w. wacner. 45. 6d. 

— Mostellaria. By e. a. sonnbnschein. s^. 
SOPHOCLES. Trachiniae. By a. pretor. 41. 6J. 

— Oedipus Tyrannus. By b. h. Kennedy. ' ^. 
TERENCE. By dr. w. wacner. 71. 6rf. 
THEOCRITUS. ByDR. PALKv. 4s. M. 
THUCYOIDES. Buok VI. By T. w. doucak. 31. 6rf. 

CAMBRIDGE GREEK AND LATIN TEXTS. 

AESCHYLUS. By dr. palev. 21. 
CAESAR. By c. long. is. 6J. 

CICERO. De Senectute, de Amicitia, et Epistolae Selectae. By c. long. 
IS. 6d. 

— Orationes in Verrem. By G. long. u. &/. 
EURIPIDES. ByDR. PALRY. 3 Vols. u. each. 
HERODOTUS. By DR. BLAKESLEV. 2 Vols. u. &/. each. 
HOMER'S Iliad. By dr. paley. is.6d. 

HORACE. By a. i. macleane. u. id. 

iUVENAL AND PERSIUS. By a. j. macleane. zs. 6d. 
.UCRBTIUS. By H. A. j. munro. 21. 
SOPHOCLES. By dr. palsy. 21. 6d. 
TERENCE. By DR. w. WAGNER, ac. 
THUCYDIDES. By dr. Donaldson. 2 Vols. 2f. each. 
VIRGIL. By prop, conington. 2*. 
XENOPHON. By I. F. MACMiCHAEL. js.id. 
NOVUM TESTAMENTUM GRAECE. By dr. scriyener. 4s. 6d. 

CAMBRIDGE TEXTS WITH NOTES. 

AESCHYLUS. By dr. paley. 6 Vols. if. 6d. each. 

EURIPIDES. By dr. paley. 13 Vols. (Ion, u.) \s. 6d. each. 

HOMER'S Iliad. By dr. paley. is. 

SOPHOCLES. By dr. paley. 5 Vols. is. 6d. aach. 

XENOPHON. Hellenica. By rev. l. d. dowdalu Books Land II. 2i.each. 

— Anabaais. By j. p. macmichael. 6 Vols. is. 6d. each. 

CICERO. De Senectute, de Amicitia, et Epistolae Selectae. By c. long. 

3 Vols. IS. id. each. 
OVID. Selectiona. By A. I. macleane: u. 6d. 

— Fasti. By dr. paley, 3 Vols. 2«. each. 
TERENCE. By DR. w. WAGNER. 4 Vols. u. &/. each. 
VIRGIL, By PROF. CONINGTON. 12 Vols. u. &/. each. 

GRAMMAR SCHOOL CLASSICS. 

CAESAR, De Bello Gallico. By g. long. 4«., or in 3 parts, i.;. &/. each. 
CATULLUS, TIBULLUS, and PROPERTIUS. By a. h . wratislaw, 

and F. N . SUTTON. 7S. 6d. 
CORNELIUS NEPOS. By j. p. machichael. it. 

CICERO. De Senectute, De Amicitia, and Select Epistles. Bye. lokc. u 
HOMER, Iliad. By dr. paley. Books I.-XII. 4J. &/., or in 2 Parts, zi. &/. 

each. 
HORACE. By a. J. macleane. 3;. &/., or in 2 Farts, 21. each. 

JUVENAL. By HERMAN PRIOR. 3s, 6({, 

MARTIAL. By DR. PALEY and w. H. STONE. 4s.6d. 

OVID. Fasti. By dr. paley. ji. 6d., or in 3 Parts, u. 6d. each. 

SALLUST. Catilina and Jugurtha. By c. long and j. g. frazbr. 31. 6d. 

or in 2 Parts, zr.each. ' 

TACITUS. Oermania and Aericola. By p. frost. 21. &/. 
VIRQIL. conihgton's edition abridged. 2 Vols. 41. 6d. each, or in a Parts 

IX. 6d. each. ' 

— Bucolics and Georeics. conington's edition abrideed. y 
XENOPHON. By J. F. macmichael. 31. 6</., or in 4 Parts, ix. &/. each. 

— iJ'"''"'*^'"." ^y ''• "■ <=<"'H*M- 3x. 6«'. or in 2 Parts, 11. 6d. each. 

— Memorabilia. By pgrcival frost. 3J. 
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Lower form series. 

VIRGIL'S Aeneid. Book I. conincton's edition abridged, with Vocabulary. 

li. 6rf. 
CAESAR, De Bella Callico. By c. long. Books I., II. and III., with 

Vocabulary. \s. bd. each. 
HORACE. Book I. By a. l. maclkane, with Vocabulary, ij. 6</. 
ECLOGAE LATINAE. By rev. r. frost, ii. id. 
LATIN VERSE BOOK. By rev. f. frost, ai. 
ANAI.ECTA GRABCA MINORA. By rev. p. frost, u. 
TALES FOR LATIN PROSE COMPOSITION. By c. h. wells. 2;. 
LATIN VOCABULARIES FOR REPETITION. By a. m. u. stedmak. 

IS. (id. 

EASY LATIN PASSAGES. By A. M. m. .stedman, \s. id. 

GREEK TESTAMENT SELECTIONS. By a. m. m. stedman. is.bd. 

PRIMARY CLASSICS. 

EASY SELECTIONS FROM CAESAR. By A. M. M. stedman. ii. 
EASY SELECTIONS FROM LIVY. By a. m. m. stedman. is.fxt. 
EASY SELECTIONS FROM HERODOTUS. By a. c:. liddell. ii. 6(/. 

CLASSICAL TABLES. 

NOTABILIA QUAEDUM. ». 

GREEK VERBS. By I. s. baird. is. id. 

EXERCISES ON THK IRREGULAR AND DEFECTIVE CREEK 

VERBS. By F. ST. JOHN thackerav. ij. id. 
NOTES ON GREEK ACCENTS. By dr. barrv. is. 
HOMERIC DIALECT. By j. s baird. rs. 
GREEK ACCIDENCE. By r. frost, is. 
LATIN ACCIDENCE. By r. frost, m. 
LATIN VERSIFICATION, is. 
PRINCIPLES OF LATIN SYNTAX. 11. 

BELL'S CLASSICAL TRANSLATIONS. 

AESCHYLUS. By WALTER headlam. 6 Vols. lln the frtss.. 

ARISTOPHANES. Acharnians. By w. H. covincton. is. 
CAESAR'S Gallic -War. By w. a. mcdevitte. 2 Vols. ix. each. 
CICERO. Fricndchip and Old Age. By c. h. wells, ii. 
EURIPIDES. 14 Vols. By E. p. COLERIIWE. 11. each. 
LIVY. Books I. -IV. By j. h. freese. is. each. 

— Book V. By e. s. weymoi;tk. ij. 

— Book IX. By F. storr. is. 

LUC AN : The Pharsalia. Book I. By f. conwav. rs. 
. SOPHOCLES. 7 Vols. By e. p. coleridue. ix. each. 
VIRGIL. 6 Vols. By a. Hamilton bryce. ts. each. 

CAMBRIDGE MATHEMATICAL SERIES. 

ARITHMETIC. By c. pendleburv. 4J. 61/., or in 2 Parts, at. W. each. 

Key to Part II. js. id. net. 
EXAMPLES IN ARITHMETIC. By c. pendleburv. 31.. or in 2 Parts, 

xf. id. and ax. 
ARITHMETIC FOR INDIAN SCHOOLS. By pendleburv and tait. y. 
ELEMENTARY ALGEBRA. By J. T. kathornthwaite. 21. 
CHOICE AND CHANCE. Byw. a whitwortM. is. 
EUCLID. By h. dbighton. 4s. id., or Book I.,'ix. ; Books I. and II., is. id. ; 
Books I.-III., 2S. id. ; Books III. and IV., is. id. 

— Kev. 5J. net. 

EXERCISES ON EUCLID, ftc. By j. umowell. 6s. 
ELEMENTARY TRIGONOMETRY. By dyer and whitcombe. ^s. id. 
PLANE TRIGONOMETRY. By t. g. vvvyan. tj. id. 
ANALYTICAL GEOMETRY FOR BEGINNERS Parti. By T. G 

vvvyan.. ,2J. id. 
ELEMENTARY GEOMETRY OP CONICS. By dr. taylor. ^s. id. 
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CAMBRIDGE MATHEMATICAL SERIES— ro«/M»ra'. 

GEOMETRICAL CONIC SECTIONS. By h. c. willis. ji- 
SOLID GEOMETRY. By w. s. aldis. 61. 
GEOMETRICAL OPTICS. By w. s. aldis. 4J. 
ROULETTES AND GLISSETTES. By D«. w. H. besant. ss. 
ELEMENTARY HYDROSTATICS. By or. w. H. besant. 41. 6tf. 

Solutions. 5J. 
HYDROMECHANICS. Part I. Hydrostatics. By dk. w. h. uesant. 51. 
DYNAMICS. By dr. w. h. besant. ios. td. 
RIGID DYNAMICS. By w. s. aldis. 42. 
ELEMENTARY DYNAMICS. By dr. w. carnett. 61. 
ELEMENTARY TREATISE ON HEAT. By dr. w. carnett. ^s.6d. 
ELEMENTS OP APPLIED MATHEMATICS. By c. m. jessop. 6s. 
PROBLEMS IN ELEMENTARY MECHANICS. By w. WALTON. 61. 
EXAMPLES IN ELEMENTARY PHYSICS. By w. gallatlv. 41. 
MATHEMATICAL EXAMPLES. By dyer and rROWDE smith. 6c. 

CAMBRIDGE SCHOOL AND COLLEGE TEXT BOOKS. 
ARITHMETIC. Bye blsbs. 31. M. 

— By A. WRIGLEY. 3J. dd. 

EXAMPLES IN ARITHMETIC. By watson and goudie. ■a. id. -^ 

ALGEBRA. By c. elsee. 41. 

EXAMPLES IN ALGEBRA. By macmichacl and rROWDE smith, y.bd. 

and 4f. 6^. 
PLANE ASTRONOMY. By P. T. uaih. 4f. . 

GEOMETRICAL CONIC SECTIONS. By dr. w. H. besant. i^. U. 
STATICS. By BISHOP GOODWIN. 3r. 
NEWTON'S Principia. By evans and maw. 4*. 
ANALYTICAL GEOMETRY. Bjr T. c. vyvVAN. 4«. &i 
COMPANION TO THE GREEK TESTAMENT. By A. c. BARRETT. 51. 
TREATISE ON THE BOOK OP COMMON PRAYER. By «. G. 

HUMPHRV. 3S. fid. 

TEXT BOOK OP MUSIC. By h. c. banister, y. 

CONCISE HISTORY OP MUSIC. By dr. h. c. bonavia hunt. 31. &/. 

FOREIGN CLASSICS. 

FENELON'S T^jmaque. By c j. dblillb. u. id. 

LA FONTAINE'S Select Fables. By F. B. a. GA5C. is. 6d. 

LAMARTINE'S Le Tailleur de Pierres de Saint-Point. By j. BoiaLLB. 

«. W. 
SAINTINE'S Picciola. By DR. dubec. m. id. 
VOLTAIRE'S Charles XII. By l. dirv. ii. id. 
GERMAN BALLADS. By c. L. Bielefeld, it. id. 
GOETHE'S Hermann und Dorothea. By b. bell and s. wSlfel. is. id. 
SCHILLER'S Wallenatein. By dr. buchheim. 51., or in 3 Parts, u. 61/. each. 

— Maid of Orleans. By dr. w. wacner. is. id. 

— Maria Stuart, By v. kastnbr. ij. id. 

MODERN FRENCH AUTHORS. 

BALZAC'S Urauis HirouCt. By;. boIblle. 3x. 
CLARETIE'S Pierri^le. By j. boIellb. ai. id. 
DAUDET'S La Belle Mndernaise. Byj. iioiELLE. zt. 
GREVILLE'S Le Mouiin Prappier. Byj. boielle. u. 
HUGO'S Bue Jareal. Byj. boielle. 31. 

MODERN GERMAN AUTHORS. 

For Brgiknbrs. 

KEY'S Pabein fiir Kinder. By prof, lahge. it. id. 

with Plionetic Transcription of Text, &c. as. 

FREYTAG'S Soil lud Haben. liv w. h. crump, u. id. 
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MODERN GERMAN AUTHORS— foarfniW. 
For Intbrmbdiatb Students. 

BENEDIX'S Dektor Wcspe. By prof, lange. as. 6d. 

For Advanced Students. 

HOFFMANN'S Meister Martin. By prof, lancb. u. 6rf. 

HBYSE'S Hans LaDee. By a. a. macdonelu af. 

ANERBACH'S Auf Waehe, and Roquette's Der Gefrorene Kuss. By 

A. A. MACDONELL. 2J. 

MOSER'S Der Bibliothekar. By prof, lance, u. 
EBERS' Eine Fran. By r. store, u. 
FREYTAG*S Die Joumalisten. By prof, lance. 2J. td. 
GUTZKO W'S Zopf und Schwert. By prof, lance. 21. 6d. 
GERMAN EPIC TALES. By dr. karl heuhaus. ii. U. 
8CHEFFEI.'S Ekkehard. By dr. h. hacer. 31. 

The following Series are given in full in the body of the Catalogue. 

GOMBBRT'S French Drama. Setfagt 31. 

BELL'S Modern Translations. See page 34. 

BELL'S Enelish Classics. See tare 35. 

HANDBOOKS OF ENGLISH LITERATURE. See tare al,. 

TECHNOLOGICAL HANDBOOKS. Seefage^. 

BELL'S Agricultural Series. Seepage 37. 

BELL'S Reading Books and Gcoeraphical Readers. See />>. 35, 26. 
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